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Preface to the Second Edition 


The purpose of this book remains as outlined in the preface to the first edition: to 
provide a core text in quantum mechanics for students in physics at undergraduate 
level. It has not been found necessary to make major alterations to the contents 
of the book. However, we have taken advantage of the opportunity provided by the 
preparation of a new edition to make a number of minor improvements throughout the 
text, to introduce some new topics and to include a new chapter on relativistic quantum 
mechanics. This inclusion stems from a reconsideration of our earlier decision to 
exclude this material. We believe that a significant number of core courses now 
include an introduction to relativistic quantum mechanics; this is the subject of the 
new chapter (Chapter 15). Among the other important changes are the inclusion of the 
Feynman path integral approach to quantum mechanics (Chapter 5), a discussion of 
the Berry phase (Chapter 9) with applications (Chapters 10 and 12), an account of the 
Aharonov—Bohm effect (Chapter 12) and a discussion of quantum jumps (Chapter 17). 
We have also included the integral equation of potential scattering in our treatment 
of quantum collision theory (Chapter 13) and have given a more extended discussion 
of Bose-Einstein condensation in Chapter 14. 

Itis a pleasure to acknowledge the many helpful comments made to us by colleagues 
who have used the first edition of this book. Their remarks have been of great benefit 
to us in preparing this new edition. One of us (CJJ) would like to thank Professor 
H. Walther for his hospitality at the Max-Planck-Institut fiir Quantenoptik in Garching, 
where part of this work was carried out. We also wish to thank Mrs R. Lareppe for 
her expert and careful typing of the manuscript. 


B. H. Bransden, Durham 
C. J. Joachain, Brussels 
August 1999 


Preface to the First Edition 


The study of quantum mechanics and its applications pervades much of the modern 
undergraduate course in physics. Virtually all undergraduates are expected to become 
familiar with the principles of non-relativistic quantum mechanics, with a variety of 
approximation methods and with the application of these methods to simple systems 
occurring in atomic, nuclear and solid state physics. This core material 1s the subject 
of this book. We have firmly in mind students of physics, rather than of mathematics, 
whose mathematical equipment is limited, particularly at the beginning of their 
studies. Relativistic quantum theory, the application of group theoretical methods 
and many-body techniques are usually taught in the form of optional courses and we 
have made no attempt to cover more advanced material of this nature. Although a 
fairly large number of examples drawn from atomic, nuclear and solid state physics 
are given in the text, we assume that the reader will be following separate systematic 
courses on those subjects, and only as much detail as necessary to illustrate the theory 
is given here. 

Following an introductory chapter in which the evidence that led to the development 
of quantum theory is reviewed, we develop the concept of a wave function and its 
interpretation, and discuss Heisenberg’s uncertainty relations. Chapter 3 is devoted 
to the Schr6dinger equation and in the next chapter a variety of applications to one- 
dimensional problems is discussed. The next three chapters deal with the formal 
development of the theory, the properties of angular momenta and the application of 
Schrédinger’s wave mechanics to simple three-dimensional systems. 

Chapters 8 and 9 deal with approximation methods for time-independent and time- 
dependent problems, respectively, and these are followed by six chapters in which the 
theory is illustrated through application to a range of specific systems of fundamental 
importance. These include atoms, molecules, nuclei and their interaction with static 
and radiative electromagnetic fields, the elements of collision theory and quantum 
Statistics. Finally, in Chapter 17, we discuss briefly some of the difficulties that arise 
in the interpretation of quantum theory. Problem sets are provided covering all the 
most important topics, which will help the student monitor his understanding of the 
theory. 

We wish to thank our colleagues and students for numerous helpful discussions 
and suggestions. Particular thanks are due to Professor A. Aspect, Dr P. Francken, 
Dr R. M. Potvliege, Dr P. Castoldi and Dr J. M. Frére. It is also a pleasure to thank 
Miss P. Carse, Mrs E. Péan and Mrs M. Leclercq for their patient and careful typing of 
the manuscript, and Mrs H. Joachain-Bukowinski and Mr C. Depraetere for preparing 
a large number of the diagrams. 
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B. H. Bransden, Durham 
C. J. Joachain, Brussels 
November 1988 
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Until the end of the nineteenth century, classical physics appeared to be sufficient to 
explain all physical phenomena. The universe was conceived as containing matter, 
consisting of particles obeying Newton’s laws of motion and radiation (waves) fol- 
lowing Maxwell’s equations of electromagnetism. The theory of special relativity, 
formulated by A. Einstein in 1905 on the basis of a critical analysis of the notions of 
space and time, generalised classical physics to include the region of high velocities. 
In the theory of special relativity the velocity c of light plays a fundamental role: it 
is the upper limit of the velocity of any material particle. Newtonian mechanics is an 
accurate approximation to relativistic mechanics only in the ‘non-relativistic’ regime, 
that is when all relevant particle velocities are small with respect to c. It should be 
noted that Einstein’s theory of relativity does not modify the clear distinction between 
matter and radiation which is at the root of classical physics. Indeed, all pre-quantum 
physics, non-relativistic or relativistic, is now often referred to as classical physics. 
During the late nineteenth century and the first quarter of the twentieth, however, 
experimental evidence accumulated which required new concepts radically different 
from those of classical physics. In this chapter we shall discuss some of the key 
experiments which prompted the introduction of these new concepts: the quantisation 
of physical quantities such as energy and angular momentum, the particle properties of 
radiation and the wave properties of matter. We shall see that they are directly related 
to the existence of a universal constant, called Planck’s constant h. Thus, just as the 
velocity c of light plays a central role in relativity, so does Planck’s constant in quantum 
physics. Because Planck’s constant is very smal] when measured in ‘macroscopic’ 
units (such as SI units), quantum physics essentially deals with phenomena at the 
atomic and subatomic levels. As we shall see in this chapter, the new ideas were first 
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introduced in a more or less ad hoc fashion. They evolved later to become part of a 
new theory, guantum mechanics, which we will begin to study in Chapter 2. 


Black body radiation 


We start by considering the problem which led to the birth of quantum physics, 
namely the formulation of the black body radiation law. It is a matter of common 
experience that the surface of a hot body emits energy in the form of electromagnetic 
radiation. In fact, this emission occurs at any temperature greater than absolute 
zero, the emitted radiation being continuously distributed over all wavelengths. The 
distribution in wavelength, or spectral distribution depends on temperature. At low 
temperature (below about 500°C), most of the emitted energy is concentrated at 
relatively long wavelengths, such as those corresponding to infrared radiation. As the 
temperature increases, a larger fraction of the energy is radiated at lower wavelengths. 
For example, at temperatures between 500 and 600°C, a large enough fraction of 
the emitted energy has wavelengths within the visible spectrum, so that the body 
‘glows’, and at 3000 °C the spectral distribution has shifted sufficiently to the lower 
wavelengths for the body to appear ‘white hot’. Not only does the spectral distribution 
change with temperature, but the total power (energy per unit time) radiated increases 
as the body becomes hotter. 

When radiation falls on the surface of a body some is reflected and some is absorbed. 
For example, dark bodies absorb most of the radiation falling on them, while light- 
coloured bodies reflect most of it. The absorption coefficient of a material surface 
at a given wavelength is defined as the fraction of the radiant energy, incident on the 
surface, which is absorbed at that wavelength. Now, if a body 1s in thermal equilibrium 
with its surroundings, and therefore is at constant temperature, it must emit and absorb 
the same amount of radiant energy per unit time, for otherwise its temperature would 
rise or fall. The radiation emitted or absorbed under these circumstances is known as 
thermal radiation. 

A black body is defined as a body which absorbs all the radiant energy falling 
upon it. In other words its absorption coefficient is equal to unity at all wavelengths. 
Thermal radiation absorbed or emitted by a black body is called black body radiation 
and is of special importance. Indeed, G. R. Kirchhoff proved in 1859 by using general 
thermodynamical arguments that, for any wavelength, the ratio of the emissive power 
or spectral emittance (defined as the power emitted per unit area at a given wavelength) 
to the absorption coefficient is the same for all bodies at the same temperature, and 
is equal to the emissive power of a black body at that temperature. This relation is 
known as Kirchhoff’s law. Since the maximum value of the absorption coefficient is 
unity and corresponds to a black body, it follows from Kirchhoff’s law that the black 
body is not only the most efficient absorber, but is also the most efficient emitter of 
electromagnetic energy. Moreover, it is clear from Kirchhoff’s law that the emissive 
power of a black body does not depend on the nature of the body. Hence black body 
radiation has ‘universal’ properties and is therefore of particular interest. 
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Figure 1.1 A good approximation to a black body. A cavity kept at a constant temperature 
and having blackened interior walls is connected to the outside by a small hole. To an outside 
observer, this small hole appears like a black body surface because any radiation incident from 
the outside on the hole will be almost completely absorbed after multiple reflections on the 
interior surface of the cavity. Because the cavity is in thermal equilibrium, the radiation inside it 
can be closely identified with black body radiation, and the hole also emits like a black body. 


A perfect black body is of course an idealisation, but it can be very closely 
approximated in the following way. Consider a cavity kept at a constant temperature, 
whose interior walls are blackened (see Fig. 1.1). To an outside observer, a small 
hole made in the wall of such a cavity behaves like a black body surface. The reason 
is that any radiation incident from the outside upon the hole will pass through it and 
will almost completely be absorbed in multiple reflections inside the cavity, so that 
the hole has an effective absorption coefficient close to unity. Since the cavity is in 
thermal equilibrium, the radiation within it and that escaping from the small opening 
can thus be closely identified with the thermal radiation from a black body. It should 
be noted that the hole appears black only at low temperatures, where most of the 
energy is emitted at wavelengths longer than those corresponding to visible light. 

Let us denote by R the total emissive power (or total emittance) of a black body, 
that is the total power emitted per unit area of the black body. In 1879 J. Stefan found 
an empirical relation between the quantity R and the absolute temperature T of a 
black body 


R(T) =oT* (1.1) 


where o = 5.67 x 10°° Wm™~ K“* is a constant known as Stefan’s constant. 
(Throughout this book we use SI units; the symbol W denotes a watt and K refers to 
a degree Kelvin). In 1884, L. Boltzmann deduced the relation (1.1) from thermody- 
namics; it is now called the Stefan—Boltzmann law. 

We now consider the spectral distribution of black body radiation. We denote by 
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R(A, T) the emissive power or spectral emittance of a black body, so that R(A, T)da 
is the power emitted per unit area from a black body at the absolute temperature 
T, corresponding to radiation with wavelengths between A and A + dA. The total 
emissive power R(T) is of course the integral of R(A, T) over all wavelengths, 


R(T) =f R(A, T)dr (1.2) 
0 


and by the Stefan—Boltzmann law R(T) = oT*. Since R depends only on the 
temperature, it follows that the spectral emittance R(A, T) is a ‘universal’ function, 
in agreement with the conclusions drawn previously from Kirchhoff’s law. 

The first accurate measurements of R(A, T) were made by O. Lummer and E. Pring- 
sheim in 1899. The observed spectral emittance R(A, T) is shown plotted against A, 
for a number of different temperatures, in Fig. 1.2. We see that, for fixed A, R(A, T) 
increases with increasing J. At each temperature, there is a wavelength Amax for 
which R(A, T) has its maximum value; this wavelength varies inversely with the 
temperature: 


Amaxl = b (1.3) 


a result which is known as Wien’s displacement law. The constant b which 
appears in (1.3) is called the Wien displacement constant and has the value 
b = 2.898 x 10-3 mK. 

We have seen above that if a small hole is made in a cavity whose walls are 
uniformly heated to a given temperature, this hole will emit black body radiation, 
and that the radiation inside the cavity is also that of a black body. Using the second 
law of thermodynamics, Kirchhoff proved that the flux of radiation in the cavity is 
the same in all directions, so that the radiation is isotropic. He also showed that the 
radiation is homogeneous, namely the same at every point inside the cavity, and that it 
is identical in all cavities at the same temperature. Furthermore, all these statements 
hold at each wavelength. 

Instead of using the spectral emittance R(A, T), itis convenient to specify the spec- 
trum of black body radiation inside the cavity in terms of a quantity (A, T) which is 
called the (wavelength) spectral distribution function or (wavelength) monochromatic 
energy density. Itis defined so that 0(A, T)dA is the energy density (that is, the energy 
per unit volume) of the radiation in the wavelength interval (A, 4+dA), at the absolute 
temperature T. As we expect on physical grounds, (A, T) is proportional to R(A, T), 
and it can be shown! that the proportionality constant is 4/c, where c is the velocity 
of light in vacuo 


pia, T)= RQ. T). (1.4) 


Hence, measurements of the spectral emittance R(A, T) also determine the spectral 
distribution function p(A, T). 


| See, for example, Richtmyer et al. (1969). 
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Figure 1.2 Spectral distribution of black body radiation. The spectral emittance R(A, T) is plotted 
as a function of the wavelength for different absolute temperatures. 


Using general thermodynamical arguments, W. Wien showed in 1893 that the 
function o(A, T) had to be of the form 


p(a,T) =A? fT) (1.5) 


where f (AT) is a function of the single variable AT, which cannot be determined from 
thermodynamics. It is a simple matter to show (Problem 1.3) that Wien’s law (1.5) 
includes the Stefan—Boltzmann law (1.1) as well as Wien’s displacement law (1.3). 
Of course, the values of the Stefan constant o and of the Wien displacement constant 
b cannot be obtained until the function f (AT) is known. 

In order to determine the function f(AT) — and hence p(A, T) — one must go 
beyond thermodynamical reasoning and use a more detailed theoretical model. After 
some attempts by Wien, Lord Rayleigh and J. Jeans derived a spectral distribution 
function o(A, T) from the laws of classical physics in the following way. First, from 
electromagnetic theory, it follows that the thermal radiation within a cavity must exist 
in the form of standing electromagnetic waves. The number of such waves — or in 
other words the number of modes of oscillation of the electromagnetic field in the 
cavity — per unit volume, with wavelengths within the interval A to A + dA, can be 
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shown! to be (87/A*)dA, so that n(A) = 827/A* is the number of modes per unit 
volume and per unit wavelength range. This number is independent of the size and 
shape of a sufficiently large cavity. Now, if € denotes the average energy in the mode 
with wavelength i, the spectral distribution function p(A, T) is simply the product 
of n(A) and €, and hence may be written as 


Sr _ 
p(a,T)= ae (1.6) 


Rayleigh and Jeans then suggested that the standing waves of electromagnetic 
radiation are caused by the constant absorption and emission of radiation by atoms in 
the wall of the cavity, these atoms acting as electric dipoles, that is linear harmonic 
oscillators of frequency v = c/X. The energy, €, of each of these classical oscillators 
can take any value between 0 and oo. However, since the system is in thermal 
equilibrium, the average energy &€ of an assemblage of these oscillators can be obtained 
from classical statistical mechanics by weighting each value of € with the Boltzmann 
probability distribution factor exp(—ée/kT), where k is Boltzmann’s constant. Setting 
B = 1/kT, we have 


_ fo © exp(—Be)de 
7 fo. exp(—Be)de 


Cry | 


qj fo (—feyde| kT (1.7) 
== 108 exp(—pejdé | = -— = . 7 
dp 0 p 

This result is in agreement with the classical law of equipartition of energy, 
according to which the average energy per degree of freedom of a dynamical system 
in equilibrium is equal to 7/2. In the present case the linear harmonic oscillators 
must be assigned kT /2 for the contribution to the average energy coming from their 
kinetic energy, plus another contribution kT /2 arising from their potential energy. 

Inserting the value (1.7) of € into (1.6) gives the Rayleigh—Jeans spectral distribution 
law 


87 
p(a,T)= ya kF (1.8) 


from which, using (1.5), we see that f(AT) = 87k (AT). 

In the limit of long wavelengths, the Rayleigh—Jeans result (1.8) approaches the 
experimental values, as shown in Fig. 1.3. However, as can be seen from this 
figure, o(A, T) does not exhibit the observed maximum, and diverges as 1 — 0. 
This behaviour at short wavelengths is known as the ‘ultraviolet catastrophe’. As a 
consequence, the total energy per unit volume 


Pro (T) =| p(A, T)dr (1.9) 


is seen to be infinite, which is clearly incorrect. 
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Figure 1.3 Comparison of the Rayleigh—Jeans and Planck spectral distribution laws with experi- 
ment at 1600 K. The dots represent experimental points. 


Planck’s quantum theory 


No solution to these difficulties can be found using classical physics. However, in 
December 1900, M. Planck presented a new form of the black body radiation spectral 
distribution, based on a revolutionary hypothesis. He postulated that the energy of 
an oscillator of a given frequency v cannot take arbitrary values between zero and 
infinity, but can only take on the discrete values n€9, where n is a positive integer 
or zero, and €o 1s a finite amount, or quantum, of energy, which may depend on 
the frequency v. In this case the average energy of an assemblage of oscillators of 
frequency v, in thermal equilibrium, is given by 


_ dopey NEo exp(—fnéo) al 
— Fe ep aie = ary; log ex — Bn€&po) 


ac (=a ] ee (1.10) 
dB age exp(—Beo) / | — exp(Beo) — | 


where we have assumed, as did Planck, that the Boltzmann probability distribution 
factor can still be used. Substituting the new value (1.10) of € into (1.6), we find that 


E0 


IU 


In order to satisfy Wien’s law (1.5), &9 must be taken to be proportional to the 
frequency v 


6&9 =hv =he/ar (1.12) 
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where h is a fundamental physical constant, called Planck’s constant. The Planck 
spectral distribution law for p(A, T) is thus given by 


87rhe ] 
A exp(hc/AkT) — 1 


0(A, T) = (1.13) 


and we see from (1.5) that in Planck’s theory the function f(AT) is given by 
f(AT) = 8rhclexp(hc/AkT) — 1]7!. 

By expanding the denominator in the Planck expression (1.13), it is easy to show 
(Problem 1.4) that at long wavelengths o(A, T) > 8xkT/A‘, in agreement with the 
Rayleigh—Jeans formula (1.8). On the other hand, for short wavelengths, the presence 
of exp(hc/AkT) in the denominator of the Planck radiation law (1.13) ensures that 
p — Oasd — 0. The physical reason for this behaviour is clear. At long wavelengths 
the quantity &9 = hc/A is small with respect to kT or, in other words, the quantum 
steps are small with respect to thermal energies; as a result the quantum states are 
almost continuously distributed, and the classical equipartition law is essentially 
unaffected. On the contrary, at short wavelengths, the available quantum states are 
widely separated in energy in comparison to thermal energies, and can be reached 
only by the absorption of high-energy quanta, a relatively rare phenomenon. 

The value of 4 for which the Planck spectral distribution (1.13) is a maximum can 
be evaluated (Problem 1.5), and it is found that 


— 4.965k 


dmax (1.14) 
where b is Wien’s displacement constant. Moreover, in Planck’s theory the total 
energy density is finite and we find from (1.9) and (1.13) that (Problem 1.6) 


2 8n> k4 


=aT", = ——., 
Prot a 15 h3e3 


(1.15) 
SINCE Por 1S related to the total emissive power R by fro. = 4R/c, where R is given 
by the Stefan—Boltzmann law (1.1), we see that Stefan’s constant o is given by 


2 2n° kt 


=. —— ——, 1.16 
15 h3c2 ( ) 


Equations (1.14) and (1.16) relate b and o to the three fundamental constants c, k 
and h. In 1900, the velocity of light, c, was known accurately, and the experimental 
values of o and b were also known. Using this data, Planck calculated both the values 
of k and h, which he found to be k = 1.346 x 10°? JK7~! andh = 6.55 x 10° Js. 
(The symbol J denotes a joule and s a second.) This was not only the most accurate 
value of Boltzmann’s constant k available at the time, but also, most importantly, the 
first calculation of Planck’s constant h. Using his values of k and h, Planck obtained 
very good agreement with the experimental data for the spectral distribution of black 
body radiation over the entire range of wavelengths (see Fig. 1.3). The modern value 
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of k is given by” k = 1.38066 x 10~*? J K~! and that of h is 
h = 6.62618 x 1074 Js. (1.17) 


We remark that the physical dimensions of h are those of [energy] x [time] = 
[length] x [momentum]. These dimensions are those of a physical quantity called 
action, and consequently Planck’s constant h is also known as the fundamental 
quantum of action. As seen from (1.17), the numerical value of h, when expressed 
in ‘macroscopic units’, such as SI units, is very small, which is in agreement with 
the statement made at the beginning of this chapter. We therefore expect that if, 
for a physical system, every variable having the dimension of action is very large 
when measured in units of h, then quantum effects will be negligible and the laws of 
classical physics will be sufficiently accurate. 

As an illustration, let us consider a macroscopic linear harmonic oscillator of 
mass 10-7 kg, maximum velocity vmax = 107! ms~! and maximum amplitude 
xo = 107-* m. The frequency of this oscillator is v = Umax/(27xo9) = 1.6 Hz, its 
period is T = v—' ~ 0.63 s and its energy is given by E = mv2,,/2 =5 x 107° J. 
The product of the energy times the period has the dimensions of an action, with the 
value 3.14 x 107> J s, which is about 5 x 107° times larger than h! We also see that at 
the frequency v = 1.6 Hzof this oscillator, the quantum of energy €9 = hv x 107*°J. 
Hence the ratio €9/E = 2 x 10-2? is utterly negligible, and quantum effects can be 
neglected in this case. On the contrary, for high-frequency electromagnetic waves in 
black body radiation quantum effects are very important, as we have seen above. In 
the remaining sections of this chapter we shall discuss several examples of physical 
phenomena occurring in microphysics, where quantum effects are also of crucial 
importance. 

The idea of quantisation of energy, in which the energy of a system can only take 
certain discrete values, was totally at variance with classical physics, and Planck’s 
theory was not accepted readily. It should be noted in this respect that some aspects of 
Planck’s derivation of the black body radiation law (1.13) are not completely sound. 
A revised proof of Planck’s black body radiation law, based on modern quantum 
theory, will be given in Chapter 14. However, Planck’s fundamental postulate about 
the quantisation of energy is correct, and it was not long before the quantum concept 
was used to explain other phenomena. In particular, as we shall see in Section 1.2, A. 
Einstein in 1905 was able to understand the photoelectric effect by extending Planck’s 
idea of the quantisation of energy. In Planck’s theory, the oscillators representing 
the source of the electromagnetic field could only vibrate with energies given by 
ny = nhv(n = 0, 1, 2,...). In contrast, Einstein assumed that the electromagnetic 
field itself was quantised and that light consists of corpuscles, called light quanta or 
photons, each photon travelling with the velocity c of light and having an energy 


E=hv=he/ni. (1.18) 


2 See the Table of Fundamental Constants at the end of the book, p. 789. 
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According to Einstein, black body radiation may thus be considered as a photon 
gas in thermal equilibrium with the atoms in the walls of the cavity; it is this idea 
which will be developed in Chapter 14 to re-derive Planck’s radiation law (1.13) from 
quantum statistical mechanics. We remark that since each photon has anenergy hc/d, 
the number dN of black body radiation photons per unit volume, with wavelengths 
between A and 4 + dA, at absolute temperature 7, is 


p(aA,T)dA 8x da 
he/ ———A4 exp(hc/AKT) — 1 


The total number of black body photons per unit volume, at absolute temperature T, 
can be obtained by integrating (1.19) over all wavelengths. The result is (Problem 1.9) 


N = 2.029 x 10’T? photons m7”. (1.20) 


dN = (1.19) 


The average energy E of ablack body photon at absolute temperature T is then readily 
deduced by dividing the total energy density (1, given by (1.15), by the total number 
N of photons per unit volume. We find in this way that 


E =3.73 x 10°7T J. (1.21) 


In quantum physics it is particularly convenient to specify energies in units of 
electronvolts (eV) or multiples of them. The electronvolt is defined to be the energy 
acquired by an electron passing through a potential difference of one volt. Since the 
charge of the electron has the absolute value e = 1.60 x 107! C, we see that? 


leV = 160x 10°° CV 


= 160x 10°" J. (1.22) 
Hence the average energy of a black body photon is given in eV by 
- 3.73 x 10-% 
E = ——___T eV =2.33 x 10°“T eV. 1.23 
1.60 x 10-9 © ‘ ' ee 


The 3 K cosmic black body radiation 


Before leaving the subject of black body radiation, we briefly discuss a particularly 
fascinating example of it. In 1964 A. A. Penzias and R. W. Wilson, using a radio- 
telescope, detected at a wavelength A = 7.35 cm an isotropic radio ‘noise’ of cosmic 
origin, whose intensity corresponded to an effective temperature of about 3 K. This 
‘noise’ was soon interpreted as due to black body radiation at an absolute temperature 
of approximately 3 K, which fills the universe uniformly and hence is incident on the 
Earth with equal intensity from all directions. Measurements of the intensity of this 
radiation at other wavelengths confirmed that its spectral distribution is given by 
Planck’s radiation law (1.13), for a temperature of about 3 K. 

The presence of this cosmic radiation provides strong evidence for the big bang 
theory of the origin of the universe, according to which the expansion of the universe 


3 Conversion factors between various units are given in a table at the end of this volume (p. 791). 
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began from a state of enormous density and temperature, that is an extremely hot 
fireball of particles and radiation. To see why this is the case, let us analyse black 
body radiation in an expanding universe. Assuming that the size of the universe has 
grown by a factor S, the wavelengths will be increased by the same factor because 
of the Doppler shift, so that the new values of the wavelengths are given by A’ = Sd. 
Now, after this expansion, the energy density o(A’, T)dA’ in the wavelength interval 
(A’, X’ + dd’) at absolute temperature T is smaller than the former energy density 
p(A, T)da by a factor S~*. Indeed, the volume of the universe having increased by 
a factor S*, the number of photons per unit volume has dropped by this factor (we 
assume that no photons are created or destroyed). Moreover, since A’ = SA, the 
energy hc/d’ of a photon at the wavelength A’ is smaller than that of a photon at 
wavelength A by a factor S. Hence 


S7hec dx 
Dd =S 9G. Td. 1.24 
oe OMe ed aS exp(he/ikt y= | a 
and therefore, since dA’ = SdA, we have 
82th | 
CUS i ean (1.25) 


(X’)5 exp(hceS/V’kT) — 1 
Upon comparison with (1.13) we see that if we replace T by a new temperature 


ie J 1.26 
S ae 


the expression (1.25) is identical with the Planck radiation law for the energy density 
p(A’, T’). Thus black body radiation in an expanding universe can still be described 
by the Planck formula, in which the temperature T’ decreases according to (1.26) 
as the universe expands. The cosmic radiation at T’ = 3 K which is now observed 
is therefore ‘fossil’ radiation, cooled by expansion, originating from an epoch when 
the universe was smaller and hotter than at the present time. It is estimated* that this 
radiation comes from an epoch when the universe was about | million years old and 
was flooded with radiation at a temperature T ~ 3000 K. Using (1.26) we see that 
since that time the universe has expanded by a factor S$ x 1000. 


Further applications of Planck’s quantisation postulate 


We have seen above that the quantisation postulate introduced in 1900 by Planck was 
successful in explaining the black body radiation problem. We have also mentioned 
that the quantum idea was used by Einstein in 1905 to understand the photoelectric 
effect in terms of light quanta or photons; we shall return to this subject in Section 1.2. 
In 1907, Einstein also used the Planck formula (1.10) for the average energy of an 
oscillator to study the variation of the specific heats of solids with temperature, a 
problem which could not be solved by using classical physics. Einstein’s results were 
improved in 1912 by P. Debye, and the excellent agreement between the Debye theory 


4 For an excellent account of this subject, see Weinberg (1977). 
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1.2 


and experiment provided additional support for the existence of energy quanta. As we 
shall see in the last four sections of this chapter, the quantum concept also proved to 
be essential in understanding the Compton effect, the existence of atomic line spectra 
and the Stern—Gerlach experiment, and it played a central role in predicting the wave 
properties of matter, thereby giving birth to the new quantum mechanics. 


The photoelectric effect 


In 1887 H. Hertz performed the celebrated experiments in which he produced and de- 
tected electromagnetic waves, thus confirming Maxwell’s theory. Ironically enough, 
in the course of the same experiments he also discovered a phenomenon which 
ultimately led to the description of light in terms of corpuscles: the photons. Specif- 
ically, Hertz observed that ultraviolet light falling on metallic electrodes facilitates 
the passage of a spark. Further work by W. Hallwachs, M. Stoletov, P. Lenard and 
others showed that charged particles are ejected from metallic surfaces irradiated by 
high-frequency electromagnetic waves. This phenomenon is called the photoelectric 
effect. In 1900, Lenard measured the charge-to-mass ratio of the charged particles by 
performing experiments similar to those which had led J. J. Thomson to discover the 
electron>, and in this way he was able to identify the charged particles as electrons. 
In his experiments to establish the mechanism of the photoelectric effect. Lenard 
used an apparatus shown in schematic form in Fig. 1.4. In an evacuated glass tube, 
ultraviolet light incident on a polished metal cathode C (called a photocathode) 
liberates electrons. If some of these electrons strike the anode A, there is a current / in 
the external circuit. Lenard studied this current as a function of the potential difference 
V between the surface and the anode. The variation of the photoelectric current | 
with V is shown in Fig. 1.5. When V is positive, the electrons are attracted towards 
the anode. As V is increased the current / increases until it saturates when V is large 
enough so that all the emitted electrons reach the anode. Lenard also observed that if 
V is reversed, so that the cathode becomes positive with respect to the anode, there is 
a definite negative voltage — Vo at which the photoelectric current ceases, implying 
that the emission of electrons from the cathode stops (see Fig. 1.5). From this result 
it follows that the photoelectrons are emitted with velocities up to a maximuM Umax 
and that the voltage — Vo is just sufficient to repel the fastest photoelectrons (having 


the maximum kinetic energy Tmax = MU? ox /2) so that 


eVo = 5mv2 5: (1.27) 


The potential Vo is called the stopping potential. The fact that not all the photo- 
electrons have the same kinetic energy is readily explained: the electrons having the 
maximum kinetic energy Tjnax are emitted from the surface of the photocathode, while 
those having a lower energy originate from inside the photocathode, and thus lose 
energy in reaching the surface. 


> See Bransden and Joachain (1983). 


1.2. The photoelectric effect M 13 


Quartz window 7\~ Ultraviolet light 


Figure 1.4 Schematic drawing of Lenard’s apparatus for investigating the photoelectric effect. 
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Figure 1.5 Variation of the photoelectric current / with the potential difference V between the 
cathode and the anode, for two values A < 8B of the intensity of the light incident on the 
cathode. No current is observed when V is less than — Vo; the stopping potential Vo is found to 
be independent of the light intensity. 


Lenard found that the photoelectric current / is proportional to the intensity of 
the incident light (see Fig. 1.5). This result can be understood by using classical 
electromagnetic theory, which predicts that the number of electrons emitted per unit 
time should be proportional to the intensity of the incident light. However, the 
following important features exhibited by the experimental data cannot be explained 
in terms of the classical electromagnetic theory: 


(1) There is a minimum, or threshold frequency v, of the radiation, characteristic of 
the surface, below which no emission of electrons takes place, no matter what 
the intensity of the incident radiation, or for how long it falls on the surface. 
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According to the classical wave theory, the photoelectric effect should occur for 
any frequency of the incident radiation, provided that the radiation intensity is 
large enough to give the energy required for ejecting the photoelectrons. 


(2) The stopping potential Vo and, hence, the maximum kinetic energy 
a MU? a. /2 of the photoelectrons are found to depend linearly on the 
frequency of the radiation and to be independent of its intensity. According to 
classical electromagnetic theory, the maximum kinetic energy of the emitted 
electrons should increase with the energy density (or intensity) of the incident 
radiation, independently of the frequency. 


(3) Electron emission takes place immediately the light shines on the surface, with 
no detectable time delay. Now, in the classical wave theory of light, the light 
energy is spread uniformly over the wave front. To eject an electron from an atom 
described by classical mechanics, enough energy would have to be concentrated 
over an area of atomic dimensions, and to achieve such a concentration would 
require a certain time delay. Experiments can be arranged for which the 
predicted time delay is minutes, or even hours, and yet no detectable time 
lag is actually observed. 


In 1905, Einstein offered an explanation of these seemingly strange aspects of the 
photoelectric effect, based on a generalisation of Planck’s postulate of the quantisation 
of energy. In order to explain the spectral distribution of black body radiation, Planck 
had assumed that the processes of absorption and emission of radiation by matter do 
not take place continuously, but in finite quanta of energy hv. Einstein went further 
and advanced the idea that these quantum properties were inherent in the nature of 
electromagnetic radiation itself, so that light consists of quanta (corpuscles) called 
photons®, each photon having an energy E = hv = hc/A (see (1.18)). The photons 
are sufficiently localised so that the whole quantum of energy can be absorbed by 
a single atom of the cathode at one time. Thus, when a photon falls on a metallic 
surface, its entire energy hv is used to eject an electron from an atom. However, 
since electrons do not normally escape from surfaces, a certain minimum energy W 
is required for the ejected electron to leave the surface. This minimum energy, which 
depends on the metal, is called the work function. It follows that the maximum kinetic 
energy of a photoelectron is given in terms of the frequency v by the linear relation 


smv-, = hv — W (1.28) 


which is called Einstein’s equation. The threshold frequency v, is determined by the 
work function since in this case Umax = 0, so that 


hy, = W. (1.29) 
The number of electrons emerging from the metal surface per unit time is proportional 


to the number of photons striking the surface per unit time, but the intensity of the 


® In his 1905 paper entitled ‘On a heuristic point of view concerning the creation and conversion of 
light’, Einstein used the word quantum of light. The word photon was introduced by G. N. Lewis in 1926. 


1.2 The photoelectric effect Hi 15 


Vo (V) 
os) 


a 


3 475 6 7 8 9 10 1 
v; v (10'* Hz) 


Figure 1.6 Millikan’s results (circles) for the stopping potential Vo as a function of the frequency 
v. The data fall on a straight line, of slope tana = h/e. 


radiation is also proportional to the number of photons falling on a certain area per 
unit time, since each photon carries a fixed energy hv. It follows that the photoelectric 
current is proportional to the intensity of the radiation and that all the experimental 
observations are explained by Einstein’s theory. 

A series of very accurate measurements carried out between 1914 and 1916 by 
R. A. Millikan provided further confirmation of Einstein’s theory. Combining (1.27) 
and (1.28), we see that the stopping potential Vo satisfies the equation 


h W 
Vo =-V-- —. (1.30) 
e e 


Millikan measured, for a given surface, Vo as a function of v. As seen from Fig. 1.6, 
his results indeed fell on a straight line, of slope h/e. Knowing the absolute charge e of 
the electron from his earlier ‘oil-drop’ experiments, Millikan obtained for h the value 
6.56 x 10-*4 J s, which agreed very well with Planck’s result h = 6.55 x 1074 Js 
determined from the black body spectral distribution. It is interesting that Millikan 
was able to use visible, rather than ultraviolet light for his photoelectric experiments 
using surfaces of lithium, sodium and potassium which have small values of the work 
function W. 

Although the photoelectric effect provides compelling evidence for a corpuscular 
theory of light, it must not be forgotten that the existence of diffraction and interference 
phenomena demonstrate that light also exhibits a wave behaviour. This dual aspect 
of electromagnetic radiation is incompatible with classical physics. As we shall see 
below, the wave—particle duality is a general characteristic of all physical quantities, 
and the paradoxes resulting from this situation can only be resolved by using the new 
concepts embodied in quantum theory. 
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The Compton effect 


The corpuscular nature of electromagnetic radiation was exhibited in a spectacular 
way in a quite different experiment performed in 1923 by A. H. Compton, in which 
a beam of X-rays was scattered through a block of material. X-rays had been 
discovered by W. K. R6ntgen in 1895 and were known to be electromagnetic radiation 
of high frequency. The scattering of X-rays by various substances was first studied by 
C. G. Barkla in 1909, who interpreted his results with the help of J. J. Thomson’s clas- 
sical theory, developed around 1900. According to this theory, the oscillating electric 
field of the radiation acts on the electrons contained in the atoms of the target material. 
This interaction forces the atomic electrons to vibrate with the same frequency as the 
incident radiation. The oscillating electrons, in turn, radiate electromagnetic waves 
of the same frequency. The net effect is that the incident radiation is scattered with 
no change in wavelength, and this is called Thomson scattering. In general, Barkla 
found that the scattered intensity predicted by Thomson’s theory agreed well with 
his experimental! data. However, he found that some of his results were anomalous, 
particularly in the region of ‘hard’ X-rays, which correspond to shorter wavelengths. 
At the time of Barkla’s work, it was not possible to measure the wavelengths of X- 
rays, and a further advance could not be made until M. von Laue in 1912, and later 
W. L. Bragg had shown that the wavelengths could be determined by studying the 
diffraction of X-rays by crystals. The experiment of Compton, which we shall now 
describe, was only possible because a precise determination of X-ray wavelengths 
could be made using a crystal spectrometer. 

The experiniental arrangement used by Compton is sketched in Fig. 1.7. He 
irradiated a graphite target with a nearly monochromatic beam of X-rays, of wave- 
length Ap. He then measured the intensity of the scattered radiation as a function 
of wavelength. His results, illustrated in Fig. 1.8, showed that although part of the 
scattered radiation had the same wavelength Apo as the incident radiation, there was 
also a second component of wavelength 4,;, where A; > Ao. This phenomenon, 
called the Compton effect, could not be explained by the classical Thomson model. 
The shift in wavelength between the incident and scattered radiation, the Compton 
shift AX. = 4, — Ao, was found to vary with the angle of scattering (see Fig. 1.8) and to 
be proportional to sin*(@/2), where @ is the angle between the incident and scattered 
beams. Further investigation showed Ad to be independent of both Ap and of the 
material used as the scatterer, and that the value of the constant of proportionality was 
0.048 x 107!° m. 

In order to understand the origin of the wavelength shift AA, Compton suggested 
that the modified line at wavelength A, could be attributed to X-ray photons scattered 
by loosely bound electrons in the atoms of the target. In fact, itis a good approximation 
to treat such electrons as free, since their binding energies are small compared with 
the energy of an X-ray photon; this explains why the results are independent of the 
nature of the material used for the target. 

Let us then consider the scattering of an X-ray photon by a free electron, which can 
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Figure 1.7 Schematic diagram of Compton’‘s apparatus. 
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Figure 1.8 Compton’s data for the scattering of X-rays by graphite. 


be taken to be initially at rest. After the collision, the electron recoils (see Fig. 1.9) 
and since its velocity is not always small compared with the velocity of light, c, it is 
necessary to use relativistic kinematics. The relevant formulae will be quoted without 
derivation’. In particular, the total energy, E, of a particle having a rest mass m and 
moving with a velocity v is given by 


mc? 


= (1 — v2/e2)'72' 


The kinetic energy 7 of the particle is defined as the difference between its total 
energy E and its rest mass energy mc’, so that 


(1.31) 


T = E—mce’. (1.32) 


The corresponding momentum of the particle is 


= mv 
= (d_— v2/c2)'/2 


and from (1.31) and (1.33) we see that the energy and momentum are related by 


E* =m*c* + p*c?. (1.34) 


Pp (1.33) 


’ For a discussion of the theory of special relativity. see for example the text by Taylor and 
Wheeler (1966). 
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Figure 1.9 A photon of momentum po is incident on a free electron e at rest. After the collision, 
the photon has a momentum p; while the electron recoils with a momentum po. 


Since the velocity of a photon is c and its energy E = hv = hc/d is finite, we 
see from (1.31) that we must take the mass of a photon to be zero, in which case we 
observe from (1.34) that the magnitude of its momentum is 


p=EicH—nhyx. (1.35) 


Let us now apply these formulae to the situation depicted in Fig. 1.9, where a photon 
of energy Ey = hc/Ap and momentum Po (with po = Eo/c = h/do) collides with an 
electron of rest mass m initially at rest. After the collision, the photon has an energy 
E, = hc/d, and a momentum p, (with py = E,/c = h/A,) ina direction making an 
angle 8 with the direction of incidence, while the electron recoils with a momentum 
P2 making an angle @ with the incident direction. Conservation of momentum yields 
Po = Pp; + p2 or, in other words 


Po = pi, cos6é + p2cosd (1.36a) 
0 = p,sin@ — posing (1.36b) 


from which we find that 

Ps = Py + Ps — 2popicoss. (1.37) 
Conservation of energy yields the relation 

Ey + mc? = E, + (m*c* + pic’)! (1.38) 
and therefore, if we denote by 7> the kinetic energy of the electron after the collision, 
we have 

Ty = (m2c4 + p22)" — me? 
Eo — E, =c(po— pi) (1.39) 
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so that 
D3 = (Po — Pi)? + 2mc(po — Pi). (1.40) 
Combining (1.40) with (1.37) we then find that 


mc(po — Pi) = Popi(l — cos@) 
2 pop, sin? (6/2). (1.41) 


Multiplying both sides of (1.41) by h/(mcpop,) and using the fact that Ay = h/ po 
and A, = h/ p,, we finally obtain 


Ad = A, — Ap = 2Ac sin? (8/2) (1.42) 


where the constant Ac is given by 


Ac = aa (1.43) 
mc 
and is called the Compton wavelength of the electron. Equation (1.42) is known as 
the Compton equation. The calculated value of (2Ac) is 0.048 52 A’, and this agrees 
very well with the experimental value which is 0.048 A. 

The existence of the unmodified component of the scattered radiation, which has 
the same wavelength Apo as the incident radiation, can be explained by assuming that 
it results from scattering by electrons so tightly bound that the entire atom recoils. 
In this case, the mass to be used in (1.43) is M, the mass of the entire atom, and 
since M > m, the Compton shift Ad is negligible. For the same reason, there is no 
Compton shift for light in the visible region because the photon energy in this case is 
not large compared with the binding energy of even the loosely bound electrons. In 
contrast, for very energetic y-rays only the shifted line is observed, since the photon 
energies are large compared with the binding energies of even the tightly bound 
electrons. 

The recoil electrons predicted by Compton’s theory were observed in 1923 by 
W. Bothe and also by C. T. R. Wilson. A little later, in 1925, W. Bothe and 
H. Geiger demonstrated that the scattered photon and the recoiling electron appear 
Simultaneously. Finally, in 1927, A. A. Bless measured the energy of the ejected 
electrons, which he found to be in agreement with the prediction of Compton’s theory. 


Atomic spectra and the Bohr model of the hydrogen atom 


Isaac Newton was the first to resolve white light into separate colours by dispersion 
with a prism. However, it was not until 1752 that T. Melvill showed that light from 


8 The Angstrom unit of length, abbreviated as A, is such that | A = 107! m. 
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an incandescent gas is composed of a number of discrete wavelengths’, now called 
emission lines because of the corresponding lines appearing on a photographic plate. 
Such emission line spectra are produced in particular when an electric discharge 
passes through a gas, or when a volatile salt is put into a flame, and the emitted 
light is dispersed by a prism. It was subsequently discovered that atoms also exhibit 
absorption line spectra when they are exposed to light having a continuous spectrum. 
For example, if white light is passed through an absorbing layer of an element and is 
then analysed with a spectrograph, it is found that the photographic plate is darkened 
everywhere, except for a number of unexposed lines. These lines must therefore 
correspond to certain discrete wavelengths missing from the continuous background, 
which have been absorbed by the atoms of the layer. Ina crucial experiment performed 
in 1859, G. R. Kirchhoff showed that for a given element the wavelengths of the 
absorption lines coincide with those of the corresponding emission lines. He also 
understood that each element has its own characteristic line spectrum. This fact is of 
great importance, since it is the basis of chemical analysis by spectroscopic methods; 
it is also used in astrophysics to determine the presence of particular elements in the 
Sun, in the stars and in interstellar space. 

A major discovery in the search for regularities in the line spectra of atoms was 
made in 1885 by J. Balmer, who studied the spectrum of atomic hydrogen. As seen 
from Fig. 1.10, in the visible and near ultraviolet regions this spectrum consists of a 
series of lines (denoted by Hy, Hg, H,, ...), now called the Balmer series; these lines 
come closer together as the wavelength decreases, and reach a limit at a wavelength 

= 3646 A. There is an apparent regularity in this spectrum, and Balmer observed 
that the wavelengths of the nine lines known at the time satisfied the simple formula 


(1.44) 


where C is a constant equal to 3646 A, and n is an integer taking on the values 
3,4,5,..., for the lines Hy, Hg, H,,... respectively. In 1889, J. R. Rydberg found 
that the lines of the Balmer series could be described in a more useful way in terms 
of the wave number v = 1/4 = v/c. According to Rydberg, the wave numbers of 
the Balmer lines are given by 


zs | | 


where n = 3,4,5,..., and Ry is a constant, called the Rydberg constant for atomic 
hydrogen. Its value determined from spectroscopic measurements is 


Ry = 109 677.58 cm7!. (1.46) 


° This is in contrast to the continuous spectrum of electromagnetic radiation emitted from the surface 
of a hot solid, which we discussed in Section !.1. Indeed, line spectra are emitted by atoms in rarefied 
gases, while in a solid there is a very large number of densely packed vibrating atoms, so that neighbouring 
spectral lines overlap, and as a result a continuous spectrum is emitted. 
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Figure 1.10 The Balmer series of atomic hydrogen. 


Once it was written in the form (1.45), the Balmer—Rydberg formula could be easily 
generalised and applied to other series of atomic hydrogen spectral lines discovered 
subsequently in the ultraviolet and infrared regions. The generalised Balmer—Rydberg 
formula reads 


I ] 
Va =R nn, y ; ee es ree 


a Np 
2 ae eee (1.47) 


where vz, 1S the wave number of either an emission or an absorption line, and n, and 
Np are positive integers withn, > n,. A particular series of lines is obtained by setting 
ng to be a fixed positive integer and letting n, take on the valuesn, + 1,ng4+2,.... 
The series are given different names after their discoverers. In particular, the series 
with n, = | is known as the Lyman series and lies in the ultraviolet part of the 
spectrum; that with n, = 2 is the Balmer series discussed above; the series with 
Ng = 3,4 and 5 he in the infrared region and are called, respectively, the Paschen, 
Brackett and Pfund series. Within each series the lines are labelled a, B, y,..., in 
order of increasing wave number, as illustrated in Fig. 1.10 for the case of the Balmer 
series. 

As seen from (1.47), the wave number v,, of a line in the atomic hydrogen spectrum 
can be expressed in the form 


a Oe GF (1.48) 
that is as the difference of two spectral terms 
Ty = Ry/n?, Ty = Ry/n;. (1.49) 


For other atoms than hydrogen the formula (1.48) can still be applied, although the 
spectral terms T, and 7, usually have a more complicated form than (1.49). Thus, 
the wave number v,, of any line emitted or absorbed by an atom can be expressed 
as a difference of two spectral terms 7, and 7,. An atomic spectrum is therefore 
characterised by a set of spectral terms, called the term system of the atom. This 
generalisation of the Balmer—Rydberg formula was obtained in 1908 by W. Ritz. As 
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a consequence, if the wave numbers of three spectral lines are associated with three 


terms as 

BS, test, aera G (1.50) 
we have 

Vig = (Tj — Tj) + (Zj — Tr) = vay + je (1.51) 


which is an example of the Ritz combination principle. 

The existence of atomic line spectra, which exhibit the regularities discussed above, 
cannot be explained by models of atomic structure based on classical physics. As we 
shall shortly see, N. Bohr was able in 1913 to explain the spectrum of the hydrogen 
atom by introducing the quantum concept into the physics of atoms. In formulating his 
new theory, Bohr used a picture of the atom evolved from the work of E. Rutherford, 
H. W. Geiger and E. Marsden, which we now discuss briefly. 


The nuclear atom 


In a series of experiments Rutherford, Geiger and Marsden studied the scattering of 
alpha particles (doubly ionised helium atoms) by atoms of thin metallic foils!°. To 
interpret the results of these experiments, Rutherford postulated in 1911 that all the 
positive charge and almost all the mass of an atom is concentrated in a positively 
charged nucleus of very small dimension (~ 10~'* m) compared with the dimension 
of the atom as a whole (~ 107!° m). The predictions of Rutherford’s theory of 
alpha-particle scattering, based on this nuclear atom model, were fully confirmed in 
1913 by further experiments performed by Geiger and Marsden. 

The excellent agreement between the experimental results and the conclusions 
reached by Rutherford was interpreted as establishing the correctness of the concept 
of the nuclear atom. However, there were still important difficulties with the nuclear 
atom model, due to the fact that there exists no stable arrangement of positive and 
negative point charges at rest. Therefore, one must consider a planetary model of the 
atom, in which the negatively charged electrons move in orbits in the Coulomb field 
of the positively charged nucleus. Now, a particle moving on a curved trajectory is 
accelerating, and an accelerated charged particle can be shown from electromagnetic 
theory to radiate, thus losing energy. In fact, the laws of classical physics, applied 
to the Rutherford planetary atom, imply that in a time of the order of 10~'° s all the 
energy of the revolving electrons would be radiated away and the electrons would 
collapse into the nucleus. This is clearly contrary to experiment and is another piece 
of evidence that the classical laws of motion must be modified on the atomic scale. 


'0 A discussion of Rutherford scattering may be found in Bransden and Joachain (1983). See also 
Section 13.6. 
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Bohr’s model of the hydrogen atom 


A major step forward was taken by N. Bohr in 1913. Combining the concepts of 
Rutherford’s nuclear atom, Planck’s quanta and Einstein’s photons, he was able to 
explain the observed spectrum of atomic hydrogen. 

Bohr assumed, as in the Rutherford model, that an electron in an atom moves in 
an orbit about the nucleus under the influence of the electrostatic attraction of the 
nucleus. Circular or elliptical orbits are allowed by classical mechanics, and Bohr 
elected to consider circular orbits for simplicity. He then postulated that instead of the 
infinity of orbits which are possible in classical mechanics, only a certain set of stable 
orbits, which he called stationary states are allowed. As a result, atoms can only exist 
in certain allowed energy levels, with internal energies E,, E,, E.,.... Bohr further 
postulated that an electron in a stable orbit does not radiate electromagnetic energy, 
and that radiation can only take place when a transition is made between the allowed 
energy levels. To obtain the frequency of the radiation, he made use of the idea that 
the energy of electromagnetic radiation is quantised and is carried by photons, each 
photon associated with the frequency v carrying an energy hv. Thus, if a photon of 
frequency v is absorbed by an atom, conservation of energy requires that!! 


hv = E, — E, (1.52) 


where E, and E;, are the internal energies of the atom in the initial and final states, 
with E, > E,. Similarly, if the atom passes from a state of energy E, to another 
state of lower energy E,, the frequency of the emitted photon must be given by the 
Bohr frequency relation (1.52). 

We note that because of the existence of an energy—frequency relationship, we 
can use frequency (or wave number) units of energy where convenient. For exam- 
ple, using (1.52) and the fact that the frequency v corresponds to a wave number 
v = v/c, we find that one electronvolt of energy can be converted in hertz or in 
inverse centimetres as 


leV = 2.41797 x 10'* Hz 
= 8065.48 cm !. (1.53) 


Other conversions of units are given in the table at the end of the book. We also 
remark that the Bohr frequency relation (1.52) implies that the terms of spectroscopy 
can be interpreted as being the energies of the various allowed energy levels of the 
atom. 

For the case of one-electron (also called hydrogenic) atoms!*, Bohr was able to 
modify the classical planetary model to obtain the quantisation of energy levels. To 
achieve this aim, he made the additional assumption that the magnitude of the orbital 
angular momentum of the electron moving in a circular orbit around the nucleus can 


'' We neglect here small recoil effects, which will be considered below. 
'2 The word ‘atom’ denotes here a neutral atom (such as the hydrogen atom H) as well as an ion (such 
as He+, Li2+ and so on). 
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only take one of the values L = nh/2m = nh, where the quantum number n is 
a positive integer, n = 1,2,3,..., and the commonly occurring quantity h/2z7 is 
conventionally denoted by fi. The allowed energy levels of the bound system made 
up of a nucleus and an electron can then be determined in the following way. 

Let us consider an electron moving with a non-relativistic velocity v in a circular 
orbit of radius r around the nucleus. We shall make the approximation (which we 
shall remove later) that the nucleus is infinitely heavy compared with the electron, 
and is therefore at rest. The Coulomb attractive force acting on the electron, due to 
its electrostatic interaction with the nucleus of charge Ze, can be equated with the 
electron mass m times the centripetal acceleration (v’/r), giving 

2 2 
a eae sy (1.54) 
(47 Eo)r 2 r 
where &g is the permittivity of free space. A second equation is obtained from Bohr’s 
postulate that the magnitude of the orbital angular momentum of the electron is 
quantised: 


L=mor =nh, WE 125k 8 (1.55) 
From (1.54) and (1.55), we obtain the allowed values of v and r 
Ze? 
a 1.56 
” ~ (azrey)hin oe) 
and 
(42 €9)h?n? 
=. 1.57 
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The total energy of the electron is the sum of its kinetic energy and its potential 
energy. The kinetic energy, 7, is given by 


rele (22)! ne 
= OR? At €y n2 ; 


where we have used the result (1.56). Choosing the zero of the energy scale in such 
a way that the electron has a total energy E = O when it is at rest and completely 
separated from the nucleus (r = 00), the potential energy of the electron is given by 
V = —Ze*/(4me9)r. Hence, using (1.57) we have 


ya Ze am ( Ze)" I ies 
— (Aneg)r oA? Gore) 2” ; 


The allowed values obtained by Bohr for the total energy T + V of the bound electron 
are thus given by 


n= _i_( Ze “J aif. 93 (1.60) 
n= Whe 47 Ey poe | 2 es Se ee ° 


Since n may take on all integral values from | to +00, the energy spectrum 
corresponding to the bound states of the one-electron atom contains an infinite number 
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of discrete energy levels. The subscript n in E,, reminds us that this quantisation of the 
energy levels is due to the presence of the quantum number 1, is called the principal 
quantum number to distinguish it from other quantum numbers we shall meet later. 
The state with the lowest energy is known as the ground state; we see from (1.60) that it 
corresponds to the value n = 1. The states corresponding to the values n = 2,3,..., 
are called excited states of the atom, since their energies are greater that the energy 
of the ground state; the energies of the excited states are seen to converge to the value 
zero aS n —> oo. A commonly used notation is one in which an electron in an energy 
level with n = 1, 2,3,..., is said to be inthe K, L, M, ..., shell, respectively. 

It is convenient to represent graphically the energy spectrum of an atom by means 
of an energy level diagram, in which the ordinate gives the energy, and the energy 
levels or terms are drawn as horizontal lines. Fig. 1.11 shows the energy level diagram 
of atomic hydrogen, drawn according to the prediction (1.60) of the Bohr model. The 
energy scale on the right is in electronvolts; on the left another scale, increasing from 
top to bottom, gives the wave number v incm™!. 

Using the Bohr frequency relation (1.52), the frequencies of the spectral lines 
corresponding to transitions between two energy levels E, and E, are 


m ( Ze\7/1 | 
pte ee eee 1.61 
ne athe (— & — oe) 


where n, and ny» are positive integers and n, > n,; the corresponding wave numbers 
are given by ¥45 = vgp/c. For the case of atomic hydrogen, where Z = 1, we have 
therefore 


l ] 
Vab = R(o0)( = =) (1.62) 
NG b 
where the constant R(oo) is given by 
9) 2 
R(oo) = al ) (1.63) 
Anch? \ 4m e9 


and we have written R(oo) to recall that we are using the infinite nuclear mass 
approximation. The theoretical result (1.62) is seen to have exactly the same form as 
the empirical Balmer—Rydberg formula (1.47). Moreover, Bohr’s theory also gives 
the value of R(oo) in terms of fundamental constants, and this value can be compared 
with the experimental Rydberg constant Ry appearing in (1.47). Evaluating R(0o) 
from (1.63) one finds that R(oo) = 109737 cm |, in good (but not perfect) agreement 
with the experimental value of Ry given by (1.46). 

Returning to equation (1.60), we see that the Bohr energy levels of a one-electron 
atom may be written as 


E, = —Ip/n’, en ee (1.64) 


where 


p= (2 ) hcR(oo)Z2 = 13.6 Z2 eV (1.65) 
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Figure 1.11 Energy level diagram of the hydrogen atom. The energy scale on the right is in 


electronvolts; on the left another scale, increasing from top to bottom, gives the wave number v 
in cm—!. The principal quantum number n corresponding to each energy level is also indicated. 
A spectral line, resulting from the transition of the atom from one energy level to another is 
represented by a vertical line joining the two energy levels. The numbers against the lines indicate 
the corresponding wavelengths in angstroms (1 A = 107! m). For clarity, only transitions 
between lower-lying levels are shown. 
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Because the zero of the energy scale has been chosen so that it corresponds to an 
electron at rest, infinitely far from the nucleus, the (positive) amount of work required 
to remove the electron from its nth orbit to infinity (that is, to ionise the atom) is 
just —E,, = Ip/n?. The energy needed to remove one electron from an atom in its 
ground state is called the ionisation potential of the atom. Since the ground state of 
one-electron atoms corresponds to the value n = 1, we see that the quantity /p given 
by (1.65) is the value of the ionisation potential of hydrogenic atoms predicted by the 
Bohr theory (in the infinite nuclear mass approximation). The ionisation of atoms 
may occur in several ways, for example in collision processes or when a photon of 
sufficiently high frequency is absorbed by the atom. The latter phenomenon is known 
as photoionisation and is the process responsible for the photoelectric effect. 

It is interesting to note that if the atom is initially in a bound state of (negative) 
energy E,,, and then absorbs an energy greater than the binding energy |E,,|, it will be 
ionised and the ejected electron will have a positive energy. States of positive energy 
therefore correspond to the situation in which the nucleus—electron system is unbound. 
It is clear that these states are relevant in collision processes between electrons and 
nuclei. In such a collision event, an electron having a given initial kinetic energy and 
coming from a very large distance is scattered by a nucleus and after being deflected 
recedes to an infinite separation without forming a bound system with the nucleus. 
Since the initial kinetic energy of the electron may be chosen arbitrarily, it is obvious 
that unbound states of the nucleus—electron system may have any positive energy 
value. Therefore, joining the bound state spectrum of one-electron atoms at the value 
E = 0, there is a continuous energy spectrum extending from E = 0 to E = +00, 
which is indicated in Fig. 1.11 by hatchings. Transitions may thus occur not only 
between two bound states of the discrete energy spectrum (bound—bound transitions), 
but also between a state of the discrete spectrum and one of the continuous spectrum 
(bound-free transitions), or between two states of the continuous spectrum (free—free 
transitions). 

Let us now evaluate a few key quantities which appear in Bohr’s theory. The radius 
of the orbit of the electron in the ground state of the hydrogen atom is known as 
the (first) Bohr radius of hydrogen and is denoted by ap. It is obtained by setting 
Z —n = 1 in(1.57) so that 


_ reo)h? _ 


— 5.29 x 107'' m. (1.66) 


ao 


The velocity vg of the electron in the first Bohr orbit of the hydrogen atom is seen 
from (1.56) to be given by 


Z 


e 
= —_—_ = 1.67 
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where we have introduced the dimensionless constant 
Pe. 
(1.68) 
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which is known as the fine-structure constant and has the value a =~ 1/137. Thus 
Vo X c/137 and it is reasonable to treat the electron of an hydrogen atom in a non- 
relativistic way, as done by Bohr. We also remark in this context that the bound-state 
energies (1.60) of one-electron atoms may be rewritten as 


| (Za) 
E,, = —5me" oy 


(1.69) 


Thus, provided Z is not too large, the binding energies | F,,| are small with respect 
to mc’, the rest energy of the electron; this again indicates that a non-relativistic 
treatment of the problem is a sensible approximation. 


Finite nuclear mass 


Although the approximation in which the nucleus is assumed to be infinitely heavy is 
good enough for many purposes, an improvement can be made by taking into account 
the fact that the mass of the nucleus is finite. If we consider a bound state of the 
nucleus—electron system in the Bohr model, then both the electron of mass m and the 
nucleus of mass M rotate about the centre of mass of the system. Since no forces 
external to the atom are present, the centre of mass will either be at rest or in uniform 
motion. As we are not interested in the motion of the atom as a whole, we shall take 
the centre of mass to be at rest and to be the origin of our coordinate system. 

The magnitude of the total orbital angular momentum of the system is readily 
shown to be!? 


L-= pur (1.70) 


where r is the distance between the nucleus and the electron, v is the velocity of the 
electron with respect to the nucleus and 
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is the reduced mass. Bohr’s quantisation condition for the orbital angular momentum 
thus becomes 


L = pour =nh, ao Pas eae (1.72) 


which is the same as (1.55), but with yz replacing m. 

Since the centre of mass is at rest in our coordinate system, the kinetic energy 
of the system is given by T = yv*/2. The potential energy V, due to the elec- 
trostatic attraction between the nucleus and the electron, is of course still given by 
V = —Ze?/(4z€0)r, since it does not depend on the masses of the particles. A 


'3 See, for example, Bransden and Joachain (1983). 
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reasoning entirely similar to that made above in the infinite nuclear mass case then 
yields for the allowed energy levels of the bound nucleus—electron system 


2 
wu ( Ze \* 1 
EE, =-=|-——] s 1.73 
2h? (| n2 =) 
which is the result (1.60) with m replaced by jz. Similarly, the allowed values of r 
are given by (1.57) with again yu replacing m, 


ee ee = 1.74 
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where a,, = (m/)ao 1S the modified Bohr radius. 
As aconsequence of the finite mass correction, the calculated value of the Rydberg 
constant becomes 


R(M) = ~ R(00) es (00). (1.75) 


ne 
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For atomic hydrogen the nuclear mass M is equal to Mp, the proton mass, and the 
corresponding theoretical value of R(Mp) is 109681 cm7', which agrees with the 
experimental value (1.46) to better than four parts in 10°. 

Because of the nuclear mass effect all the frequencies of the spectral lines of one- 
electron atoms are reduced by the factor 4/m = (1 + m/M)7! with respect to their 
values calculated in the infinite nuclear mass approximation. As a result, there is an 
isotopic shift between the spectral lines of different isotopes'*. For example, there is 
such a shift between the spectral lines of ordinary hydrogen (proton + electron) and 
those of its heavy isotope, deuterium. The nucleus of the deuterium atom, called the 
deuteron, contains a proton and a neutron, and hence has Z = | andamass M =~ 2Mp. 
The ratio of frequencies of corresponding lines in deuterium and ‘ordinary’ hydrogen 
is 1.00027, which is easily detectable. In fact, it is through this isotopic shift that 
deuterium was discovered. 

Another consequence of the fact that the mass of the nucleus is finite is that the recoil 
of the atom must be taken into account when using the Bohr frequency relation (1.52). 
This is readily done by using momentum and energy conservation. Let us consider 
the emission or absorption of a photon of energy hv by an atom initially at rest. 
After the transition, the atom recoils with a momentum P whose magnitude P is 
equal to the magnitude hv/c of the photon momentum, and with a kinetic energy 
P?/2M = (hv)*/2Mc’, where M is the mass of the atom (which is essentially equal 
to the mass of the nucleus). If vg denotes the frequency of the transition uncorrected 
for the recoil effect, conservation of energy yields for the fractional change in the 
frequency due to recoil (Problem 1.21) 

Avr hv 


> tome al) 


'4 We recall that isotopes are atoms of the same chemical element having different atomic masses. The 
nuclei of different isotopes contain the same number Z of protons, and hence have the same atomic number 
Z; they differ by their number of neutrons, N, so that they have different mass numbers A = N + Z. 
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where Avy = v — vo, the plus sign corresponding to the absorption and the minus 
sign to the emission of a photon. Now, 2Mc? is at least of the order of 10’ eV (for 
a proton, Mpc* ~ 9.4 x 10° eV), so that for atomic transitions involving photons 
having energies hv of a few electronvolts we find that Avyp/v ~ 107’, which is 
extremely small. Nevertheless, equation (1.76) does seem to imply that the atomic 
absorption spectrum of an atom is not completely identical to its emission spectrum, 
so that photons emitted by an atom could not be absorbed by another atom of the same 
kind, in contradiction with experiment. This apparent paradox will be resolved in 
Chapter 2, when we discuss the Heisenberg uncertainty relation for time and energy. 


Limitation of the Bohr model 


Although the Bohr model is successful in predicting the energy levels of one-electron 
atoms, and the idea of energy quantisation in atoms is correct, the model is unsatis- 
factory in many respects. Indeed, Bohr’s theory is a hybrid one combining principles 
taken over from classical theory with new postulates breaking sharply with classical 
physics. Forexample, the stability problem is bypassed by postulating that an electron 
in one of the allowed stationary orbits does not radiate electromagnetic energy, and the 
quantisation of angular momentum is introduced in an ad hoc way. The hypothesis 
that only circular orbits are allowed is also arbitrary. Moreover, despite the fact that it 
provided an explanation of the regularities in X-ray spectra observed by Moseley in 
1913!°, the Bohr model cannot be generalised to deal with atomic systems containing 
two or more electrons. Among other objections are the lack of a reliable method to 
calculate the rate of transitions between the different energy levels when radiation 
is emitted or absorbed, and the inability to handle unbound systems. In later work, 
W. Wilson and A. Sommerfeld showed how to remove the restriction to circular orbits, 
and Sommerfeld also obtained relativistic corrections to the Bohr model. However, 
the other objections still persisted and the theory — now called the old quantum theory 
— was eventually superseded by the quantum mechanics developed by E. Schrodinger, 
W. Heisenberg, P. A. M. Dirac and others, following the ideas of L. de Broglie. 


The Bohr correspondence principle 


In 1923, Bohr formulated a heuristic principle which had already inspired the de- 
velopment of the old quantum theory, and which proved to be of great help in the 
early development of quantum mechanics. This principle, known as the correspon- 
dence principle, states that quantum theory results must tend asymptotically to those 
obtained from classical physics in the limit of large quantum numbers. In other 
words, classical physics results are ‘macroscopically correct’ and may be considered 
as limiting cases of quantum mechanical results when the quantum discontinuities 
may be neglected. 

As an illustration of the correspondence principle, let us consider the Bohr model 
for one-electron atoms, and compute the frequency of the radiation emitted in a 


'5 See Bransden and Joachain (1983). 
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transition from the energy level E,, to that immediately below, E,,_,, when n is large. 
Assuming for simplicity that the nuclear mass is infinite, we find from (1.61) that this 
frequency is given by 


m Ze? \? | l (1.77) 
y= —,| —] | ———- - -— |. . 
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* ~ 2n-? and therefore, for large n, 
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On the other hand, in classical physics, an electron moving in acircular orbit of radius 
r with a velocity v would be expected to radiate with the frequency of its rotational 


motion, namely v.. = v/(277r). Using the expressions (1.56) and (1.57) for v and r, 
we find that 


U m Ze? \* | 
y=—= ae 1.79 
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in agreement with (1.78). 


Now, when n > 1, one has (n — 1)7* — 7 


The Franck and Hertz experiment 


As we have seen above, the bound-state energies of atoms are quantised, so that only 
certain discrete energy values are allowed. This energy quantisation of atoms was 
confirmed directly by an experiment performed in 1914 by J. Franck and G. Hertz. 
A schematic diagram of the apparatus is shown in Fig. 1.12. In an evacuated tube, 
electrons are ejected from a heated cathode C and accelerated toward a wire grid G, 
maintained at a positive potential V; with respect to the cathode. The electrons 
accelerated by the potential V, attain a kinetic energy mvu*/2 = eV,. Some of them 
pass through the grid and are collected by a plate P, thus causing acurrent / to flow in 
the collector circuit. The collector P is at a slightly lower potential V2 than the grid, 
V2 = V,; — AV, where AV < V;,. The small retarding potential AV between the 
grid G and the collector P has the effect of reducing the kinetic energy of the electrons 
slightly, but not enough to stop them being collected. 

The tube is now filled with mercury vapour. The electrons collide with the atoms 
of mercury, and if the collisions are elastic, so that there is no transfer of energy from 
the electrons to the internal structure of the atoms, the current / will be unaffected by 
the introduction of the gas. This follows because mercury atoms are too heavy to gain 
appreciable kinetic energy when struck by electrons. The electrons are deflected but 
retain the same kinetic energy. In contrast, if an electron makes an inelastic collision 
with a mercury atom in which it loses an energy E, exciting the mercury atom toa level 
of greater internal energy, then its final kinetic energy will be mv;/2 = (eV; — E). 
If eV, is equal to E, or is only a little larger, the retarding potential AV will be 
sufficient to prevent this electron from reaching the collecting plate, and hence from 
contributing to the current /. 
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Figure 1.12 Schematic diagram of the Franck and Hertz experiment. 
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Figure 1.13 The variation of the current / as a function of the accelerating voltage V; in the 
Franck and Hertz experiment. 


The experiment is carried out by gradually increasing V; from zero and measuring 
the current / as a function of V,. The result obtained is illustrated in Fig. 1.13. The 
current / is seen to fall sharply at a potential V, which for mercury is equal to 4.9 V. 
The results can be interpreted by supposing that the first excited level of the mercury 
atom has an energy about 4.9 eV higher than the ground state level. Thus, when 
the colliding electrons have an energy eV, < 4.9 eV, they cannot excite the mercury 
atoms to a level of higher internal energy, so that the collisions are elastic. On the 
contrary, when eV; reaches the value 4.9 eV, a large number of the colliding electrons 
excite mercury atoms to this level, losing their energy in the process; as a result the 
current / is sharply reduced. 

If the voltage V; is further increased, the observed current / is seen to exhibit 
additional increases followed by sharp dips. Some of these dips are due to the 
excitation of higher discrete levels of the mercury atoms. Other dips arise from the 
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fact that some colliding electrons have sufficient energy to excite two or more atoms 
to the first excited state, so that they lose 4.9 eV of energy more than once; such dips 
corresponding to multiple excitations of the first excited level are seen every 4.9 eV. 

We have noted before (see (1.53)) that an energy of 1 eV corresponds to a wave 
number of 8065 cm7'!, so that if the above interpretation of the Franck and Hertz 
experiment is correct, a line would be expected in the mercury spectrum corresponding 
to a transition from the first excited state at 4.9 eV to the ground state, with a wave 
number of 4.9 x 8065 cm~! ~ 39500 cm~!. Franck and Hertz were indeed able to 
verify the existence of such a line, and to show that radiation of this wave number 
was only emitted from the mercury vapour when V, exceeded 4.9 eV. 

The Franck—Hertz experiment, and corresponding experiments using other gases 
and vapours, provide excellent confirmation of the discrete nature of bound-state 
energy levels of atoms. It can also be verified that when sufficient energy is available 
to 1onise an atom, the energy of the ejected electron can take any positive value. 
Therefore, the energy level spectrum of an atom consists of two parts: discrete 
negative energies corresponding to bound states and a continuum of poSitive energies 
corresponding to unbound (ionised) states. 


The Stern—Gerlach experiment. Angular momentum and spin 


We shall now discuss another experiment of fundamental importance, carried out 
by O. Stern and W. Gerlach in 1922, to measure the magnetic dipole moments of 
atoms. The results demonstrated, once more, the inability of classical mechanics 
to describe atomic phenomena and confirmed the necessity of a quantum theory of 
angular momentum, which had been suggested by Bohr’s model. 

Let us first understand how an atom comes to possess a magnetic moment. In 
the Bohr model of a hydrogenic atom, an electron occupies a circular orbit, rotating 
with an orbital angular momentum L. A moving charge is equivalent to an electric 
current, so that an electron moving in a closed orbit forms a current loop, and this 
in turn creates a magnetic dipole!®. In fact, whatever model of atomic structure we 
make, the electrons can be expected to possess angular momentum and accordingly 
atoms possess magnetic moments. 

A circulating current of magnitude / enclosing a small plane area dA gives rise to 
a magnetic dipole moment 


M = IdA (1.80) 


where the direction of M is along the normal to the plane of the current loop, as 
shown in Fig. 1.14. When the current / is due to an electron moving with a velocity 
v in a circle of radius r, it is given by 

ev 


[= —. 1.81 
2mr ( ) 


16 See, for example, Duffin (1968). 
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Figure 1.14. The magnetic dipole moment due to a current loop. 


Since the area enclosed is mr*, we have M = eur /2 = eL/2m, and as the direction 


of the current is opposite to the direction of rotation of the electron, 
e 


M = —-—L (1.82) 


2m 
where L = r x pis the orbital angular momentum of the electron, p = mv being 


its (linear) momentum. The Bohr quantisation rule (1.55) suggests that fi is a natural 
unit of angular momentum, so that we shall rewrite equation (1.82) as 


M = —pup(L/h) (1.83) 
where 
eh 
Up = oo (1.84) 
m 


Because (L/fi) is dimensionless, jzp has the dimensions of a magnetic moment. It is 
known as the Bohr magneton and has the numerical value 


Up = 9.27 x 10-4 JT! (1.85) 


where J denotes a joule and T a tesla. 


Interaction with a magnetic field 


If an atom with a magnetic moment M is placed in a magnetic field B, the (potential) 
energy of interaction is (see Duffin, 1968) 


W=-M-B. (1.86) 
The system experiences a torque I’, where 


T=MxB (1.87) 
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Figure 1.15 The Stern—Gerlach apparatus. 
and a net force F, where 
F — —-VW. (1.88) 
Combining (1.86) with (1.88), we see that the components of F are 
0B 0B 0B 
F, = M-—, F, = M-—, F, = M-—. (1.89) 
Ox dy dz 


If the magnetic field is uniform, no net force is experienced by a magnetic dipole, 
which precesses with a constant angular frequency. For an orbiting electron this 
angular frequency is 


eee al) 
h 
It is called the Larmor angular frequency. On the other hand, in an inhomogeneous 


magnetic field, an atom experiences a net force proportional to the magnitude of the 
magnetic moment. 


B. (1.90) 


COL 


The Stern—Gerlach experiment 


In 1921, Stern suggested that magnetic moments of atoms could be measured by 
detecting the deflection of an atomic beam by such an inhomogeneous field. The 
experiment was carried out a year later by Stern and Gerlach. The apparatus is shown 
in schematic form in Fig. 1.15. 

The first experiments were made using atoms of silver. A sample of silver metal 
is vaporised in an oven and a fraction of the atoms, emerging from a small hole, is 
collimated by a system of slits so that it enters the magnetic field region as a narrow 
and nearly parallel atomic beam. This beam is then passed between the poles of a 
magnet shaped to produce an inhomogeneous field, as shown in Fig. 1.15. Finally, 
the beam is detected by allowing it to fall on a cool plate. The density of the deposit 
is proportional to the intensity of the beam and to the length of time for which the 
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Deposit of silver 


<= 


Figure 1.16 Results of the Stern—Gerlach experiment for silver. The atomic beam is split into 
two components having nearly equal and opposite deflections along the z-axis. Only in the 
centre is the field gradient sufficient to cause the splitting. The pattern is smeared because of the 
range of velocities of atoms in the beam. The shape of the upper line results from the greater 
inhomogeneity of the magnetic field near the upper-pole face. 


L, 


Direction of axes 


Collecting plate 


beam falls on the plate. An important requirement for performing such an atomic 
beam experiment is a good vacuum, which allows the atoms of the beam to travel 
through the apparatus with a negligible probability of colliding with a molecule of 
the residual gas. 

Taking the shape of the magnets as shown in Fig. 1.15, the force on each atom is 
given from (1.89) by 

dB, dB, dB, 
By i Ox” iy = ee dz 
The magnet is symmetrical about the xz plane, and the beam is confined to this plane. 
It follows that 0B,/dy = 0. Also, apart from edge effects, 9B, /dx = 0, so that the 
only force on the atoms in the beam is in the z direction. 

In the incident beam, the direction of the magnetic moment M of the atoms is 
completely at random, and in the z direction it would be expected that every value of 
M, such that —M < M, < M would occur, with the consequence that the deposit 
on the collecting plate would be spread continuously over a region symmetrically 
disposed about the point of no deflection. The surprising result that Stern and Gerlach 
obtained in their experiments with silver atoms was that two distinct and separate 
lines of spots were formed on the plate (see Fig. 1.16), symmetrically about the point 
of no deflection. Similar results were found for atoms of copper and gold, and in later 
work for sodium, potassium, caesium and hydrogen. 

The quantisation of the component of the magnetic moment along the direction 
defined by the magnetic field is termed space quantisation. This implies that the 
component of the angular momentum in a certain direction is quantised so that it 
can only take certain values. In general, for each type of atom, the values of M- 
will range from (M_)max to —(Mz)max and, correspondingly, L, will range from 
—(Lz)max to (Lz)max. If we denote the observed multiplicity of values of M, (and 


F, = M, (1.91) 
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hence L.,) by a, we can try to interpret a and to deduce the allowed values of L by 
using the Bohr model. Indeed, the Bohr quantisation of angular momentum suggests 
that orbital angular momentum only occurs in integral units of A. We may postulate 
that the magnitude of orbital angular momentum can only take values L = /h, where 
/ is a positive integer or zero. Thus the maximum value of L. 1s +/A, and its minimum 
value 1s —/h. If L, is also quantised in the form 


L.=mh (1.92) 


where m Is a positive or negative integer or zero, then m must take on the values 
—],-l+1,...,/— 1,1, and the multiplicity @ must be equal to (27 + 1). The 
number m is known as a magnetic quantum number. In fact, as we shall see in 
Chapter 6, the result (1.92) turns out to be correct in quantum mechanics, but the 
possible values of the total orbital angular momentum will be shown to be of the 
form L = J//(1 + 1k with? = 0, 1, 2,..., rather than of the form L = /h suggested 
by the Bohr model. However the results of Stern and Gerlach for silver do not fit 
with this scheme, since the multiplicity of values of the z component of the angular 
momentum for silver is a = 2. This implies that (2/ + 1) = 2, giving / = 5, which 
is a non-integral value. 


1 
2? 


Electron spin 


The explanation of this result for silver came in 1925, when S. Goudsmit and 
G. E. Uhlenbeck analysed the splitting of spectral lines occurring when atoms are 
placed in a magnetic field (the Zeeman effect). They showed that this splitting could be 
explained if electrons, in addition to the magnetic moment produced by orbital motion, 
were assumed to possess an intrinsic magnetic moment M,, where the component 
of M, in a given direction can take only the two values +M,. One can postulate 
that this intrinsic magnetic moment is due to an Intrinsic angular momentum, or spin 
of the electron, which we denote by S. By analogy with (1.83), we then have 


M, = —8sHB(S/h) (1.93) 


where g, 1s the spin gyromagnetic ratio. If we introduce a spin quantum number s, 
analogous to /, so that the multiplicity of the spin component in a given direction is 
(2s + 1), then for an electron we must have s = ‘, and the possible values of the 
component S- of the electron spin S in the z direction are +h/2; the magnitude S of the 
electron spin will be shown in Chapter 6 to be given by S = /s(s + 1l)h = /3/4h. 

Since the magnetic moment of an electron is due partly to its orbital angular 
momentum and partly to its spin angular momentum, we can use equations (1.83) 


and (1.93) to write this (total) magnetic moment as 
M = —up(L + g;S)/h. (1.94) 


Accurate measurements have shown that the electron spin gyromagnetic ratio g, is 
very nearly equal to 2. 
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1.6 


The discovery of the spin of the electron is of fundamental importance. In fact, 
it is now known that all particles can be assigned an intrinsic angular momentum 
(spin), and therefore a spin quantum number s. In some cases, such as the pion 
(7 -meson), s = O, but in others, such as the electron, the proton and the neutron one 
has s = 1/2, and for other ‘elementary particles’ the spin quantum number may be 
cS LoS 3, .... The theory of the spin angular momentum will be discussed in 
Chapter 6. 


Total angular momentum 


The total angular momentum of an atom is obtained by adding vectorially all angular 
momenta of the particles it contains. Because the mass of the nucleus is much 
larger than the electron mass, the angular momentum of the nucleus leads to very 
small hyperfine effects which we shall neglect here. We therefore consider only the 
angular momenta of the electrons in the atom. By adding vectorially all the orbital 
and spin angular momenta of these electrons, we obtain the total electronic angular 
momentum, which we denote by J. A measurement of the component of J in a given 
direction (which we call the z direction) can only yield (27 + 1) possible values, 
given by m;h, where the magnetic quantum number mj; can only take the values 
—j,-jtl,...,j—1, j. Thus j is the maximum possible value of a component of 
J, measured in units of 4, in any given direction. It is found that j can take integral or 
half-odd-integral values only; 7 = 0, : l, 3, .... For an angular momentum whose 
component in a given direction has the multiplicity (27 + 1), a measurement of the 
magnitude of the angular momentum produces the value /j(j + 1)f. Thus, in a 
Stern—Gerlach experiment, a beam of atoms with angular momentum of magnitude 
/ JCJ + 1h will produce (2 7+1) lines of spots on the detecting screen, symmetrically 
disposed about the point of zero deflection. The Stern—Gerlach results for silver atoms 
can then be explained if we assume that the orbital angular momentum of a silver 
atom is zero, but its spin angular momentum is equal to the spin of an electron, so 
that in this case j = 5 = ; and two lines of spots will appear on the screen. Similar 
experiments carried out with other atoms have confirmed the central features which 
emerge from the Stern—Gerlach experiment: the quantisation of the z component of 
angular momentum and the existence of the electron spin". 


De Broglie’s hypothesis. Wave properties of matter and the 
genesis of quantum mechanics 


We have seen before that in addition to its classical wave properties, electromagnetic 
radiation also exhibits particle characteristics, as in the photoelectric effect and in 
the Compton effect. This dual nature of electromagnetic radiation, which is one of 


'7 It should be noted that experiments of the Stern—Gerlach type cannot be performed directly on beams 
of electrons because of the deflection of the beam due to the Lorentz force. 
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the most striking features due to the appearance of quanta in physics, was generally 
recognised, although not understood, around 1923. On the other hand, at that time 
matter was believed to be purely of a corpuscular nature. 

In 1923-24, L. de Broglie made a great unifying, bold hypothesis that material 
particles might also possess wave-like properties, so that, like radiation, they would 
exhibit a dual nature. In this way the wave-—particle duality would be a universal 
characteristic of nature. The energy of a photon is given by E = hv, where 
v is the frequency of the radiation; the magnitude of the photon momentum is 
p =hv/c =h/d, where A is the wavelength. For free material particles, de Broglie, 
using arguments based on the properties of wave packets!*, proposed that the asso- 
ciated matter waves also have a frequency v and a wavelength J, related respectively 
to the energy E and to the magnitude p of the momentum of the particle by 


aeean 1.95 
= (1.95) 
and 
A= a. (1.96) 
p 


The wavelength A = h/p is known as the de Broglie wavelength of a particle. We 
remark that since Av = c for a photon, only one of the two relations (1.95)-(1.96) is 
required to obtain both its wavelength and frequency from its particle properties of 
energy and momentum. In contrast, for a material (massive) particle, one needs both 
relations (1.95) and (1.96) to obtain the associated frequency v and wavelength 2X. 

The de Broglie idea immediately gives a qualitative explanation of the quantum 
condition (1.55) used in the Bohr model of one-electron atoms. Indeed, let us suppose 
that an electron in ahydrogenic atom moves in a circular orbit of radius 7, with velocity 
uv. If this is to be a stable stationary state, the wave associated with the electron must be 
a standing wave, and a whole number of wavelengths must fit into the circumference 
2mr. Thus 


nk = 20r ae Ceres rena (1.97) 
Since A = h/p and L = rp, we immediately find the condition 
L=nh/2n =nh (1.98) 


which is identical with (1.55). Later, in 1925 and 1926, these qualitative ideas 
were incorporated into the systematic theory of quantum mechanics developed by 
E. Schrédinger, which will be discussed in the next chapter. 

De Broglie wrote the relations (1.95) and (1.96) for the general case of a relativistic 
particle. For a free particle of mass m moving at a non-relativistic speed v, one has 
E = mc* + mv’/2. Now, in the non-relativistic approximation, the energy mv7/2 of 
a free particle is defined so that it does not contain the rest energy mc”. This amounts 
to a modification of the zero of the energy scale, which has the effect of adding a 


18 Wave packets will be discussed in Chapter 2. 
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constant frequency vp = mc’/h to the right of (1.95). We shall see in Chapter 2 
that this addition has no observable effect. Since p = mv for a non-relativistic 
particle, we also remark that the de Broglie wavelength is given in the non-relativistic 
approximation by 


A=—. (1.99) 

mu 

We now turn to the question of the experimental confirmation of de Broglie’s hy- 
pothesis. We first recall that in order to observe the interference and diffraction effects 
which are characteristic of the wave properties of light, some geometric parameters 
of the instrument (such as apertures or slits) must have dimensions comparable to 
the wavelength of the light. If, on the contrary, this wavelength is much smaller 
than all the relevant dimensions of the optical instruments, we are in the domain 
of geometrical optics, where interference and diffraction effects are negligible. By 
analogy, we expect that in order to detect the presence of matter waves, an appropriate 
‘grating’ having dimensions comparable to the de Broglie wavelength 4 = h/p of 
the particle is required. 

Let us estimate the value of the de Broglie wavelength associated with a particle. 
For a macroscopic particle of mass m = 10-3 kg, moving at a speed v = 1m ae 
we find from (1.99) that the associated de Broglie wavelength A ~ 6.6 x 1077! m = 
6.6 x 1072! A, which is orders of magnitude smaller than any existing aperture. On 
the other hand, let us consider a non-relativistic electron, of mass m = 9.1 x 107?! kg, 
which has been accelerated by a potential difference Vo, so that it has a kinetic energy 
mu /2 = eVo. Using (1.99), we obtain for the associated de Broglie wavelength 

ee h = 12.3 ik (1.100) 

(2meVp)'/2 — [Vp(Volts)]!/2 
where we have used the fact that | eV = 1.6 x 107!? J. Thus, the de Broglie wave- 
lengths associated with electrons of energy 1, 10, 100 and 1000 eV are, respectively, 
12.3, 3.89, 1.23 and 0.39 A, comparable to the wavelength of X-rays. Hence, in 
macroscopic situations, such as in J. J. Thomson’s experiments, where beams of 
electrons move under the influence of electric and magnetic fields, the de Broglie 
electron wavelengths are exceedingly small compared with the dimensions of any 
obstacles or slits in the apparatus, so that no interference or diffraction effects can 
be observed. However, the spacing of atoms in a crystal lattice is of the order of an 
angstr6m and therefore, just as in the case of X-rays, a crystal can be used as a grating 
to observe the diffraction and interference effects due to the electron matter waves. 
Experiments of this type were performed in 1927 by C. J. Davisson and L. H. Germer, 
and independently by G. P. Thomson. 

In the Davisson—Germer experiment, the reflection of electrons from the face of a 
crystal was investigated. Electrons from a heated filament were accelerated through a 
potential difference Vp and emerged from the ‘electron gun’ with kinetic energy e Vo. 
This beam of monoenergetic electrons was directed to strike at normal incidence the 
surface of a single nickel crystal, and the number N(@) of electrons scattered at an 
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Figure 1.17 Schematic diagram of the Davisson-Germer experiment. Electrons strike at normal 
incidence the surface of a single nickel crystal. The number of electrons scattered at an angle @ 
to the incident direction is measured by means of a detector. 


angle 6 to the incident direction was measured by means of a detector (see Fig. 1.17). 
The data obtained by Davisson and Germer for 54 eV electrons are shown in Fig. 1.18. 
The scattered intensity is seen to fall from a maximum at 0 = O° to a minimum near 
35°, and then to rise to a peak near 50°. The strong scattering at 90 = O° is expected 
from either a particle or a wave theory, but the peak at 50° can only be explained by 
constructive interference of the waves scattered by the regular crystal lattice. 
Referring to Fig. 1.19, the Bragg condition for constructive interference is 


nk = 2d sin Og (1.101) 


where d is the spacing of the Bragg planes and n is an integer. If D denotes the spacing 
of the atoms in the crystal, we see from Fig. 1.19 thatd = D sina, witha = 1/2—6g. 
Moreover, the scattering angle @ = 2a, so that the Bragg condition (1.101) becomes 


nd = Dsinéd. (1.102) 


Experiments in which X-rays were diffracted established that for a nickel crystal the 
atomic spacing is D = 2.15 A. Assuming that the peak at @ = 50° corresponds to 
first-order diffraction (n = 1) we see from (1.102) that the experimental electron 
wavelength is given by A = (2.15sin50°) A = 1.65 A. On the other hand, the 
de Broglie wavelength of a 54 eV electron is 1.67 A, which agrees with the value of 
1.65 A, within the experimental error. By varying the voltage Vy, measurements were 
also performed at other incident electron energies, which confirmed the variation of 
X with momentum as predicted by the formula (1.100), derived from the de Broglie 
relation (1.96). Higher-order maxima, corresponding to n > | in (1.102), were also 
observed and found to be in agreement with the theoretical predictions. 
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Figure 1.18 Polar plot of the scattered intensity as a function of the scattering angle 6 for 54 eV 
electrons in the Davisson—Germer experiment. At each angle the intensity /(@) is given by the 
distance of the point from the origin. A maximum is observed at 6 = 50°, which can only be 
explained by constructive interference of the waves scattered by the crystal lattice. 
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Figure 1.19 The scattering of electron waves by a crystal. Constructive interference occurs when 
the Bragg condition nA = 2dsin 6x is satisfied. 


In the experiment of G. P. Thomson, the transmission of electrons through a thin 
foil of polycrystalline material was analysed. A beam of monoenergetic electrons 
was directed towards the foil, and after passing through it the scattered electrons 
struck a photographic plate (see Fig. 1.20). This method is analogous to the Debye- 
Scherrer method used in the study of X-ray diffraction. Because the foil consists of 
many small randomly oriented microcrystals, ‘classical’ electrons behaving only as 
particles would yield a blurred image. However, the result obtained by G. P. Thomson 
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Figure 1.20 The experimental arrangement of G. P. Thomson for observing electron diffraction 
through a thin film of polycrystalline material. 


was similar to the X-ray Debye—Scherrer diffraction pattern, which consists of a series 
of concentric rings. In the same way, when an electron beam passes through a single 
crystal, Laue spot patterns are observed, as in the case of the diffraction of X-rays. 

The wave behaviour of electrons has also been demonstrated by observing the 
diffraction of electrons from edges and slits. For example, in 1961 C. Jénsson 
performed an electron diffraction experiment analogous to T. Young’s famous double 
slit experiment, which in 1803 gave conclusive evidence of the wave properties of 
light. The principle of the experiment is illustrated in Fig. 1.21. Jonsson used 40 keV 
electrons, having a de Broglie wavelength A = 5 x 107? A. The slits, formed in 
copper foil, were very small (about 0.5 x 10~° m wide), the slit separation being 
typically d ~ 2 x 10~° m. The interference fringes were observed on a screen at a 
distance D = 0.35 m from the slits. The spacing s of adjacent fringes is given by 
s ~ DA/d = 10-* m. Because this spacing is very small, the fringes were magnified 
by placing electrostatic lenses between the slits and the screen. 

According to de Broglie, not only electrons but all material particles possess 
wave-like characteristics. This universality of matter waves has been confirmed by 
a number of experiments. In all cases the measured wavelength was found to agree 
with the de Broglie formula (1.96). For example, in 1931 I. Esterman, R. Frisch 
and O. Stern observed the diffraction of helium atoms and hydrogen molecules by 
a crystal. Later, the diffraction of neutrons by crystals was also shown to occur. 
More recently, an atomic interferometer based on a Young double-slit arrangement 
has been demonstrated in 1991 by O. Carnal and J. Mlynek. In this apparatus, a beam 
of helium atoms from a gas reservoir G was passed through a source slit of width 
2 x 10-° m ina thin gold foil (see Fig. 1.22). The beam impinged on a screen S, 
having two slits, each of width 10~° m, separated by a distance d = 8 x 107° m. 
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Figure 1.21 Schematic diagram illustrating the Jonsson double slit electron diffraction experi- 
ment. 
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Figure 1.22 Schematic diagram of the atomic interferometer of Carnal and Mlynek. 


The interference pattern was then observed on a detector screen S2. The distance L 
between screens was fixed to be 64 cm. The mean velocity of the atoms, and hence 
their mean de Broglie wavelength, could be adjusted by changing the temperature of 
the gas reservoir. The experiments were performed with atoms with mean de Broglie 
wavelengths of A = 0.56 A and A = 1.03 A, corresponding to reservoir temperatures 
T = 295 K and T = 83 K, respectively. 

It is worth stressing that the wave nature of matter is directly related to the 
finiteness of the Planck constant h. If h were zero, then the de Broglie wavelength 
i = h/p of a material particle would also vanish, and the particle would obey the 
laws of classical mechanics. It is precisely because Planck’s constant is ‘small’ (when 
measured in units appropriate for the description of macroscopic phenomena) that 
the wave behaviour of matter is not apparent on the macroscopic scale. Thus, just as 
geometrical optics ts the short-wavelength limit of wave optics, classical mechanics 
can be considered as the short-wavelength limit of wave (or quantum) mechanics. 


Problems 


Problems # 45 


The requirement that classical mechanics is contained in quantum mechanics in the 
limiting case 4 — 0 (i.e. — 0) is in accordance with the correspondence principle, 
which we discussed in Section 1.4. 


1.1 Calculate the total emissive power of a black body at the following tempera- 
tures: (a) | K; (b) 300 K (room temperature); (c) 2000 K; (d) 4000 K. Find in each 
case the wavelength A,ax at which the spectral emittance R(A, T) has its maximum 
value. 


1.2 (a) Calculate the surface temperature T of the Sun (in K) by assuming that 
it is a spherical black body with a radius of 7 x 10° m. The intensity of the 
solar radiation at the surface of the Earth is 1.4 x 10? W m~ and the distance 
between the Sun and the Earth is 1.5 x 10'!' m. 

(b) Using the value of T obtained in (a), determine the wavelength Ama, at which 
the spectral emittance R(A, T) of the Sun (considered as a perfect black body) 
has its maximum value. 


1.3 Using Wien’s law (1.5), show the following: 

(a) Ifthe spectral distribution function of black body radiation, p(A, T), is known 
at one temperature, then it can be obtained at any temperature (so that a single 
curve can be used to represent black body radiation at all temperatures). 

(b) The total emissive power is given by R = oT“ (the Stefan—Boltzmann law), 
where o is a constant. 

(c) The wavelength Ajax at which p(A, T) —or R(A, T) — has its maximum is such 
that Amax 7 = b (Wien’s displacement law), where 5 is a constant. 


1.4 Obtain the Rayleigh-Jeans spectral distribution law (1.8) as the 
long-wavelength limit of the Planck spectral distribution law (1.13). 


1.5 Using Planck’s spectral distribution law (1.13) for p(A, T), prove that 
_ he 
~ 4,965k 


where Amax is the wavelength at which o(A, 7) has its maximum value for a given 
absolute temperature 7. From this result and the values of h, c and k given in the 
table of fundamental constants at the end of the book (p. 789), obtain the constant b 
which occurs in Wien’s displacement law (1.3). 

(Hint: To solve the equation do/dA = 0, set x = hc/AkT and show that x must 
satisfy the equation x = 5(1 —e*). Then, upon writing x = 5 — € show that 
€ = 0.035 so that x = 4.965 is an approximate solution.) 


Amax 


1.6 Using Planck’s spectral distribution law (1.13) for 0(A, T), prove that the 
total energy density py is given by pi, = aT*, where a = 82°k*/15h°c?. 


oS x n* 
Hint: | dx = —. 
0 e* — | 15 
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1.7 Consider the following three stars: 


(1) ared star (such as Barnard’s star) having a surface temperature of 3000 K; 
(2) a yellow star (such as the Sun) having a surface temperature of 6000 K; and 
(3) a blue-white star (such as Vega) having a surface temperature of 10000 K. 


Assuming that these stars radiate like black bodies, obtain for each of them: 


(a) the total emissive power; 

(b) the wavelength Ama, at which their spectral emittance R(A, T) peaks; 

(c) the fraction of their energy which is radiated in the visible range of the electro- 
magnetic spectrum (4000 A < 4 < 7000 A, where 1 A = 107!° m). 


(Hint: Use the integral given in Problem 1.6 and integrate Planck’s spectral distribu- 
tion numerically between the wavelengths A; = 4000 A and Ay = 7000 A.) 


1.8 What is the energy of: 


(a) ay-ray photon of wavelength 4 = 107!'? m? 

(b) a photon of visible light, of wavelength A = 5 x 107’ m? 

(c) aradio-wave photon of wavelength A = 10 m? 

1.9 Consider black body radiation at absolute temperature 7. Show that: 


(a) The number of photons per unit volume is N = 2.029 x 10’ T? photons m7?. 


ee) x2 
(ine | dx = 2.4041. 
0 ex — | 


(b) The average energy per photon is E =3.73 x 10-2 TJ. 


1.10 | Consider an aluminium plate placed at a distance of 1 m from an ultraviolet 
source which radiates uniformly in all directions and has a power of 107 W. Suppose 
that an ejected photoelectron collects its energy from a classical atom modelled as a 
circular area of the plate whose radius is a typical atomic radius, r ~ 1 A. Assuming, 
as in classical physics that the energy is uniformly distributed over spherical wave 
fronts spreading out from the source, estimate the time required for a photoelectron 
to absorb the minimum amount of energy necessary to escape from the plate. The 
work function of aluminium is W = 4.2 eV. 


1.11 The photoelectric work function W for lithium is 2.3 eV. 


(a) Find the threshold frequency 1, and the corresponding threshold wavelength A. 

(b) If ultraviolet light of wavelength A = 3000 A is incident on a lithium surface, 
calculate the maximum kinetic energy of the photoelectrons and the value of 
the stopping potential Vo. 


1.12 A homogeneous light beam of wavelength A = 3000 A and intensity 
5 x 10-* W m ® falls on a sodium surface. The photoelectric work function W for 
sodium 1s 2.3 eV. Calculate: 
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(a) the average number of electrons emitted per m* and per second: (you may 
assume that each photon striking the surface ejects an electron); and 
(b) the maximum kinetic energy of the photoelectrons. 


1.13 In a photoelectric experiment in which monochromatic light of wavelength 
X falls on a potassium surface, it is found that the stopping potential is 1.91 V for 
i = 3000 A and 0.88 V for A = 4000 A. From these data, calculate: 


(a) avalue for Planck’s constant, knowing that e = 1.60 x 107'° C; 
(b) the work function W for potassium; and 
(c) the threshold frequency ), for potassium. 


1.14 Consider the scattering of a photon by a free electron initially at rest. Refer- 
ring to Fig. 1.9: 


(a) prove that the angle @ at which the electron recoils is related to the angle 6 of 
the scattered photon by 


cot(@/2) cot (6/2) 
tang = ———— = ———_.., 
1+Ac/Ao 1+ Eo/mc? 


where Ep = hc/Xo is the energy of the initial photon, m is the rest mass of the 
electron and Ac = h/mc is the Compton wavelength of the electron; and 
(b) prove that the kinetic energy of the recoiling electron is given by 


(2Ac/Ao) sin? (8/2) -_ (2Eo/mc’) sin?(6/2) 


OT + (2Ac/Ao) sin2(@/2) «1 + (2Eo/me2) sin2(6/2) 


1.15 An X-ray photon of wavelength Ap = | A is incident on a free electron 
which is initially at rest. The photon is scattered at an angle 6 = 30° from the 
incident direction. 


(a) Calculate the Compton shift AA. 

(b) What is the angle ¢ (measured from the incident photon direction) at which the 
electron recoils? 

(c) What is the kinetic energy T> of the recoiling electron? 

(d) What fraction of its onginal energy does the photon lose? 


1.16 Consider the Compton scattering of a photon of wavelength Ag by a free 
electron moving with a momentum of magnitude P in the same direction as that of 
the incident photon. 


(a) Show that in this case the Compton equation (1.42) becomes 
P 6 
Ki See ata sin? { — 
E-—Pc 2 


where po = h/Ao is the magnitude of the incident photon momentum, @ is the 
photon scattering angle and E = (m?c* + P?c?)!/? is the initial electron energy. 
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(b) What is the maximum value of the electron momentum after the collision? 
Compare with the case P = () considered in the text. 

(c) Show that if the free electron initially moves with a momentum of magnitude P 
in a direction opposite to that of the incident photon, the Compton shift becomes 


— Py)c 6 
Ad = Day Pom PIE sin’ = ibs 
E+ Pc 2 


1.17. Consider a photon of energy Eg = 2 eV which is scattered through an angle 
9 = x from an electron having a kinetic energy T = 10 GeV (1 GeV = 10? eV) and 
moving initially in a direction opposite to that of the photon. What is the energy E 
of the scattered photon? 

(Hint: Use the result (c) of Problem 1.16.) 


1.18 | Using the infinite nuclear mass approximation in the Bohr model, calculate: 


(a) the ionisation potential (in eV), and 
(b) the wavelengths of the first three lines of the Lyman, Balmer and Paschen series, 


for H, Het (Z = 2), Li?+ (Z = 3) and Ct (Z = 6). 


1.19 Consider a one-electron atom (or ion), the nucleus of which contains 
A nucleons (Z protons and N = A — Z neutrons). The mass of that nucleus is given 
approximately by M ~ AM,, where M, =~ 1.67 x 10~*’ kg is the proton mass. 
Using this value of M, obtain the relative correction AE/E to the Bohr energy levels 
due to the finite nuclear mass for the case of atomic hydrogen (A = 1, Z = 1), 
deuterium (A = 2, Z = 1), tritium (A = 3, Z = 1) and *He*(A = 4, Z = 2). 


1.20 Calculate the difference in wavelengths AA between the Balmer H, lines in 
atomic hydrogen and deuterium. 


1.21 Show that the fractional change in the frequency of a photon absorbed or 
emitted by an atom initially at rest 1s 


v— VW | hv 
v—Ci Me? 


where M is the mass of the atom and vo is the frequency of the transition uncorrected 
for the recoil of the atom. In the above equation the plus sign corresponds to the 
absorption and the minus sign to the emission of a photon. 


1.22 In an experiment of the Franck—Hertz type, atomic hydrogen is bombarded 
by electrons. It is found that the current / is sharply reduced when the potential V, 
has the values 10.2 V and 12.1 V, and three different spectral lines are observed. 


(a) To which spectral series do these lines belong? What are the quantum numbers 
of the initial and final states 1n the transition corresponding to each spectral line? 
(b) What is the wavelength of each of these spectral lines? 
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1.23. A beam of silver atoms, for which M- = +g, passes through an inhomo- 
geneous magnetic field, as in the Stern—Gerlach apparatus shown schematically in 
Fig. 1.15. The field gradient is 9B-/8z = 10° T m“', the length of the pole piece 
is L = 0.1 m, the distance to the screen is / = | m and the temperature of the oven 
is T = 600 K. Assuming that the velocity of the silver atoms is equal to the root- 
mean-square velocity of (3kT/M)'/* (where k is the Boltzmann constant and M is 
the mass of a silver atom) calculate the maximum separation (P2P3 in Fig. 1.15) of 
the two beams on the screen. 


1.24 At what energy (in eV) will the non-relativistic expression (1.99) for the 
de Broglie wavelength lead to a 1% relative error for (a) an electron and (b) a proton? 


1.25 Calculate the de Broglie wavelength of 


(a) amass of | g moving at a velocity of | ms“, 


(b) a free electron having a kinetic energy of 200 eV, 
(c) a free electron having a kinetic energy of 50 GeV (1 GeV = 10” eV), and 
(d) a free proton having a kinetic energy of 200 eV. 


(Hint: Use the relativistic formula in (c).) 
1.26 Whatis the kinetic energy of 


(a) anelectron, 
(b) an alpha particle (doubly ionised helium atom), and 
(c) aneutron, 


having a de Broglie wavelength of | A? 


1.27. Thermal neutrons are neutrons in thermal equilibrium with matter at a given 
temperature; they have a kinetic energy of 3k7 /2, where k is the Boltzmann constant 
and T is the absolute temperature. What is the energy (in eV) and the de Broglie 
wavelength (in A) of a thermal neutron at room temperature (T = 300 K)? 


1.28 Consider electrons striking at normal incidence the surface of a nickel crystal, 
and undergoing first-order Bragg diffraction at a Bragg angle 06g = 30°. Knowing 
that the atomic separation in a nickel crystal is D = 2.15 A calculate 


(a) the de Broglie wavelength of the electrons, and 
(b) the kinetic energy of the electrons. 


1.29 The spacing of the Bragg planes in a NaCl crystal is d = 2.82 A. Calculate 
the angular positions of the first- and second-order diffraction maximum for 100 eV 
electrons incident on the crystal surface at the Bragg angle 03. 


1.30  Accrystal has a set of Bragg planes separated by a distance d = 1.1 A. What 
is the highest-order Bragg diffraction (1.e. the highest value of n in equation (1.101)) 
for incident neutrons having a kinetic energy of 0.5 eV? 

(Hint: The maximum Bragg angle that can be attained 1s 90°.) 
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In the previous chapter we discussed a number of phenomena which cannot be 
explained within the framework of classical physics. As a result of this experimental 
evidence, revolutionary concepts had to be introduced such as those of quantisation 
and of wave—particle duality. 

Attempts to construct a theoretical structure which incorporates these concepts in 
a satisfactory way met first with great difficulties, until a new theory, called guantum 
mechanics, was elaborated between the years 1925 and 1930. Quantum mechanics 
provides a consistent description of matter on the microscopic scale, and can be 
considered as one of the greatest intellectual achievements of the twentieth century. 
Two equivalent formulations of the theory were proposed at nearly the same time. 
The first, known as matrix mechanics, was developed in the years 1925 and 1926 by 
W. Heisenberg, M. Born and P. Jordan. In this approach, only physically observable 
quantities appear, and to each physical quantity the theory associates a matrix. These 
matrices obey a non-commutative algebra, which is the essential difference between 
matrix mechanics and classical mechanics. The second form of quantum mechanics, 
called wave mechanics, was proposed in 1925 by E. Schrédinger, following the ideas 
put forward in 1923 by L. de Broglie about matter waves. The equivalence of matrix 
mechanics and wave mechanics was proved in 1926 by Schrédinger. In fact, both 
matrix mechanics and wave mechanics are particular forms of a general formulation 
of quantum mechanics, which was developed by P. A. M. Dirac in 1930. 

The general formulation of quantum mechanics, as well as matrix mechanics, 
requires a certain amount of abstract mathematics, and hence we shall defer discussion 
of it until Chapter 5. Wave mechanics, on the other hand, is more suitable for a first 
contact with quantum theory, and this is the approach which we shall use in most of 
this book. In this chapter we shall discuss the fundamental ideas underlying quantum 
mechanics in their simplest form. We begin with an analysis of wave—particle duality, 
introducing the notion of a wave function and its probabilistic interpretation. We 
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then go on to construct wave functions corresponding to particles having a well- 
defined momentum, and to obtain localised wave functions by superposing plane 
waves into wave packets. Following this, we discuss the Heisenberg uncertainty 
relations which impose limits on the accuracy of simultaneous measurements of pairs 
of ‘complementary’ variables, such as position and momentum, or time and energy. 


Wave-particle duality 


In Chapter 1 we discussed several experiments which demonstrate conclusively that 
material particles possess wave-like properties, exhibiting interference and diffraction 
effects. On the other hand, we saw that electromagnetic radiation, which had been 
known for a long time to exhibit wave properties, can also show a particle-like 
behaviour. We shall now analyse this wave—particle duality in more detail. 

Let us consider an idealised experiment in which monoenergetic particles, for 
example electrons, emitted by a source are directed on to a screen S; containing two 
slits A and B (see Fig. 2.1). At some distance beyond this screen a second screen S> is 
placed, incorporating detectors which can record each electron striking the screen S» 
at a given point. On detection, every electron exhibits purely particle-like properties, 
that is its mass and charge are localised, being never spread over more than one 
detector at a given time. In contrast, if after some time the total number of electrons 
arriving at the screen S» is plotted as a function of position, a diffraction pattern is 
found, which is characteristic of waves (see Fig. 2.2(a)). Thus, ina single experiment, 
both the particle and wave aspects of the electron are exhibited. A realisation of this 
ideal experiment by J6nsson has been described in Chapter |. A similar experiment 


J S2 


Figure 2.1 The two-slit experiment. Monoenergetic particles from a source at P fall on a 
screen S; containing slits at A and B. Detectors are placed on a second screen S2 to record 
the number of particles arriving at each point. A particle detector D is indicated at a position +. 
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x x x 
(a) (b) (c) (d) 


Figure 2.2 The intensity at a position x on the screen S2 (see Fig. 2.1). 

(a) A diffraction pattern characteristic of waves. 

(b) The intensity with slit A open and B closed. 

(c) The intensity with slit B open and A closed. 

(d) An intensity distribution characteristic of classical particles when A and B are both open. 


can be carried out with light. In this case the light can be detected by the photoelectric 
effect, showing its particle (photon) aspect, while the recorded intensity displays the 
diffraction pattern characteristic of the wave theory of light. 

It might at first be supposed that the diffraction pattern 1s in some way due to 
interference between electrons (or photons) passing through the two slits. However, 
if the incident intensity is reduced until at any instant there is no more than one 
particle between the source and the detecting screen, the interference pattern is 
still accumulated. This was demonstrated originally in 1909 by G. I. Taylor, who 
photographed the diffraction pattern formed by the shadow of a needle, using a very 
weak source such that the exposures lasted for months. It can be concluded that 
interference does not occur between photons, but is a property of a single photon. 
This was confirmed in more recent experiments performed in 1989 by A. Aspect, 
P. Grangier and G. Roger. Material particles such as electrons exhibit a similar 
behaviour, as was demonstrated directly in 1989 by A. Tonomura, J. Endo, T. Matsuda, 
T. Kawasaki and H. Ezawa in two-slit experiments in which the accumulation of the 
interference pattern due to incoming single electrons was observed (see Fig. 2.3). 
It should be noted that if one slit 1s closed in a two-slit experiment, the diffraction 
pattern does not appear, so we may infer that when both slits are open the particle 
is not localised before it is detected, and hence must be considered as having passed 
through both slits! 
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Figure 2.3 Buildup of an interference pattern by accumulating single electrons in the two-slit 
experiment of Tonomura et al. 

(a) Number of electrons = 10; (b) number of electrons = 100; 

(c) number of electrons = 3000; (d) number of electrons = 20 000; and 

(e) number of electrons = 70000. 

(By courtesy of A. Tonomura.) 
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Another way of expressing these facts is to say that while in transit the electron or 
photon behaves like a wave, manifesting its particle-like property only on detection. 
This is of course in complete contradiction to the classical viewpoint, which would 
lead us to suppose that each particle being indivisible must pass either through one 
slit or the other. Let us put this to the test by detecting the particles as they pass 
through the slits. We can now record the particles which have passed through slit A 
and entered the detectors on screen S2. Since all these particles passed through 
slit A, slit B might as well have been closed, in which case the intensity distribution 
will not show diffraction but will be as illustrated in Fig. 2.2(b). Similarly, if slit B is 
open and A is closed, the intensity distribution is that shown in Fig. 2.2(c). If we add 
the intensity distributions of Figs. 2.2(b) and 2.2(c) we obtain the intensity pattern 
shown in Fig. 2.2(d), which is very different from the diffraction pattern obtained 
in the absence of any knowledge about which slit the particles passed through (see 
Fig. 2.2(a)). Hence, if the particle nature of an electron, a photon, etc., is established 
by monitoring its trajectory, it cannot simultaneously behave like a wave. The wave 
and particle aspects of electrons, photons, etc., are complementary. 

Let us now return to the case in which there is only one particle at a time transiting 
the apparatus and both slits are open. The place on the screen Sz at which a given 
particle will be detected cannot be predicted, because if it could be predicted this would 
be equivalent to determining the trajectory, which we have seen would eliminate the 
diffraction pattern. What is predictable is the intensity distribution which builds up 
after a large number of individual events have occured. This suggests that for an 
individual particle the process is of a statistical nature, so that one can only determine 
the probability P that a particle will hit the screen S at a certain point. By probability 
in this context we mean the number of times that an event occurs divided by the total 
number of events. The intensity of the pattern formed on the screen Sz, in the present 
case, is then proportional to the probability P. 

In the classical theory of light, the intensity of light at each point is determined by 
the square of the amplitude of a wave. For example, in Young’s two-slit experiment, 
the light intensity on the recording screen is given by the square of the amplitude of the 
wave formed by the superposition of the secondary waves arising from each slit. This 
classical wave theory cannot of course be used as it stands because it does not account 
for the particle aspect of light. However, it suggests, by analogy, that in quantum 
mechanics a wave function or state function V(x, y, z, t) can be introduced, which 
plays the role of a probability amplitude. We shall see later that in general the wave 
function W is a complex quantity. We then expect that the probability P(x, y, z, ft) 
of finding the particle at a particular point within a volume V about the point with 
coordinates (x, y, z) at time ¢ is proportional to ||’: 


P(x, y,z,t) « |W(x, y,z,t)|. (2.1) 


Since probabilities are real positive numbers, we have associated in (2.1) the proba- 
bility P with the square of the modulus of the wave function W. 

Let W, be the wave function at a particular point on the screen S corresponding 
to waves spreading from the slit A. Similarly, let Vg be the wave function at the same 
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point corresponding to waves spreading from the slit B. The two intensity distributions 
of Fig. 2.2(b) and (c) corresponding to experiments performed with only one open 
slit are determined respectively by the probability distributions 


Px x |Wal’, Pa x |Wpl’. (2.2) 


On the other hand, when both slits are open, the wave function W is taken to be the 
sum of the two contributions WV, and Vz, 


YW = Va + Vz. (2.3) 
The corresponding probability distribution 
P x [Wa + Wal? (2.4) 


then determines the intensity pattern illustrated in Fig. 2.2(a). It is important to notice 
that in (2.4) the probability amplitudes Ya and Wg have been added and not the 
probabilities Pa and Px. If the latter were the case there would be no possibility of 
obtaining interference patterns characteristic of a wave theory. 


The interpretation of the wave function 


In analysing the two-slit experiment, we introduced the concept that the probability 
of finding a particle at a given location is proportional to the square of the modulus 
of the wave function associated with the particle. This concept may be restated more 
precisely in the form of a fundamental assumption made by M. Born in 1926, which 
can be formulated in the following way. Let us imagine a very large number of 
identical, independent systems, each of them consisting of a single particle moving 
under the influence of some given external force. All these systems are identically 
prepared, and this ensemble is assumed to be described by a single wave function 
W(x, y, z,¢) which contains all the information that can be known about them. It is 
then postulated that if measurements of the position of the particle are made on each 
of the systems, the probability (that 1s the statistical frequency) of finding the particle 
within the volume element dr = dxdydz about the point r = (x, y, z) at the time f¢ is 


Pcr,t)dr = |W(r, t)|*dr (2.5) 
so that 
Pcr,t) = |Wr, fd)? = W*(r, )W(r, 1) (2.6) 


is the position probability density. Thus we see that the interpretation of the wave 
function introduced by Born is a statistical one. For convenience, we shall often 
speak of the wave function associated with a particular system, but it must always be 
understood that this is shorthand for the wave function associated with an ensemble 
of identical and identically prepared systems, as required by the statistical nature of 
the theory. 
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Since the probability of finding the particle somewhere must be unity, we deduce 
from (2.5) that the wave function V(r, t) should be normalised to unity, so that 


[ venrar — | (2.7) 


where the integral extends over all space. A wave function for which the integral on 
the left of (2.7) is finite is said to be square integrable: such a wave function can 
always be normalised to unity by multiplying it by an appropriate complex constant. 

It is important to notice that since |W (r, t)|? is the physically significant quantity, 
two wave functions which differ from each other by a constant multiplicative factor 
of modulus one (that is, a constant phase factor of the form exp(ia), where @ is a real 
number) are equivalent, and satisfy the same normalisation condition. 


The superposition principle 


As we have seen in the previous section, in order to account for interference effects, 
it must be possible to superpose wave functions. This means that if one possible state 
of an ensemble of identical systems is described by a wave function VY, and another 
state of this ensemble by a wave function WV, then any /inear combination 


Y= cy + CoW> (2.8) 


where c, and c> are complex constants, is also a wave function describing a possible 
state of the ensemble. 
Let us write the (complex) wave functions VY, and W in the form 


Ww, = |W le™, Wy = |W2/e™. (2.9) 
Using (2.8), we find that the square of the modulus of W is given by 
|W? = [ep Wil? + leoWo/? + 2Re{c,c3| Wi ||W2] expli(a, — a2)]} (2.10) 


so that, in general, |W|? 4 |c;Wi|7 + |c2W3|?, in keeping with the discussion of 
Section 2.1. It is worth stressing that although the quantity ||? is unaffected if V 
is multiplied by an overall phase factor exp(ia) (where a is a real constant) it does 
depend on the relative phase (a; — a) of VY; and WV through the third term on the 
right of (2.10), which is an interference term. 

Finally, we emphasise that unlike classical waves (such as sound waves or water 
waves) the wave function V(r, t) is an abstract quantity, the interpretation of which 
is of a statistical nature. This wave function is assumed to provide a complete 
description of the dynamical state of an ensemble. Indeed, we shall see later that the 
knowledge of the wave function enables one to predict for each dynamical variable 
(position, momentum, energy and so on) a Statistical distribution of values obtained 
in measurements. 
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Wave functions for particles having a definite momentum 


In this section we begin to investigate how wave functions can be found, considering 
the simple case of free particles. The experiments exhibiting the corpuscular nature 
of the electromagnetic radiation, which we discussed in Chapter 1, require that with 
the electromagnetic field one associates a particle, the photon, whose energy E and 
magnitude p of momentum are related to the frequency v and wavelength A of the 
electromagnetic radiation by 

h 


E = hy, P = G (2.11) 


On the other hand, we have seen in Section 1.6 that de Broglie was led to associate 
matter waves with particles in such a way that the frequency v and the wavelength 
i. of the wave were linked with the particle energy E and the magnitude p of its 
momentum by the same relations (2.11). The de Broglie relation 4 = h/p was 
confirmed by the results of a number of experiments exhibiting the wave nature of 
matter. Following de Broglie, we shall assume that the relations (2.11) hold for all 
types of particles and field quanta. Introducing the angular frequency w = 27rv, the 
wave number k = 27/X and the reduced Planck constant A = h/27, we may write 
the relations (2.11) in the more symmetric form 


E = ha, p =hk. (2.12) 


Let us consider a free particle of mass m, moving along the x-axis with a definite 
momentum p = p,X, where x is a unit vector along the x-axis, and a corresponding 
energy E. Assuming that p, > 0, so that the particle moves in the positive x-direction, 
we associate with this particle a wave travelling in the same direction with a fixed 
wave number k. Such a wave is a plane wave and can be written as 


W(x, t) = Aexpf{il[kx — w(k)t}} (2.13a) 


where A is a constant. This plane wave has a wavelength 4 = 27/k and an angular 
frequency w. Since from (2.12) k = p/h (with p = p,) and w = E/h, the wave 
function (2.13a) can be expressed as 


W(x, t) = Aexp{ilp.x — E(px)t]/h}, (2.13b) 


In writing (2.13a,b) we have taken w(k) and E(p,) as functions to be specified later. 
We note that the wave function (2.13) satisfies the two relations 


) 
Ox 
and 
0 
i = EW (2.15) 


the significance of which will emerge shortly. 
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This one-dimensional treatment is easily extended to three dimensions. To a free 
particle of mass m, having a well-defined momentum p and an energy E, we now 
associate a plane wave 


Wr, t) = Aexp{ifk.r — w(k)rt]} 


= Aexp{i[p.r — E(p)t]/h} (2.16) 
where the propagation vector (or wave vector) k is related to the momentum p by 
p = hk (2.17) 
with 
Ip| 2m 
k = |k| = — = — 2.18 
1 Rar r (2.18) 


and the angular frequency w is related to the energy by w = E/h. Again, the functions 
w(k) and E(p) will be specified later. The equation (2.15) remains unchanged for 
the plane wave (2.16), while (2.14) is now replaced by its obvious generalisation 


-~ihVW = pw (2.19) 


where V is the gradient operator, having Cartesian components (0/0x, 0/dy, 0/02). 
The relations (2.15) and (2.19) show that for a free particle the energy and momentum 
can be represented by the differential operators 


Eop = ine Pop = —1hV (2.20) 
acting on the wave function WV. It is a postulate of wave mechanics that when the 
particle is not free the dynamical variables E and p are still represented by these 
differential operators. 

According to the discussion of Section 2.2, wave functions should be normalised 
to unity if the probability interpretation is to be maintained. For one-dimensional 
systems, the normalisation condition (2.7) reduces to 


+00 
| W(x, t)[°dx = 1. (2.21) 
—00 

However, the plane wave (2.13) does not satisfy this requirement, since the integral 
on the left of (2.21) is given in this case by 


+00 +00 
| W(x, t)|?dx = Al? dx (2.22) 
—~o00 —0o 

and hence does not exist. Similarly, the three-dimensional plane wave (2.16) cannot 
be normalised according to (2.7). There are two ways out of this difficulty. The first 
is to give up the concept of absolute probabilities when dealing with wave functions 
such as (2.13) or (2.16) which are not square integrable. Instead, |W(r, t)|7dr is 
then interpreted as the relative probability of finding the particle at time ¢ in a 
volume element dr centred about r, so that the ratio |W (rj), t)|7/|W (rr, ¢)|? gives 
the probability of finding the particle within a volume element centred around r = r,, 
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compared with that of finding it within the same volume element at r = r>. For the 
particular case of the plane wave (2.16), we see that ||? = |A|?, so that there is an 
equal chance of finding the particle at any point. The plane wave (2.16) therefore 
describes the idealised situation of a free particle having a perfectly well-defined 
momentum, but which is completely ‘delocalised’. This suggests a second way out 
of the difficulty, which is to give up the requirement that the free particle should 
have a precisely defined momentum, and to superpose plane waves corresponding to 
different momenta to form a localised wave packet, which can be normalised to unity. 
It is to this question that we now turn our attention. 


Wave packets 


We have seen in the preceding section that plane waves such as (2.13) or (2.16) 
associated with free particles having a definite momentum are completely delocalised. 
To describe a particle which is confined to a certain spatial region, a wave packet can 
be formed by superposing plane waves of different wave numbers. Of course, in 
this case the momentum no longer has a precise value, but we shall construct a wave 
packet which ‘represents’ a particle having fairly precise values of both momentum 
and position. 

Let us begin by considering the one-dimensional case. In order to describe a 
free particle confined to a region of the x-axis, we superpose plane waves of the 
form (2.13), where we now allow p, = hk to be either positive or negative. The most 
general superposition of this kind is then given by the integral 


+06 
Wx, = nny"? | els EPO bp. )d De (2.23) 


— 0 


where the factor (27)~'/? in front of the integral has been chosen for future conve- 
nience. The function @(p,) is the amplitude of the plane wave corresponding to the 
momentum p,. In general it is a complex function, but it is sufficient for our present 
purposes to discuss only the case for which @(p,) is real. 

Let us assume that ¢(p,) is sharply peaked about some value p, = po, falling 
rapidly to zero outside an interval (po — Ap,, Po + Ap,). Writing (2.23) in the form 


+00 
W(x, t) = (20h)! | e'P(P Bp. )dpx (2.24) 
where 
B(px) = PyX — E(py)t (2.25) 


we see that |W (x, f)| is largest when B(p,) is nearly constant in the vicinity of p. = po. 
Indeed, if B(p,) were varying significantly over the interval (po — Ap,, po + Apy), 
the factor exp[iB(p,)/f] would oscillate rapidly, so that the value of the integral on 
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the right of (2.24) would be small. Thus | (x, f)| will only be significant in a limited 
region, its maximum value occurring when the stationary phase condition 


Ee \P 2) 0 (2.26) 
dpx P.=Po 


is satisfied. This condition determines the centre of the wave packet, which upon 
using (2.25) is seen to travel according to the law 


X = Uet (2.27) 
where 
dE(p. 
Up = P. | | (2.28) 
dpx Px=Po 


It follows from (2.27) that the centre of the wave packet moves with the constant 
velocity vg, which is known as the group velocity of the packet. From (2.28) and the 
fact that E = hw, and p, = hk, we see that the group velocity can also be written as 


_ dw(k) 
05. coe (2.29) 


with ky = po/h. We remark that this velocity is, in general, different from the phase 
velocity Upp, which is the velocity of propagation of the individual plane waves (2.13) 
and is given for a particular plane wave A exp[i(kox — w(ky)t)] by 

ie w(ko) _ E(Po) (2.30) 

ko Po 

In the macroscopic limit the motion of a particle must be governed by the laws 
of classical mechanics, in accordance with the correspondence principle (see Sec- 
tion 1.4). In this limit the extension of the wave packet is negligible so that the group 
velocity vy can be identified with the classical velocity v = po/m of the particle 


Ve =v= a (2.31) 


Combining this result with (2.28) allows us to determine the functional dependence 
of E(p,) on p,. We have 

dE (py ‘ 

ee (2.32) 

dp, m 

so that E(p,) = p./2m + constant. We may set the constant of integration equal 
to zero because the zero of energy can be chosen arbitarily, only energy differences 
being of physical interest. Hence we have 


2n- 


It should be noted that since E = hv, the absolute value of the frequency has no 
physical significance in quantum mechanics, in contrast with classical wave theory 


E(px) = (2.33) 
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(e.g. sound waves). We remark that since in our case E(po) = Do /2m, the phase 
velocity (2.30) is given by 
po/2m _ po _ v% 


Uph = = 


= (2.34) 


Let us return to the expression (2.23) of the wave packet and express 
E(px) = p2/2m in the form 


(px — Po)” 
2m 
(Px a Po)” 
2m 


Po 
2m 


E(po) + vg(px — po) + 


E(px) 


= Ly: 4 Po) -F 
m 


(2.35) 


Since the function @(p,) in (2.23) is negligible except in the interval 
(po — Apx, Po + Apx) we can neglect the third term on the right of (2.35), provided 
t is small enough so that 


l 
——(Ap,)t «1. (2.36) 
2mh 
Indeed, if the condition (2.36) is satisfied, the quantity exp[—i(p, — po)7t/2mhi] 
which occurs in the integrand on the right of (2.23) is approximately equal to unity. 
Making this approximation, equation (2.23) reduces to 


W(x, t) = ellPox—Elpo/4 F(x t) (2.37) 
where 
+00 — 
F(x,t) = (2nh)7'” | el(Px—Po(a—ve/R (Dd py. (2.38) 
—0o 


The wave packet (2.37) is the product of a plane wave of wavelength Ag = h/|po| and 
angular frequency wp) = E(po)/f times a modulating amplitude or envelope function 
F(x, t) such that |W(x, t)|? = |F (x, t)|*. Since 


F(x,t =0) = F(x + ugt, 1) (2.39) 


this envelope function propagates without change of shape with the group velocity vg 
(see Fig. 2.4). It should be borne in mind that this is only true for times ¢ satisfying 
the condition (2.36); at later times the shape of the wave packet will change as it 
propagates. 


Fourier transforms and momentum space wave function 


Looking back at the wave packet (2.23), defining w(x) = W(x, t = 0) and using the 
results of Appendix A, we see that the functions 


w(x) = Qahy-¥? | el! (p, dp, (2.40) 
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Figure 2.4 The function ReW (x, t) for a wave packet propagating along the x-axis, with a group 
velocity ug. 


and 
(ps) = (20h)? | “iP (x)dx (2.41) 


are Fourier transforms of each other. More generally, at time t, we can introduce a 
function ®(p,, f) such that 


+00 
W(x, 1) = (20h)? | el? (p,, t)dp, (2.42) 
—00 
and 
+00 ; 
O(p,,t) = (ah)! | e P/N (x, t)dx (2.43) 
—0oO 


are also mutual Fourier transforms. The function ®(p,, t) is called the wave function 
in momentum space, and we see that @(p,) = P(p,,t = 0). The definition of the 
momentum space wave function given by (2.43) is completely general and holds for 
all types of wave function V(x, f), including the free particle wave packets which we 
have been considering. 

From Parseval’s theorem (see equation (A.43) of Appendix A), we infer that if the 
wave function @(p,) 1s normalised to unity in the sense that 


+00 
| lo(p)?dpx = 1 (2.44) 


then the wave function w(x) = W(x,t = 0) given by (2.40) is also normalised to 
unity. Moreover, once W(x, ft) is normalised to unity at t = 0, it remains normalised 
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to unity at all times. Indeed, 


+00 +o +00 +00 ; 
/ W* (x, 1) (x, td = (rh) | i / dps I dpyetir Psi 
= —oO —&X —0o 


3) 


xe EPI EMMI G* (DL) (Dx) 


+00 +00 
— | dpx | dp’ 5(py — pi je WEP) EPONA G*(p! Vb (py) 
—0o —oo 


+00 
| b*(px)b(px)dpx 


= ] (2.45) 


where in the second line we have introduced the Dirac delta function 5(p, — p’.) such 
that (see (A.18)) 


- + 
anny" f * gill —POx/M gy = Qn)" f © gill PON Igy! 


OO ie, @) 


= 5(px — Py) (2.46) 


and used the property (A.26) in the third line. The result (2.45) expresses the 
conservation of probability, which is clearly a requirement of the theory. We note 
that if Y(x, t) is normalised to unity, so is also the momentum space wave function 
P(px, t). 


Gaussian wave packet 


As an example, we shall now study the particular case in which the function $( p,) 
is a Gaussian function peaked about the value po 


(Px — Po)’ 
2(Ap,)? 


where Ap,, which we call the width of the distribution in p,, is a constant such that 
(px) |* drops to | /e of its maximum value at p, = po + Ap, (see Fig. 2.5(a)). The 
constant C in (2.47) is anormalisation constant which we shall choose in such a way 
that the normalisation condition (2.44) is satisfied. Using the known result 


+900 ‘ x 1/2 : 
| et ea Buddy — (=) ef /4a (2.48) 
ee Qa 


with u = py — po,a = (Ap,)~7 and B = 0, we have 


O(pr)=C exp| — (2.47) 


+00 
| Io (Px)I'dpx = [C]°a'? Apg. (2.49) 
The normalisation condition (2.44) is therefore fulfilled by taking 


IC) Sap). (2.50) 
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Figure 2.5 (a) The function |¢(y)|? = 2~'/2 exp(—y*), where y = (px — Po)/Apx. 
(b) The function |y(z2)|? = 1~!/* exp(—Z), where z= (Apx/fi)x. 


The constant C is determined by (2.50) apart from a phase factor of unit modulus, 
which can be set equal to one, so that we can take C to be given by 


C= '/*(Ap,)'”. (2.51) 


Substituting @(p,) given by (2.47) into (2.40) and using (2.48) and (2.51), we find 
that 


w(x) = V(x, t = 0) = wo /4h- (Ap, eiror Me (Are? /2h” (2.52) 


Apart from the phase factor exp(ipox/h), this function is again a Gaussian. We 
remark that |y(x)|* has a maximum at x = 0 and falls to | /e of its maximum value 
at x = tAx, where Ax = h/Ap, is the width of the distribution in the x variable 
(see Fig. 2.5(b)). Given the above definitions of the ‘widths’ Ax and Ap,, we see 
that for a Gaussian wave packet Ax Ap, = h. Thus if we decrease Ap, so that the 
wave function in momentum space, @(p,), is more sharply peaked about p, = po, 
then Ax will increase and w(x) becomes increasingly “delocalised’. Conversely, 
if Ap, is increased, so that @(p,.) 1s ‘delocalised’ in momentum space, then w(x) 
will become more strongly localised about x = 0. We shall return shortly to this 
important property, which is of a general nature. We note from (2.40) and (A.26) that 
in the limit in which ¢(p,) is the delta function 6(p, — po), the wave function y (x) 
becomes the plane wave (27h)~'/* exp(i pox /h), which is completely delocalised. 

Let us now examine how the Gaussian wave packet evolves in time. Using (2.23), 
(2.33), (2.47), (2.51) and (2.48) we find that 


Ap, /h - 
1+i(Ap,)2t/mh 


es ipox /h — (Ap, /h)?x?/2 — ipgt/2mh 
P I + i(Ap,)2t/mh 


Wx, t) = all 


(2.53) 
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Figure 2.6 The position probability density P(x, t) = |W(x, t)|* for a Gaussian wave packet at 
times t = 0, t = t and t = 2t,, plotted in arbitrary units. 


and the corresponding position probability density is 
Apx/h 
[1 + (Apy)4t?/m?A*]'/? 


. - (Apx/h)? (x a. | 
oe 1 + (Ap,)4t?2/m2h? 


P(x,t) =|Wax,n)? = 27!” 


(2.54) 


where we recall that uy, = po/m is the group velocity of the packet. It is clear 
from (2.54) that the centre of the wave packet moves uniformly with the velocity vg. 
The width of the packet, defined so that P(x, t) falls to 1/e of its maximum value at 
the points x — vgt = £Ax, is given by 


4 1/2 
E , pd | (2.55) 


Ax(t) = he 


x 


and hence increases with time. However, if the time is sufficiently small so that 


t<t= (2.56) 


(Apx)? 
the second term in brackets in (2.55) is very small and the wave packet propagates 
without changing its width appreciably. This is in accordance with our general 
discussion (see (2.36)-(2.39)). The spreading of the probability density (2.54) is 
illustrated in Fig. 2.6, where P(x, t) is shown for times t = 0, f = t; and t = 2f;. 

To take a particular case, consider a Gaussian wave packet associated with an 
electron which at time t = 0 is localised to within a distance 10~!° m characteristic 
of atomic dimensions, so that Ap, = h/Ax ~ 10-*4 kg ms~!. According to (2.55) 
the wave packet will have spread to twice its size at time t = /3t,; =~ 107! s (see 
Problem 2.7). On the other hand, for a macroscopic object having a mass of | g, 
whose position is initially defined within an accuracy Ax ~ 107° m, we find that the 
width of the packet doubles after a time t ~ 10!° s, which is larger than the estimated 
age of the universe. 
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A word of caution should be said about the interpretation of these results. Let us 
suppose that we have a wave packet representing an electron, which is spread so that 
the width of the packet is, for example, Ax = | km at a given time. If an electron 
detector is placed at a particular position at that time, it will record the presence or 
absence of the ‘complete’ electron, since when the electron manifests itself in the 
detection process it is indivisible. Before the electron is detected the wave function 
determines the probability that the electron will be found at a certain place, at a given 
time. As soon as the electron has been detected, its location is of course known to 
within a precision Ax’ < Ax, sothat anew wave function must describe the situation. 
This change of the wave function upon measurement is called the ‘collapse of the 
wave packet’. A more careful analysis of this measurement problem can be based on 
the study of the combined wave function of the measured system and the measuring 
apparatus. Using this approach, it will be shown in Chapter 17 that the idea of an 
instantaneous ‘collapse’ of ‘reduction’ of the wave function on measurement can be 
avoided. 


Wave packets in three dimensions 


Our discussions of one-dimensional free-particle wave packets can easily be extended 
to three dimensions. By superposing plane waves of the form (2.16) we obtain the 
wave packet 


+00 +00 +00 
Wir, t) = (2ah)?”? | dp, | dp, | dp,ellP- rE (Pi/2 gp) 
—-CO —-OO : —-OO 


= (2nh)-*” | eller EPH" 6 (p) dp (2.57) 
where dp = dp,dp,dp, is the volume element in momentum space. 
Writing w(r) = V(r, t = 0) we see from Appendix A that 

w(r) = (xh)? | e'Pt/" (p)dp (2.58) 
and 
(p) = (20h)? | ei r/" y (r)dr (2.59) 


are three-dimensional Fourier transforms of each other. Paralleling our discussion of 
the one-dimensional case, amomentum space wave function ® (p, t) can be introduced 
as the Fourier transform of the wave function W(r, f), so that 


Wir, t) = (ah)? | e'P-'/" ®(p, t)dp (2.60) 
and 


®(p, t) = (Qnh)” | eT P/ Wr, t)dr (2.61) 
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and we note that d@(p) = P(p, t = 0). As in the one-dimensional case (see (2.43)) 
this definition of the momentum space wave function is completely general, and holds 
for all types of wave functions V(r, t). If @(p) is normalised to unity, then V(r, t) is 
also normalised to unity at all times, i.e. satisfies (2.7). The momentum space wave 
function ®(p, t) will then also be normalised to unity, satisfying 


[ em. oPep = |. (2.62) 
As a result, the quantity 
N(p, t)dp = |®(p, 1)|’dp = ©*(p, t)®(p, t)dp (2.63) 


is the probability at time ¢ that the momentum of the particle lies within the momentum 
space volume element dp = dp,dp,dp-, about the point p = (py, Py, D-). 

A three-dimensional wave packet associated with a free particle having fairly well 
determined values of both position coordinates (x, y, z) and momentum coordinates 
(Px, Py, p-) can be constructed analogously to the one-dimensional case. Assuming 
that the function @(p) in (2.57) is peaked about p = po, and setting 


B(p) = p.r— E(p)t (2.64) 
one finds (Problem 2.8) that the centre of the wave packet, defined by the condition! 
[(VpB(P)lp=p. = 9 (2.65) 


travels with a uniform motion according to the law 


r = Vot (2.66) 
where 
Ve = [VpE(P) p= (2.67) 


is the group velocity of the wave packet. Equations (2.66) and (2.67) are the general- 
isations of equations (2.27) and (2.28), respectively. In the classical limit the group 
velocity Vz must be equal to the velocity v = po/m of the particle, from which we 
find that the functional relation between E and p is given by 


py 
E(p) = om (2.68) 


apart from an additive constant which can be chosen to be zero. 


' In equation (2.65), VpA(p) is a vector having Cartesian components d8(p,, py. p-)/dpr. 
OB (Px. Py, Pz)/Opy and dB( px, py, Pz)/9Pz. 
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Wave packets in a slowly varying potential 


The general idea we have developed for the motion of a free-particle wave packet in 
the classical limit can be extended to describe the motion of a particle in a potential 
V (r) provided that the potential does not vary appreciably over a distance comparable 
to the de Broglie wavelength of the particle. In this case the centre of the wave packet 
travels along the trajectory followed by a classical particle moving in the potential 
Vcr). As the centre of the wave packet moves along this trajectory, the de Broglie 
wavelength changes slowly, being determined by the relation 


ih h 


~ p> mE Veer ais 


where p = [2m(E — V(r))]'” is the classical local momentum of the particle. 


The Heisenberg uncertainty principle 


We have shown in the case of a one-dimensional Gaussian wave packet that the ‘width’ 
Ax of the distribution in the position variable x is linked with the ‘width’ Ap, of the 
distribution in the momentum p, by the relation Ax Ap, > A. In fact, it is a general 
property of Fourier transforms that ‘widths’ in position and momentum satisfy the 
relation 


Ax Ap, >h (2.70) 


where the sign > means ‘greater than or of the order of’. In the context of quantum 
mechanics this is called the Heisenberg uncertainty relation for position and momen- 
tum, according to which a state cannot be prepared in which both the position and 
momentum of a particle can be defined simultaneously to arbitrary accuracy. In fact, 
the product of the uncertainty Ax in the precision with which the position can be 
defined with the uncertainty Ap, in the precision with which the momentum can be 
defined, cannot be made smaller than a quantity of order f. At this point we have not 
given a precise definition of the uncertainties Ax and Ap,, but this will be done later, 
in Chapter 5. 

The relation (2.70) is easily generalised to three dimensions by using the prop- 
erties of three-dimensional Fourier transforms. The three-dimensional form of the 
Heisenberg uncertainty relations for position and momentum is 


Ax Ap, 2 h, AyAp, 2h, AzAp- = h. (2.71) 


It should be noted that there is no relation between the uncertainty in one Cartesian 
component of the position vector of a particle, for example Ax, and the uncertainty 
in a different Cartesian component of the momentum, for example Ap,. The only 
restrictions are on the ‘complementary’ pairs: Ax, Ap,; Ay, Apy; and Az, Ap.-. 

It is worth stressing that the Heisenberg uncertainty relations do not place any 
restriction on the precision with which a position measurement of a particle can be 
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made. However, once such a measurement has been made and the particle is known to 
be confined to some region of extent Aa, the ensemble of such particles is subsequently 
described by a wave function also of extent Aa. Subsequent measurements of 
the momentum on each of the identical systems composing the ensemble will then 
produce a range of values with a spread of order f/ Aa. 

Suppose now that before the position measurement was made the particle was in 
a state of definite momentum. We see then that the act of measuring the position 
forces the system into a state in which the momentum is no longer known exactly but 
has become uncertain by an amount Ap = h/Aa. Thus the Heisenberg uncertainty 
relations do not refer to the period before the state was prepared, but only to the 
current situation. 

Similarly, it can be seen that the Heisenberg relations do not restrict the precision 
with which a momentum measurement can be made, but once the system is known 
to have a momentum defined to within a precision Ap, subsequent measurements of 
the position must produce results spread over a range = fi/Ap. The uncertainty Ap 
can be made arbitrarily small, but the more precisely the momentum of the system 
is known the greater the range of results that will be obtained in a series of position 
measurements on an ensemble of such systems. 

Finally, it is hardly necessary to point out that the inherent limitations on measure- 
ment imposed by the Heisenberg relations have nothing to do with the ‘experimental 
errors’ that occur in actual measurements. 


The 7-ray microscope 


As a first illustration of the Heisenberg uncertainty relations, let us consider a con- 
ceptual (‘gedanken’) experiment first discussed by Heisenberg, which attempts to 
measure the position of a particle as accurately as possible. This experiment consists 
of illuminating the particle and observing the image through a microscope (see 
Fig. 2.7). If A is the wavelength of the incident radiation, then the x component 
of the particle position can be determined to a precision Ax given by the resolving 
power of the microscope, namely 


Ax = ———* (2.72) 
sing 


where @ is the half-angle subtended at the particle P by the lens L. This resolving 
power can be made very small by using radiation of short wavelength, such as 
y rays. Now, for any measurement to be possible at least one photon must enter 
the microscope after scattering from the particle. This Compton scattering imparts to 
the particle a recoil momentum of the order of magnitude of the photon momentum 
Py = h/d. However, this recoil momentum cannot be exactly known, since the 
direction of the scattered photon is only determined to within the angle 6. Thus there 
is an uncertainty in the recoil momentum of the particle in the x direction by an 
amount 


h 
Aps = > sind (2.73) 
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Figure 2.7 The Heisenberg y-ray microscope. Photons from a source S are scattered into a 
microscope M from a particle located at P. The resolving power of the microscope is A/sin6, 
where A is the photon wavelength and 29 is the angle subtended by the lens L at the particle. 


and upon combining (2.73) with (2.72) we see that after the observation one always 
has 


Ax Ap, ~h (2.74) 


which is consistent with the Heisenberg uncertainty relation (2.70). 


The two-slit experiment 


As a second example, let us return to the two-slit experiment discussed in Section 2.1, 
and analyse it in the light of the uncertainty principle. Suppose we attempt to discover 
which slit a particle (for example an electron) goes through. This might be done by 
placing a microscope behind one of the slits (see Fig. 2.8). In order to discriminate 
between particles which have passed through slit A or slit B the resolving power of 
the microscope must be less than the distance d between the slits. From (2.72) we 
see that the wavelength of the light illuminating the particle must be smaller than d. 
The corresponding photon momentum p, = h/A must therefore be larger than h/d. 
The interaction of a photon having this momentum with the electron will make the 
electron momentum p uncertain by an amount Ap which is of the order of p,, and 
hence will be such that 


dAp 2h (2.75) 
in agreement with the uncertainty relations. Consequently, the direction of motion of 
the particle also becomes uncertain by an amount A@, where (see Fig. 2.8) 

Ap hh de 


ANOS ree 2.76 
i a (2.76) 
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Figure 2.8 In the two-slit experiment of Fig. 2.1 a microscope M is placed behind the slit A and 
the area behind the slit is illuminated. A particle is located at the point T, but as a result of the 
photon-particle interaction the direction of motion of the particle becomes uncertain by A@. 


where A, = h/p is the de Broglie wavelength of the electron. This in turn produces an 
uncertainty A. /d in the position of the particle on the screen, which is comparable 
to the distance between successive maxima of the interference pattern. Thus, if an 
attempt is made to determine through which slit the particles pass, the interference 
pattern is destroyed. 


Stability of atoms 


The position—momentum uncertainty relations (2.71) can be used to obtain an estimate 
of the binding energy of the hydrogen atom in its ground state. To this end, let us 
write the total classical energy of the electron in the field of the proton (assumed to 
be infinitely heavy) as 

p? ae 


a 2 ae Se (2.77) 
2m (47 €o)r 


The first term on the right-hand side 1s the kinetic energy, which is positive, while the 
second term represents the negative potential energy. Classically, there is no lower 
limit to the value of the total energy E because r, the radius of the electronic orbit, can 
be made as small as one pleases. This is not the case in quantum mechanics. If p is 
interpreted as the average momentum of the electron in a given state, it follows that the 
momentum is determined within a range Ap of the order of p. From the uncertainty 
relations (2.71), this in turn implies that the smallest value of the uncertainty Ar of 
the position of the electron is of the order of A/p. Assuming that the average value 
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of the radius r is of the order of Ar, we then have rp = h, from which 


hi e? 
| Dae —~ ; 2.78 
2mr2 — (4mve€g)r as 
As a result, there is a minimum value of the total energy E at r ~ ro such that 
dE /dr = 0, namely 


4meo)h° 
ro x esi = ao (2.79) 


me? 
where do is the first Bohr radius (1.66). Substituting r = do in (2.78) we find that the 
ground-state energy Eo is given approximately by 


e 


~ (4m &9)2a0 


The fact that this estimate of Eg coincides with the actual ground-state energy of 
atomic hydrogen must not be taken too seriously, as the argument is clearly qualitative. 
However, the important point is that this reasoning shows that there is a minimum 
value of the total energy E of an atom, which 1s the lowest value of E compatible 
with the uncertainty principle. We can therefore understand in this way why atoms 
are stable. 


Ey ~ (2.80) 


The uncertainty relation for time and energy 


A time-energy uncertainty relation analogous to the position—momentum uncertainty 
relations (2.71) can be obtained in the following way. Let Y(t) = V(r, t) be a wave 
function, at a fixed point r = ro, associated with a single particle state. We consider 
the case such that V(t) is a pulse or ‘time packet’, which is negligible except in a time 
interval At. This time packet can be expressed as a superposition of monochromatic 
waves of angular frequency w by the Fourier integral (see Appendix A) 


W(t) = (Qn)! | ” Gwe" de (2.81) 
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where the function G(w) is given by 


G(w) = (2n)7'/? | Wire dr. (2.82) 
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As W(t) takes only significant values for a duration Af, it follows from the general 
properties of Fourier transforms that G(@) is only significant for a range of angular 
frequencies such that 


AwAt 2 1. (2.83) 


Since EF = hw, the width of the distribution in energy, AE, satisfies the time—energy 
uncertainty relation 


AEAt > Ah. (2.84) 
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The interpretation of this relationship is somewhat different from that of the 
position—momentum uncertainty relations (2.71) because the time ¢ is a parameter, 
and not a dynamical variable like x or p,. The relation (2.84) implies that if the 
dynamical state exists only for a time of order At, then the energy of the state 
cannot be defined to a precision better than fi/At. In other words, if we consider an 
ensemble of identically prepared systems described by the wave function W, then the 
measurement of the energy on each member of the ensemble will produce a range of 
values spread over an interval AE of extent greater than or of the order of fi/ At. 


Energy width and natural lifetime of excited states of atoms 


As an example, let us consider an atomic transition from an excited state of energy 
E,, in which a photon is emitted (see Fig. 2.9(a)). The time of emission of the photon 
from a particular atom cannot be predicted. However, as we shall see in Chapter 11, 
quantum mechanics does predict the probability that the transition takes place at a 
given time. This in turn determines the average duration (over a large number of 
atoms) of the excited state b, called the lifetime t, of that state. Clearly, the wave 
function WV describing the atomic system in the state b must be negligible outside a 
time interval At of the order of t,. From the uncertainty relation (2.84) it follows 
that the energy of the excited state b is not sharply defined, but is uncertain at least 
by an amount 


AE, = ie (2.85) 
Tb 

known as the natural energy width of the state b. We see from (2.85) that the shorter 
the lifetime of an excited state, the larger the natural energy width of that state. On 
the other hand, the ground state a is stable, since in this state the system cannot make 
a transition to a state of lower energy. The lifetime of the ground state is therefore 
infinite (tz = oo) and the ground state energy E, is perfectly sharp (AE, = 0). 

Because of the natural energy width A £, of the excited state b, the energy emitted 
(or absorbed) in a transition between the atomic states a and b is not sharply defined. 
Instead, the photons emitted (or absorbed) in transitions between the states a and 
b have an energy distribution of natural width AF, about the value EF, — E,. As 
a result, the spectral line associated with this transition does not have the sharply 
defined frequency v,, = (E, — Eq)/h, but has a distribution of frequencies of width 
at least as great as Av = AE,/h about the value v,,. The quantity Av is called the 
natural linewidth of that spectral line. If the transition occurs between two excited 
states a and b (see Fig. 2.9(b)), the photons emitted or absorbed in the transition will 
have an energy distribution of natural width 


I I 
hE = n( — + =] (2.86) 
Tq Tp 
where T,, 1s the lifetime of the lower state a. The natural! linewidth of the spectral line 
is then Avg, = AEgp/h. 
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E, AE, $ E, 
(a) (b) 


Figure 2.9 Widths of energy levels. In (a) the lower state is the ground state. In (b) both states 
are excited states. 


The preceding discussion concerning the relation between the lifetime and the 
natural energy width of excited states is not confined to atomic states, but is equally 
applicable to other quantum systems such as molecules or nuclei. 


Natural energy width and resonance absorption of radiation 


In Chapter 1, we showed that because of the recoil of the atom the wavelength of 
an emission line is slightly different from that of the corresponding absorption line, 
with the consequence that radiation emitted by one atom could not be absorbed by 
another atom of the same kind (see (1.76)). This is contrary to what is observed. The 
paradox can be resolved by recognising that the energy levels of excited states have 
a finite width, so that an atom can emit or absorb photons within a range of energies 
determined by the natural energy widths of the levels concerned. Thus, if the change 
in frequency due to the recoil is smaller than the natural linewidth associated with 
the transition, an atom will be able to absorb radiation emitted by another atom of 
the same kind. Now, as seen from (1.76), the largest change of frequency due to 
recoil occurs for atoms of the smallest mass—hydrogen atoms. For a typical atomic 
transition involving photons having an energy hv = 2 eV the change of frequency 
due to recoil is therefore of the order of or less than 


(hv)? 


ad 5 


|Avr| = 


On the other hand, a typical atomic lifetime is about 10~° s, corresponding to a 
natural linewidth of 1.5 x 10’ Hz. Since this value is considerably larger than | Avp| 
resonance absorption can indeed occur. 

In contrast, for transitions occurring between energy levels of nuclei the change 
of frequency | Avp| due to recoil often exceeds the natural linewidth, with the conse- 
quence that the y-ray photons emitted by one nucleus cannot in general be absorbed 
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Problems 


by another nucleus of the same kind. An exception occurs when the nuclei are bound 
in a crystal lattice. Then, in a fraction of the transitions, the crystal recoils as a 
whole, so that the mass M to be used in (1.76) is extremely large. The corresponding 
frequency change |Avp| is therefore negligible and resonance absorption can take 
place. This phenomenon is known as the Méssbauer effect; it is enhanced at low 
temperatures when the lattice becomes ‘stiffer’. 


The uncertainty principle and complementarity 


The uncertainty relations for position and momentum and for energy and time are par- 
ticular examples of the uncertainty principle, formulated by W. Heisenberg in 1927?. 
According to this principle, it is impossible to prepare states in which both members 
of certain pairs of variables, called complementary variables, have values determined 
with arbitrary precision. If one of the variables of a complementary pair is measured, 
information is inevitably lost about the other. We have studied in some detail the 
complementary pairs (x, p,) and (E, t), but as we shall see in Chapter 5 other pairs 
of complementary variables exist which satisfy uncertainty relations. 

The Heisenberg uncertainty principle is clearly a consequence of wave—particle 
duality, and reflects the fact that quantum mechanics, although a complete theory, 
provides a less detailed description of a physical system than does classical physics. 
In his complementarity principle, introduced in 1928, Bohr described this situation 
by stating that the wave and particle aspects of physical systems are complementary, 
both aspects being needed for a complete description of nature. 


2.1 Consider the wave packet w(x) = W(x, t = 0) given by 
W(x) = Celpox/h a-lxl/(24x) 
where C is a normalisation constant. 


(a) Normalise w(x) to unity. 

(b) Obtain the corresponding momentum space wave function @(p,) and verify that 
it is normalised to unity according to (2.44). 

(c) Suggest a reasonable definition of the width Ap, of the momentum distribution 
and show that Ax Ap, 2 fh. 


2.2 Consider the momentum space wave function 


0, |px—- pol>y 


P( Px) = 
C, |px—- pol<y 


where C and y are constants. 


2 A detailed discussion of the uncertainty principle can be found in Heisenberg’s book The Physical 
Principles of the Quantum Theory (1949). 


Problems Hi 77 


(a) Normalise ¢(p,) to unity according to (2.44). 
(b) Find the corresponding wave function w(x) in configuration space, and verify 
that y& (x) 1s normalised to unity. 


+0 gin? 


(int Use the result | 


—0O 


x 
2 dx =n.) 


(c) Using reasonable definitions of the widths Ax and Ap,, show that 
Ax Ap, 2 h. 


2.3 The family of functions 5, (x) is defined by 


+L 


6,(x) = (22)! | el dk. 


= 8 
Evaluate the integral and show that 6; (x) behaves like the Dirac delta function 6 (x) 
as L > oo. 


2.4 Let 6,(x) be a family of functions defined by 
+00 


$.(x) = any! [ elk eek dk e>0. 


—Co 


Evaluate the integral and show that 6, (x) has the properties of the Dirac delta function 
d(x) ase —> 0. 


2.5 Verify that the Dirac delta function can be represented in the following ways 
€/1 
os an x? + (l) 
2s ies sin(x /€) (2) 
E—> 0+ TUX 
E 
= lim =|! — cos(x/e)] (3) 
e>O0t TX 
0 —@ 
= lim eal Sars eal AC (4) 
E—> E 


where in equation (4) @(x) is the step function 


le 2 S-0 


a) — 
”) 0, x <0. 
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2.6 (a) By multiplying both sides of the following equations by a differentiable 
function f(x), and integrating over x, verify the following equations: 


d(x) = d(—x) 

d(x) = —d'(—x), d(x) = ~8(x) 
xd(x) = 0 
xd'(x) = —d(x) 


d(ax) = TGA: aZz0 


|a| 


| 
S(x* —a’) = mao —a)+8(x +a)]. 


(b) Prove the following relations 
[ — x)d(x — b)dx = d(a — b) 


f(x)d(x — a) = f(a)d(x — a). 


2.7. (a) A Gaussian wave packet is associated with an electron localised at time 
t = 0 to within a distance of 10~!° m. Show that this wave packet will have 
spread to twice its size after a time tf ~ 107'° s. 

(b) Consider now a Gaussian wave packet associated with a proton localised at time 
t = Oto withina distance of 10~'4 m. Find the time after which this wave packet 
will have doubled in size. 


2.8 Let V(r, t) be a three-dimensional wave packet defined by (2.57). Show that 
if the function ¢(p) is peaked about p = po, the centre of the wave packet, defined 
by the condition (2.65), travels uniformly according to the law r = vet, where the 
group velocity v, is given by (2.67). 


2.9 A monoenergetic beam of electrons falls on a screen containing a slit of width 
d. The coordinates of the electrons in the x direction (taken along the screen) are 
therefore known at the moment after passing the slit with the accuracy Ax = d. Now, 
because of the wave nature of the electron, diffraction phenomena are produced by 
the slit. The emergent beam has a finite angle of divergence 6 which, according to 
diffraction theory is such that 


a8 r 
sind = — 
d 


where A is the de Broglie wavelength of the electrons. Show that after the electrons 
have passed through the slit the component of their momentum along the x-axis 
becomes uncertain by an amount Ap, > h/d. 


mM 
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2.10 An electron is confined within a region of atomic dimensions, of the order of 
10~'° m. Find the uncertainty in its momentum. Repeat the calculation for a proton 
confined to a region of nuclear dimensions, of the order of 10~'4 m. 


2.11 Using the uncertainty principle, find the minimum value (in MeV) of the 
kinetic energy of a nucleon confined within a nucleus of radius R = 5 x 10° m 


2.12. Calculate the relative frequency spread Av/v for a nanosecond (107? s) pulse 
from a CO) laser, in which the nominal photon energy is hv = 0.112 eV. 


2.13 A beam of monoenergetic electrons is used to raise atoms to an excited state 
in a Franck—Hertz experiment. If this excited state has a lifetime of 10~’ s, calculate 
the spread in energy of the inelastically scattered electrons. 
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In Chapter 2 we introduced the concept of the wave function to describe the properties 
of a physical system, and we saw that in the position representation the wave function 
W of a particle is a function of its space coordinates r and of the ttme ft. Clearly, in order 
to make progress we need a method of determining wave functions systematically. 
In this chapter we shall show that the wave function W(r, ft) can be calculated 
from a partial differential equation called the Schrédinger wave equation. We shall 
discuss some general properties of its solutions, examine how expectation values of 
physical quantities can be calculated from the knowledge of V(r, t), and analyse 
the transition from quantum mechanics to classical mechanics. We shall also see 
how the Schr6dinger theory accounts for the quantisation of energy levels, and we 
shall conclude the chapter with a brief discussion of the Schrédinger equation in 
momentum space. 

In searching for an equation to be satisfied by the wave function W, we shall 
be guided by the following principles. First, the equation should be /inear and 
homogeneous So that the superposition principle holds. That is, if YW, and W> are 
solutions of the wave equation for a given system, any linear combination c; V; +c) W> 
(where c, and c> are constants) must also be a solution. Secondly, the results obtained 
by using the equation should agree with those of classical mechanics in macroscopic 
situations, in accord with the correspondence principle. Finally, in order to satisfy 
the hypothesis that the evolution of the system is entirely determined once the wave 
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3.1 


function is known at a particular time, the equation should be of first order in the time 
derivative 0/dt. If the equation contained the second derivative 0° W /dt7, it would be 
necessary to specify both YW and dW /odt at a certain time to obtain a unique solution, 
in contradiction to the hypothesis that only a knowledge of W 1s required. 


The time-dependent Schrédinger equation 


Let us begin by considering the one-dimensional, non-relativistic motion of a free 
particle of mass m, having a well-defined momentum p = p,X (where X is the unit 
vector along the x-axis) of magnitude p = |p,| and an energy E. Assuming that 
the particle is travelling in the positive x direction (so that p, = p) we have seen 
in Chapter 2 that this particle is described by a monochromatic plane wave of wave 
number k = p,/f and angular frequency w = E/h, namely 


WOLD aA 
— Aeilpex-En/h (3.1) 


where A is aconstant. The angular frequency w is connected with the wave number 
by the relation w = hk*/2m, which is equivalent to the classical relation 


pa Pi 
2m 


(3.2) 


connecting the momentum and energy of the particle. Now, if we differentiate (3.1) 
with respect to time, we have 


= mach (3.3) 


——*y, (3.4) 


Hence, using (3.2), we see that the plane wave (3.1) satisfies the partial differential 
equation 


th z W (x, t) fee W(x, t) (3.5) 
ih—WV (x,t) = —-——— V(r, £). : 
ot 2m dx? 

More generally, since the equation (3.5) is /inear and homogeneous, it will be satisfied 
by a linear superposition of plane waves (3.1). For example, the wave packet (2.23) 


+00 
W(x, t) = (20h)? | ell Pex E(POMF (pd py (3.6) 


—0 
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associated with a ‘localised’ free particle moving in one dimension, is also a solution 
of the equation (3.5), since 


R) +00 
ih W(x, 0) = (2h) 1” | E(py)eP PONG (py) dp, 


—oO 


(20 h)~'/? os Py ellprx—E(pdtl/h g ( )d 
[- 2m Px Px 
h- 9? 

= "bas dak (3.7) 


The wave equation (3.5) is known as the time-dependent Schrédinger equation for 
the motion of a free particle in one dimension. We remark that this equation satisfies 
the requirements that we formulated at the beginning of this chapter. Indeed, we have 
already seen that it is a Jinear and homogeneous equation for the wave function W. 
Furthermore, remembering that in wave mechanics the total energy E is represented 
by the operator Ep.» = ihd/dt, and the component p, of the momentum by the 
operator (Px )op = —1hd/dx (see (2.20)), we note that equation (3.5) may be written 
in the form 


l 
Eop¥ (x, t) = 5 UPxopl Ye, t) (3.8) 


which is the quantum-mechanical ‘translation’ of the classical relation (3.2). This 
analogy with classical mechanics is in agreement with the correspondence principle. 
We also remark that the Schrédinger wave equation (3.5) 1s of first order in the time 
derivative 0/dt. Hence, if the wave function WV (x, ft) is given at a certain time fo, it is 
determined at all other times by this equation. 

The generalisation of these considerations to free-particle motion in three dimen- 
sions is Straightforward. A free particle of mass m having a well-defined momentum 
p and an energy E is now described by a plane wave 


Wir, t) on Ael(k-r-e) 
— AeiP-r-En/h (3.9) 


characterised by the wave vector k = p/f and the angular frequency w = E/h. 
Again we have w = hk*/2m, which is equivalent to the classical relation 
2 
pot (3.10) 
2m 


between the momentum and energy of the particle. It is then readily verified that the 
plane wave (3.9) satisfies the partial differential equation 


ih ? Wr, t) h V-W(r, t) (3.11) 
1h — SS : ° 
Or 2m 
where 
Q? 2 Q2 
Ve—t+oat+e (3.12) 
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is the Laplacian operator. The wave equation (3.11), which is the direct generalisation 
of (3.5), is the three-dimensional time-dependent Schrédinger equation for a free 
particle. As in the one-dimensional case, it is a linear and homogeneous equation 
which is therefore satisfied by arbitrary linear superpositions of plane waves (3.9), 
in particular by wave packets of the form (2.57) associated with ‘localised’ free 
particles. Equation (3.11) is also clearly of first order in the time derivative 0/0dt. 
Finally, using the fact that in wave mechanics the total energy E and the momentum 
p are represented by the differential operators (see (2.20)) 


0 
Ea = Lee Pop = —1hV (3.13) 
we observe that the free-particle Schrédinger equation (3.11) may also be written in 
the form 
] 
Eop¥ (Fr, t) = — (Pop) V(r, 1) (3.14) 
2m 


in formal analogy with the classical equation (3.10). Note that the quantity p?/2m is 
represented by the operator! 


ey ee ho (3.15) 
2m” 2m 


which is called the kinetic energy operator of the particle. 

Let us now try to generalise the free-particle Schrédinger equation (3.11) to the 
case of a particle moving in a field of force. We shall assume that the force F(r, t) 
acting on the particle is derivable from a potential 


F(r,t) = —VV\(r, rt) (3.16) 


so that, for a classical particle, the total energy EF is given by the sum of its kinetic 
energy p*/2m and its potential energy V(r, f) 


9) 
E= r + Vir, ft). (3.17) 
2m 


Since the potential energy V does not depend on p or E, the above discussion of the 
free-particle case suggests using (3.13) to write 


EopW(r, t) = (Po) +V(r, |v. t) (3.18) 


so that the generalisation of the free-particle Schrddinger equation (3.11) reads 


2 
ue. th= - sv’ + V(r, |v. t). (3.19) 
Ot 2m 


This is the celebrated time-dependent Schrédinger wave equation for a particle 
moving in a potential, which was proposed by E. Schrédinger in 1926. It is the 


' In what follows we shall drop the subscript ‘op’ which denotes operators, unless there is a possibility 
of confusion with a quantity (number, vector, etc.) denoted by the same symbol. 
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basic equation of non-relativistic quantum mechanics. We want to emphasise that 
we have not formally derived this equation, but have only made it appear plausible. 
The Schrédinger equation, like Newton’s laws, cannot be proved to be true. Its best 
possible justification comes from an exhaustive comparison of the predictions based 
on this equation with experiment. It is the successful application of the Schrédinger 
equation to many problems which demonstrated its correctness in non-relativistic 
quantum mechanics. 

The operator appearing inside the brackets on the nght of the Schrédinger equa- 
tion (3.19) will be seen shortly to play a very important role. It is called the 
Hamiltonian operator of the particle and is denoted by H. Using (3.15), we have 


h 
H =-—VW4V 
2m 


] 
= —(Pyp)? +V=HTHV (3.20) 
2m 


and the time-dependent Schrédinger equation (3.19) may therefore be rewritten in 
the form 


in wr, t)= HV(r,f). (3.21) 


Now, in classical mechanics the total energy E of a system, when expressed in terms 
of the coordinates of the system, of their respective momenta and of the time, is called 
the (classical) Hamiltonian H,, of this system. In particular, for the case of a classical 
particle moving in a potential, we have from (3.17) 


E = Agar, p, t) (3.22) 
where 
p’ 
2m 


Upon comparison of (3.20) and (3.23), we see that the quantum mechanical Hamil- 
tonian operator H is obtained from the classical Hamiltonian H,, by performing the 
substitution p > Pop = —iAV, namely 


H = Hal. -1hV, f). (3.24) 


As a result, the time-dependent Schrédinger equation (3.21) may be obtained by 
Starting from the classical equation (3.22), making the substitutions 


0 
E > Eo = ine P > Pop = —1hV (3.25) 
and applying the operators E,, and H = H,(r, —1hV, t) on both sides of the equation 
to the wave function (r,t). This makes even more apparent the analogy with 
classical mechanics required by the correspondence principle. Later in this chapter 
we shall discuss in more detail the classical limit of the Schrédinger equation. 


86 @ The Schrddinger equation 


3.2 


As in the case of the free particle, the time-dependent Schrédinger equation (3.19) 
for a particle moving in a potential is /inear and homogeneous. Therefore, if V(r, r) 
and W>(r, t) are distinct solutions of (3.19) 


W(r, t) =c,Vi(r, t) ++ coW>(r, t) (3.26) 


is also a solution, where c; and c are complex constants. More generally, an arbitrary 
linear superposition of solutions of the time-dependent Schr6édinger equation (3.19) 
is also a solution of the equation, in agreement with the superposition principle. We 
also emphasise that the time-dependent Schrédinger equation (3.19) 1s of first order in 
the time derivative 0/0t, so that once the initial value of the wave function 1s given at 
some time fo, namely V(r, fo), its value at all other times can be found by solving the 
equation. The basic mathematical problem is therefore to obtain a solution V(r, f) 
of the Schrédinger equation (3.19) which satisfies given initial conditions. 


Continuity conditions 


Provided the potential V(r, t) is a continuous function of each of the Cartesian 
coordinates x, y and z, it is clear from the Schrédinger equation (3.19) that each 
of V(r, t), OV/dt and VW is also a continuous function of x, y and z. If V(r, ft) 
exhibits finite discontinuities (jumps) as a function of x, y and z, then from the 
Schrédinger equation we see that V?W exhibits corresponding finite jumps as a 
function of x, y and z. From this it follows that VW must be continuous as a 
function of x, y and z, for otherwise V7 would become infinite at the points where 
VW changed discontinuously. In turn, since VV is continuous, VY and dW /dt must 
also be continuous as functions of x, y and z. 

Turning now to the time dependence, we see from (3.19) that if V(r,r) is a 
continuous function of t, so will be V(r, t) and dVY/dt. However, if V(r, t) exhibits 
finite discontinuities as a function of t, so will dW/dr, while W(r, t) remains a 
continuous function of f. 


Conservation of probability 


As we have explained in Chapter 2, the wave function associated with a particle in 
quantum mechanics has a statistical interpretation. According to Born’s postulate 
(see Section 2.2), if a particle is described by a wave function W(r, t) normalised 
to unity the probability of finding the particle at time f within the volume element 
dr = dxdydz about the point r = (x, y, z) 1s 


P(r, t)dr = |W(r, 1)|?dr (3.27) 


so that P(r, t) = |W(r,1)|*? = W*(r, 1) V(r, 2) is the position probability density. 
Assuming that the particle is confined within a given volume Vo (for example, a 
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room), we have seen in Chapter 2 that at any arbitrary time t the wave function 
W(r, t) can be chosen to satisfy the normalisation condition 


| \W(r, t)|\?dr = 1 (3.28) 


where the integral extends over all space. This condition simply expresses the fact 
that the probability of finding the particle somewhere at time f 1s unity. We noted in 
Chapter 2 that wave functions for which the integral on the left of (3.28) exists are said 
to be square integrable, and that some wave functions cannot be normalised in this 
way. For example, in the case of plane waves such as (3.9) the normalisation integral 
on the left of (3.28) diverges. However, we recognised that this difficulty is due to 
the fact that a plane wave represents the idealised physical situation of a free particle 
which has a perfectly well-defined momentum and hence 1s totally ‘delocalised’. If 
the requirement that the particle should have a completely well-defined momentum is 
given up, we have seen in Chapter 2 that localised wave packets can be constructed, 
which can be normalised to unity. For the time being we shall only consider square 
integrable wave functions W which satisfy the normalisation condition (3.28). 

Let us now ask what happens as time changes. The interpretation of |W(r, t)|? 
as a position probability density clearly requires that the probability of finding the 
particle somewhere must remain unity as time varies, which is to say that probability 
is conserved. In other words, once W(r, f) is normalised according to (3.28) at a 
given time f¢, it must remain so at all ttmes. The normalisation integral on the left 
of (3.28) must therefore be independent of time, namely 


ka | P(r, t)dr = 0 (3.29) 
Ot 


where P(r, t) is given by (3.27) and we recall that the integral extends over all space. 

In order to verify that this relation is indeed satisfied in Schrédinger’s theory, let 
us start by considering the probability of finding the particle at time ¢ within a finite 
volume V, namely 


| P(r, t)dr = | |W(r, t)|7dr (3.30) 
V V 


where the integrals extend over the volume V. The rate of change of this probability 


1S 
9 (av awe 
x J, Peenae= []¥(S-) + (S_)¥ fon —_ 


Now, the time dependence of the wave function V(r, f) is not arbitrary but is governed 
by the time-dependent Schrédinger equation (3.19). Using this equation and its 
complex conjugate 


dO ans h° _, * 
—ih— V*(r, t) = | -—V~° + Vir, t) | Y*(r, 1) (3.32) 
Ot 2m 
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where we have used the fact that V(r, t) is a real quantity, we find that 
0 ih * 2 2 * 
— | P(r,t)dr = — | [W*(V~W) — (V°W"*)W Jdr 
Or V 2m V 


- — | V.[W*(VW) — (VW*) dr 
2m V 


a | V.jdr. (3.33) 
V 
In the last line we have introduced the vector 
h 
j@, 1) = —[¥*(VW) — (VY*) 9) (3.34) 
2m\ 
whose physical significance will be discussed shortly. Using Green’s theorem’, we 


can convert the volume integral on the right of (3.33) into an integral over the surface 
S bounding the volume V 


=| P(r, t)dr = - [ js (3.35) 
dt Jy S 


where dS is a vector whose magnitude is equal to an element dS of the surface S, and 
whose direction 1s that of the outward normal to dS. 

The above relations are valid for any finite volume V. In order to study the time 
rate of change of the normalisation integral (3.28), we must extend the volume to 
the entire space. The surface S in (3.35) then recedes to infinity. Since V is square 
integrable it vanishes at large distances? so that the surface integral in (3.35) is equal 
to zero, and the condition (3.29) is satisfied. It is worth noting that the proof of (3.29) 
depends on the facts that the Schrédinger equation (3.19) is of first order in the time 
derivative 0/0t (this allowed us to eliminate the time derivatives on the right of (3.31)) 
and that the potential energy V(r, f) 1s real. 


Probability conservation and the Hermiticity of the Hamiltonian 


The condition (3.29) expressing the conservation in time of the normalisation of the 
wave function can also be formulated in terms of the Hamiltonian operator H. Indeed, 


2 Green’s theorem (also called the divergence theorem of Gauss) states that the surface integral of the 
component of a vector A along the outward normal taken over a closed surface S is equal to the integral 
of the divergence of A taken over the volume V enclosed by the surface. That is 


[ v.acr= [ a.as 
V S 


where dS = nd5S, n being the unit vector along the outward normal and dS being an element of the surface 
S. 

> If the particle is confined within a volume Vo, then W vanishes outside that volume, and hence over a 
surface bounding any volume that contains Vo. 
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using the form (3.21) of the time-dependent Schrédinger equation, and its complex 
conjugate 


“in wr, t) =[(AW(r, t)}* (3.36) 


we can write the left-hand side of (3.29) as 


) 
— | Pcr,t)d 
~ | (r, t)dr 


0 2 
— | |Wr,r)|‘dr 
Ot 


= {| Gr) * Gr) 


= (ih)! fora — (HW)*U dr (3.37) 


so that the condition (3.29) becomes 
| W*(HW)dr = [ct var. (3.38) 


This condition must hold for all square integrable wave functions V(r, t), and hence 
is a restriction on the Hamiltonian operator H. Operators which satisfy the con- 
dition (3.38) for all functions WV of the function space in which they act are called 
Hermitian operators. We have thus shown that the requirement of probability con- 
servation implies that the Hamiltonian operator H which appears in the Schrédinger 
equation (3.21) must be Hermitian when acting on square integrable wave functions. 
Of course, since the condition (3.29) expressing the conservation in time of the 
normalisation of V(r, t) has been shown above to follow from the Schrédinger 
equation (3.19), it follows that the Hamiltonian (3.20) of a particle in a real potential 
V(r, t) is a Hermitian operator. 


Probability current density 


Let us now return to equation (3.35). Since the rate of change of the probability of 
finding the particle in the volume V is equal to the probability flux passing through the 
surface S bounding V, the vector j given by (3.34) can be interpreted as a probability 
current density. The equation 


~ P(r th+ Vj, =0 (3.39) 


which follows from (3.33) is analogous to the continuity equation expressing charge 
conservation in electrodynamics or the conservation of matter in hydrodynamics. It 
has the familiar form associated with the conservation law for a classical fluid of 
density P and current density j in a medium where there are no sources or sinks. 
Note that the probability current density (3.34) may also be written as 


h 
ja, t) = Rey wr vu, (3.40) 
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3.3 


Since the operator (fi/1m)V represents the quantity p/m (that is, the velocity v of 
the particle) we see that j corresponds to the product of the velocity and the density. 
Thus it 1s reasonable to interpret j as a probability current density. We also remark 
from (3.40) that j vanishes if the wave function Y is real. In order to describe situations 
in which the probability current 1s non-zero it 1s therefore necessary to use complex 
wave functions. Finally, we remark that since the wave function W and its gradient 
VW are continuous functions of r, the probability current density j(r, t) as well as 
the probability density P(r, t) have no discontinuous changes as r varies. 


Expectation values and operators 


Let V(r, t) be the wave function of a particle, normalised to unity. Given the proba- 
bilistic interpretation attached to VW, we shall now show how information concerning 
the behaviour of the particle can be extracted from the knowledge of W. First of all, 
since P(r, t)dr = W*(r, t) V(r, t)dr is the probability of finding the particle in the 
volume element dr about the point r at the time f, the expectation value (or average 
value) of the position vector r of the particle, which we shall write (r), is given by 


r= [rpc t)dr 


= | W*(r, fr (r, t)dr. (3.41) 


The order of the factors in the integrand is obviously immaterial; the one we have 
adopted in the second line of (3.41) has been chosen for future convenience. 

As a result of the interpretation of P(r, t) as the position probability density, the 
physical meaning to be attributed to the expectation value (r): is the following: it 
is the average value of the measurements of r performed on a very large number 
of equivalent, identically prepared independent systems represented by the wave 
function Y. We remark that equation (3.41) is equivalent to the three equations 


Co ea [ve t)x V(r, t)dr (3.42a) 
(y) = | W*(r, t)yV(r, t)dr (3.42b) 
(7) = | W*(r, t)zW(r, t)dr. (3.42c) 


It should be noted that the expectation values are functions only of the time, since the 
space coordinates have been integrated out. We also remark that the quantities (x), 
(y) and (z) are obviously real, so that the three components x, y and z, considered 
as operators acting on the wave function V(r, f) on the right of equations (3.42) are 
Hermitian (see (3.38)). 
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More generally, the expectation value of an _ arbitrary function 
f(r, t) = f(x, y, z, t) of the coordinates of the particle and of the time is given by 


(f(r, t)) = | fe. t) P(r, t)dr 


= | W*(r, t) f(r, dW (r, Odr (3.43) 


provided, of course, that the integral exists. The order of the factors in the integrand 
has again been chosen for future convenience. Note that f(r, tf), considered as an 
operator acting on V(r, f), is Hermitian if the function f is real. As an example, the 
expectation value of the potential energy is 


(Vir, t)) = | W*(r, t) V(r, ft) (r, t)dr. (3.44) 


In order to calculate the expectation value of the momentum p of the particle, 
we recall that if ®(p, ft) is the wave function of the particle in momentum space, 
normalised to unity, then I1(p, t)dp = ®*(p, t)®(p, t)dp is the probability of finding 
at time t the momentum of the particle within the volume element dp = dp,dp,dp. 
about the point p = (px, Py, pz) in momentum space (see (2.63)). The expectation 
value of p is therefore given by 


(p) = | pIi(p, t)dp 


= | ®*(p, t)p®(p, t)dp (3.45) 

an equation which is equivalent to the three equations 
(re) = | O°. np. OD. NdP (3.46a) 
(Py) = | *(p, t) py P(p, t)dp (3.46b) 
(p:) = f Op. np.0.Ndp (3.460) 


More generally, the expectation value of an arbitrary function 
g(p, t) = 2(Px, Py, P-, t) iS 


(g(p,t)) = |v. t)I1(p, t)dp 


= | ®*(p, t)g(p, t)P(p, t)dp. (3.47) 
For example, the expectation value of the kinetic energy 1s 


p\ : p 
m 2m 
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We shall now obtain another form of the expectation value of p which involves 
the wave function in configuration space, V(r, ft), rather than the wave function in 
momentum space, ®(p, t). To this end, we consider first the expectation value of p,, 
given by (3.46a). Using (2.61) to express ®(p, f) in terms of V(r, t) and writing in 
a similar way 


®*(p, 1) = (2ah) >” | iP *(r’ t)dr’ (3.49) 
we obtain upon substitution in (3.46a) 
(py) = Qah)? | dp | dr | dr’elP wr cr’, t) pe PT" Wir, 2). (3.50) 
Now we observe that 
pye Prin = pre Wet Pyt pein 
0 , 
= ih—e Pr? (3.51) 
OX 
so that we may write (3.50) in the form 
me a 
(p,) = any f ap f ar [ ares Ayr (r’, (ine wer, t). (3.52) 
x 


Let us now integrate by parts with respect to x. The integrated part, which is 
proportional to the value of the wave function W(r, ¢) at |x| = oo, vanishes since 
W(r, t) is anormalisable wave function which is equal to zero in the limit |x| — oo. 
We therefore have 


(py) = Qrh)7 / dp | dr | dr’ W*(r’, rye -/h [in vcr |. (3.53) 


Now, from equation (A.50) of Appendix A we have 


b(n’ —r) = (20h)? | elP(r—N/hdn (3.54) 
where 6 is the Dirac delta function. The p integration in (3.53) is thus readily 
performed to yield 

0 
po = [oe farwre, r)d(r —r) in wer, 0 (3.55) 
x 


and from equation (A.51) of Appendix A, we can perform the r’ integration to obtain 


(Dx) = [ve 0(-in wor t)dr. (3.56a) 


Proceeding in a similar way with (p,) and (p-), we find that 


(Py) = | W*(r, ft) (-in> Jvc. t)dr (3.56b) 
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and 
‘ ., 9 
(Pz) = | v ce.) (—in wor nar (3.56c) 
Z 
The three equations (3.56) are equivalent to the single equation 
ip) = | vee. nin vy ver, nar. 3.57 


We also remark that equations (3.46) imply that the expectation values (p,), (py) and 
(p-) are real, so that the operators (—1h0/0x), (—1h0/dy) and (—1h0/0z) acting on 
the wave function V(r, f) are Hermitian. 

The result (3.57) can be generalised to more complicated functions. For example, 
if n iS a positive integer, we have by using a straightforward generalisation of the 
above method (Problem 3.3) 


(py) = [ve »(-in) W(r, t)dr. (3.58) 


More generally, if g(px, Py, Pz, t) 18 a polynomial or an absolutely convergent series 
in Px, Py, p-, one has 


0 0 0 
(2(Px, Py, P-,t)) = | W*(r, t)g| —ih—, —ih—, —ih— , t JW(r, r)dr (3.59) 
Ox dy OZ 
or, using a more compact notation 
(e(p.n)) = f YE, nein, NYC, Ndr (3.60) 


and we note that the operator g(—ihV, t) is Hermitian if the function g is real. 

Looking back at the expectation values (3.41)—(3.44) and (3.56)-(3.60) obtained 
from the wave function W(r, ¢) in configuration space, we see that they can all be 
written in the form 


(A) = [ wie nave, nar (3.61) 


where A is the operator associated with the quantity whose average value is to be 
evaluated. If we are dealing with a function f(r, t) of the coordinates of the particles 
and of the time, then the action of A on W consists of multiplying the wave function 
W by the function f(r, t). If the quantity whose expectation value is to be calculated 
is a function g(p, t), the operator A is obtained by making in g(p, f) the substitution 
p — —1hV;; we note that this is precisely the substitution which allowed us to obtain 
the Schrédinger equation (see (3.13)). 

It is important to remark that the operators which we have considered thus far are 
either multipliers or derivatives, and hence belong to the category of linear operators. 
An operator A is said to be linear if its action on any two functions V; and W is such 
that 


A(cy Wy + coo) = c)(AW)) + 02(A V2) (3.62) 
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where c,; and c> are arbitrary complex numbers. Most of the operators relevant in 
quantum mechanics are linear, and in what follows, unless otherwise stated, the term 
‘operator’ will mean a linear operator. 

Until now we have considered quantities which are either functions f (r, t) of rand 
t or functions g(p, t) of pandt. However, some dynamical variables can be functions 
ofr, pandf, and thus can contain rand p simultaneously. This is the case, for example, 
for the total energy E = p*/2m-+ V(r, r) of a particle moving in a potential, to which 
is associated the Hamiltonian operator (3.20), namely H = —(h? /2m)V2 + Vir, t). 
In order to find a method for evaluating the average value of E,, we shall in accordance 
with the correspondence principle, require that 


(e) =( 


2m 
so that we obtain the correct averages in the classical limit (see (3.22)(3.23)). 
Remembering the substitution rules (3.25) we may also write the relation (3.63) 


as 
2 
(in) = (-=—v"] + (V) (3.64) 


and we see that the above equation is consistent with the Schrédinger equation (3.19) 
provided that the expectation value is defined in the general case with the operator 
acting on the right on W, and multiplied on the left by Y¥*. Thus we have 


0 
(E) = [ve n(ins wer, t)dr 


2 
= [ve tr)AV(r, pdr = f wre. nf sav + Ver p|vc. t)dr 
m 


AV) (3.63) 


— (H). (3.65) 


Generalising the above results, we are therefore led to postulate that if the dynamical 
state of a particle is described by the configuration space wave function W(r, r), 
normalised to unity, the expectation value of a dynamical variable must be calculated 
as follows. 


(1) One first associates with the dynamical variable A = A(r, p, t) representing a 
physical quantity, the linear operator 


A(r, —ihV, t) (3.66) 


obtained by performing the substitution p — —ifiV wherever the momentum p 
occurs. This rule, however, needs some qualifications, which will be discussed 
Shortly. 


(2) One then calculates the required expectation value from the expression 


(A) = | W*(r, r)A(r, —i4V, t) V(r, rdr. (3.67) 
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Table 3.1 Physical quantities and corresponding operators acting in configuration space. 


Physical quantity Operator 
Position coordinate x x 
Position vector r r 
x component of momentum px -ihng 
Momentum p —ihV 
2 

Kinetic energy T = B- ay? 
Potential energy V(r, t) V(r, t) 

2 
Total energy = + Vcr, t) H = ahey? + Vir, t) 


If the wave function W(r, t) is not normalised to unity, the expression (3.67) 
must of course be replaced by 


2 f V*(r, ACH, -ifV, t) V(r, 2dr 

— fwr(r, Wr, ddr 
The operators A associated with physical quantities A are subject to an important 

restriction, which arises in the following way. The results of measurements of A, and 


hence the expectation value (A), must obviously be real quantities. As aconsequence, 
for any wave function W, the condition 


(A) (3.68) 


[ waver = [avyrwvar (3.69) 


has to be satisfied, which means that the operator A associated with the dynamical 
quantity A must be Hermitian. A few important (linear) Hermitian operators acting 
in configuration space are listed in Table 3.1, together with the physical quantities to 
which they correspond. 

As we have already seen, the requirement of the reality of expectation values — and 
hence the Hermitian character of the operators A associated with dynamical quantities 
—1is automatically satisfied for real functions f(r, t) or g(p, t). However, for functions 
which depend on both r and p, this is not necessarily the case. Consider, for example, a 
particle moving in one dimension, described by the wave function V (x, t), normalised 
to unity, and suppose that we wish to calculate the expectation value of the quantity 
xp,. Following the rule stated above, we write 


+0 a 
(xpy) = | W*(x, x( ine wer t)dx. (3.70) 
ae Ox 
Integrating by parts and dropping the arguments of VY and W* to simplify the notation, 
we have 
+00 
(xpy) = [—ihx PWT + in | 


—&o 


wow yay. (3.71) 
Ox 
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The integrated part vanishes since || — O when |x| — oo. Thus 


+00 ow* +00 
(xp,) = in | Wxs dx +in | W*Wdx 


OO x OO 
= (xpx)* +1h (3.72) 


where (xp,)* denotes the complex conjugate of (xp,). Since the second term on the 
right of (3.72) is non-zero, it is clear that (xp,) 1s not a real quantity, and therefore 
that the operator xp, = x(—ihd/dx) is not Hermitian. Similarly, it is readily checked 


(Problem 3.4) that 
(DyxxX) = (pyx)* — 1h (3.73) 
so that (p,x) is not real and the operator p,x = (—1hd/dx)x is not Hermitian. 


However, a glance at equations (3.72) and (3.73) shows that 


Xpx t+ pxx\ — [xpx + prx\" 
2 7 2 


so that the operator (xp, + p,x)/2, obtained by taking the mean of the possible orders 
in which x and p, appear, is Hermitian. 

It is important to stress that in contrast to classical mechanics, where all quantities 
obey the rules of ordinary algebra, we are dealing in quantum mechanics with 
operators, which in general do not commute with each other. That is, if A and 
B are two operators, the product A B is not necessarily equal to the product BA. The 
commutator of two operators A and B is defined as the difference AB — BA and is 
denoted by the symbol [A, B]: 


(3.74) 


[A,B] = AB — BA. (3.75) 


If their commutator vanishes, the two operators A and B commute: AB = BA. 
As an example of operators whick do not commute, let us consider the two operators 
x and p, = —ihd/dx. For any wave function W(r, t), we have 


[x, DxIY = (xpy — Pxx)V 


—ih = — sO) 
x 


ax oO 
= 1hW (3.76) 
so that we may write the relation [x, p,] = ih. More generally, 
[x, px] =[y, py] = [z, pz] = 1h. (3.77) 


As a consequence of the non-commutativity of operators, different quantum mechan- 
ical operators may correspond to equivalent classical quantities. For example, to the 
three equivalent classical expressions 


XDxy PxX, 5(XPx + Pxx) (3.78) 


3.4 
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correspond the three different operators 


0 0 l 0 oO 
(-in) (-ins J», 5|x(-ing-) + (-in x (3.79) 


and we have seen above that only the last one is Hermitian. 

We can now give a more precise meaning to the rule (3.66) which associates a 
linear operator A with a dynamical quantity. As stated previously, we must perform 
the substitution p — —1i4iV wherever the momentum p appears. However, when 
necessary, we must also remove the ambiguity in the order of the factors of x and 
px (and similarly for y, p, and z, p,). To this end we shall require that the resulting 
operator A be Hermitian. In the case of the products xp, and p,x we have seen 
that this ‘Hermitisation’ can be accomplished by taking the mean between the two 
possible orders of x and p,. This result can be generalised (Problem 3.5) and, in 
practice, the following procedure can be used: 


(1) The function is ordered in such a way that all the factors involving x occur 
together, as do all the factors involving p, (and similarly for y, p, and z, p-). 


(2) One then replaces x* p\ by (x* p). + p\.x*)/2, which guarantees that the op- 
erator A will be Hermitian. Although this procedure 1s still not completely 
unambiguous’, it will be fully adequate to handle all the cases studied in this 
book. 


We conclude this section with the following remark. Although we started our 
discussion of expectation values by giving equal emphasis to the configuration-space 
wave function V(r, t) and the momentum-space wave function ®(p, t) (compare for 
example equations (3.41) and (3.45)), we continued our treatment by using exclusively 
the configuration-space wave function V(r, ft). The reason is that the Schrédinger 
equation and its interpretation have been developed earlier in this chapter in the more 
familiar configuration space. At the end of this chapter we shall restore the symmetry 
between the treatments in configuration and momentum space by discussing the 
Schrodinger equation, as well as operators and expectation values, in momentum 
space. 


Transition from quantum mechanics to classical mechanics. The 
Ehrenfest theorem 


According to the correspondence principle, we expect that the motion of a wave 
packet should agree with that of the corresponding classical particle whenever the 
distances and momenta involved in describing the motion of the particle are so large 
that the uncertainty principle may be ignored. In order to investigate this point, we 


4 For a detailed discussion of this point, see Bohm (1951), Chapter 9. 
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shall prove a theorem which is due to P. Ehrenfest (1927). It states that Newton’s 
fundamental equations of classical dynamics, written in the form? 


d 
i (3.80a) 
dt m 

and 
d 
a A (3.80b) 
dt 


are exactly satisfied by the expectation (average) values of the corresponding op- 
erators in quantum mechanics, these expectation values being calculated according 
to equation (3.67), where W(r, f) is a square-integrable solution of the Schrédinger 
equation (3.19), normalised to unity. It is worth stressing that well-defined trajectories 
do not exist in quantum mechanics, so that equations such as (3.80) which give the 
values of dr/dt and dp/dt along a classical path cannot be written. However, it is 
possible to study the time rates of change of the expectation values (r) and (p). 

Let us consider first the expectation value of x, which 1s given by (3.42a). The 
time rate of change of (x) is 


d 
dt 


(x) | Wr, t)xW(r, t)dr 


| ve, rae + | SO wer dr. (3.81) 


This equation can be transformed by using the Schrédinger equation (3.21) and its 
complex conjugate (3.36). Dropping the arguments of WY and W* for notational 
simplicity, we have in this way 


d 
a = any f W*x(HW)dr — [cry evar] 
hi2 
= cin | vix(-s vu + vw Jar 
m 
h? ql * * 
— f-5 VO + Ve jade |. (3.82) 
The terms involving the potential V cancel out, so that 
d ih * 2 at * 


> Note that equations (3.80) indeed reduce to the familiar Newtonian equations 
d*r dp 
"dre dt 


where the force F is assumed to derive from a potential, F = —VV. 
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Let us consider the second contribution to the integral. Using Green’s first identity® 
and remembering that the volume V is the entire space, we obtain 


[cvrwrevar = [ svovw as - [cvy.vowar, (3.84) 
S 


The first integral on the right is over the infinite bounding surface S, and hence is 
equal to zero because the wave function W vanishes at large distances. Consequently, 
we have 


| (V7 W*)xWdr = — | (VW*).V(xW)dr. (3.85) 
Using again Green’s first identity, we have 

— [ovyy.voewar =— i W*V(xW).dS + | WV? (xW)dr. (3.86) 
Again the surface integral vanishes, so that 

| (V?W*)xWdr = | W*V? (x )dr. (3.87) 


Putting this result back into the equation (3.83) for d(x) /dt, we find that 


d ih 
“ay = — | WV Ev?y — VW) Jae 
dt 2m 
ih aw 
= | yt ar. (3.88) 


m Ox 


On the other hand, the expectation value of the x-component of the momentum is 
given by (3.56a), so that we have 
d (Px) 
(x) = 


dt m 


(3.89) 


which is the quantum counterpart of the x-component of the classical equation (3.80a). 
Let us now calculate the time rate of change of (p,). We have from (3.56a) 


d _d [aw 
ay (Pe? — re W a 
= -in| | we rans f "ar (3.90) 
Ox Or Ot Ox 


© Green’s first identity states that if u(x, y, z) and v(x, y, z) are scalar functions of position with 
continuous derivatives of at least the second order, then 


[ twev?») + evw.cVeydr = f ucWo).as 
V S 


where V is a volume bounded by the closed surface S. To obtain (3.84) set u = xV and v = W*. 
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Replacing, respectively, dW/ot and dW*/drt according to the Schrédinger equa- 
tion (3.21) and its complex conjugate (3.36), we obtain 


= [us Nw 4 vw ar+f Nw vw" ibd 
—(pDy) = — — | —— —_—— —ar 
dt” ax \ 2m 2m ax 
hi? ow aw 
= = | wW*( V7 — | — (V2w*) — Idr 
2m Ox Ox 


,| 2 ow 

— | Y*| —(VY) —- V— {dr. (3.91) 
Ox Ox 

Assuming that 0W/dx, as well as V, vanishes at large distances, the first integral on 

the right of (3.91) is equal to zero by Green’s second identity’, in which u = W* and 

v = 0W/dx. The second integral on the right of (3.91) is just 


) ow ,oV 
-fw —(VW) — V—  |dr = — |] Y*—Wdr 
Ox Ox Ox 


aV 
= -(~ (3.92) 
so that 
d aV 
ops (| (3.93) 


which is the quantum counterpart of the x-component of the classical equation (3.80b). 
Equations (3.89) and (3.93), together with similar ones for the y- and z-components, 
constitute the mathematical formulation of the Ehrenfest theorem. 


3.5. The time-independent Schrodinger equation. Stationary states 


Let us now consider the particular case such that the potential energy V of the particle 
does not depend on the time. The Hamiltonian operator H = —(h? /2m)V2 + V(r) is 
then also time-independent, and the time-dependent Schrédinger equation (3.19) sim- 
plifies considerably. Indeed, we shall show below that it admits particular solutions 
of the form 


Wir, t) = wr) f(t) (3.94) 


which are products of functions of r and f separately; we shall also see that the general 
solution of (3.19) can be expressed as a sum of such ‘separable’ solutions. 


7’ Green’s second identity states that if u(x, y. 2) and v(x, y, z) are scalar functions of position with 
continuous derivatives of at least the second order, then 


/ [u(V7v) — v(V7u)]dr = [uve — v(Vu)].dS 
V S 


where V is a volume bounded by the closed surface S. 
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In order to prove that particular solutions of the Schrédinger equation (3.19) can 
be written in the product form (3.94) when V is independent of t, we apply to that 
equation the method of separation of variables. Substituting (3.94) into (3.19), we 
have 


d h? 
ihy (Vr) ae = Pana a vinwin | fio. (3.95) 
t 2m 
Dividing both sides of this equation by V(r, t) = W(r) f(t), we find that 
1 df(t) 1 h _, 
1 ra a sal-a’ w(r) + viv (3.96) 


Since the left-hand side depends only on f and the right-hand side only on r, both 
sides must be equal to a constant. As this constant has the dimensions of an energy, 
we shall denote it tentatively by E. We therefore obtain the two equations 


d 
AT FO) = Ef(t) (3.97) 
and 
h° _, 
Poe + V(r) |w(r) = Ey(r). (3.98) 
The first equation can be immediately integrated to give 
f(t) = Cexp(—iEt/h) (3.99) 


where C is an arbitrary constant. Because the solution (3.94) is in product form and 
equations (3.97) and (3.98) are homogeneous, there is no loss of generality in taking 
C = | and writing the particular solution (3.94) in the form 


Wr, t) = W(r) exp(—iEt/h). (3.100) 


Equation (3.98), which must be satisfied by the function y(n), is called the time- 
independent Schrédinger equation. In contrast to the time-dependent Schrédinger 
equation (3.19), which describes the time development of the wave function W(r, f), 
we Shall see shortly that equation (3.98) is an eigenvalue equation. Before proceeding 
with the analysis of (3.98), it is therefore useful to review a few basic features of 
eigenvalue equations. 

Eigenvalue equations are equations of the type 


AW, = ay Wn (3.101) 


where A is an operator and a, is anumber. A solution y,, of such an equation is called 
an eigenfunction corresponding to the eigenvalue a, of the operator A. We see that 
the eigenvalue equation (3.101) states that the operator A, acting on certain functions 
w, (the eigenfunctions) will give back these functions multiplied by constants a, (the 
eigenvalues). In order that this eigenvalue problem be well defined, the conditions 
of regularity and the boundary conditions to be satisfied by the functions wy, must 
be specified. If more than one linearly independent eigenfunction corresponds to the 


102 @ The Schrédinger equation 


same eigenvalue a, this eigenvalue is said to be degenerate; the degree of degeneracy 
is defined as the number of linearly independent eigenfunctions corresponding to that 
eigenvalue. 

Let us now return to the time-independent Schrédinger equation (3.98). Remember- 
ing that the Hamiltonian operator of the particle is given by H = —(h*/2m)V°+ V(r), 
we may write this equation in the form of the eigenvalue equation 


Hyw(r) = Ew(r) (3.102) 


where it is understood that the eigenfunction y(r) corresponds to the eigenvalue E. 
When we wish to emphasise this fact we shall add a subscript EF to the eigenfunction 
w(r), thus writing we(r) = w(r). We remark that since H is assumed to be time- 
independent, a ‘separable’ solution (3.100) of the Schrédinger equation (3.19) is also 
an eigenfunction of H corresponding to the eigenvalue EF, and hence satisfies the 
equation 


HV=EVW. (3.103) 


This last conclusion can also be reached by acting on the wave function (3.100) with 
the total energy operator Ey, = ifd/dt. We obtain in this way 


0 
Larvae = EW (3.104) 


which shows that the ‘separable’ wave function (3.100) is an eigenfunction of the 
energy operator iid/dt with eigenvalue E. Using (3.104) and the fact that (3.100) 
is a solution of (3.21) when H is time-independent we retrieve the result (3.103), as 
expected. 

The above discussion strongly suggests that the wave function (3.100) corresponds 
to a state in which the total energy has the precise (numerical) value E. To show that 
this is the case, we first note that F is real. Indeed, for any ‘separable’ wave function 
of the form (3.100) the position probability density is given by 


P(r, t) 


W*(r, t) V(r, ft) 


w*(r)y (Pr) exp) FE _ E*| (3.105) 


Assuming that V is square integrable, we have from probability conservation, as 
expressed by equation (3.29) 


(E — E*) | W*cr, f(r, t)dr = 0 (3.106) 


where the integration is over all space. Hence E = E* and E is real. Now we have 
seen in Section 3.2 that the probability conservation equation (3.29) implies that the 
Hamiltonian operator H is Hermitian. We may therefore say that the eigenvalues E of 
the time-independent Schrédinger equation (3.102) are real because the Hamiltonian 
H is Hermitian. More generally, we shall see in Chapter 5 that the eigenvalues of 
any Hermitian operator are always real. 


3.5 The time-independent Schrédinger equation. Stationary states HM 103 


Let us now calculate the expectation value of the total energy in a state described 
by the wave function (3.100). Using (3.65), (3.21) and (3.103), we have 


(E) [ ven(inZ we, nar = f ve th)H V(r, t)dr 


——£ (3.107) 


where we have assumed that the wave function (3.100) is normalised to unity. 
From (3.64) and (3.65) we may also write the above relation as 


E=(H)=(T)+(V). (3.108) 


Thus the number E is the expectation value of the total energy in the state (3.100). 
More generally, we see that for a state (3.100) normalised to unity we have 


6 i | W*(r,t)H" V(r, t)dr = E”. (3.109) 


Hence, if f(£) is a function of the energy which can be expanded in an absolutely 
convergent power series in E, 


f(E) =) a,E" (3.110) 
its expectation value, in a state (3.100) normalised to unity, is given by 
(F(E)) = > an {E") =) an E" = FE) (3.111) 


so that the wave function (3.100) describes a state in which the total energy has the def- 
inite numerical value E. In other words, a measurement of the energy on any member 
of an ensemble of identically prepared systems described by the wave function (3.100) 
will produce the same numerical value F. For this reason the eigenvalues FE appearing 
in the time-independent Schrédinger equation (3.102) are called energy eigenvalues, 
the corresponding eigenfunctions W_(r) = w(r) of the Hamiltonian operator H being 
the energy eigenfunctions. Since w(r) and the ‘separable’ state (3.100) differ only 
by the time-dependent phase factor exp(—iEt/h), the spatial factor y(r) is called a 
time-independent wave function. 


Stationary states 


The states (3.100) corresponding to a precise value FE of the total energy have 
interesting properties. First of all, since EF is real, we see from (3.105) that the 
position probability density corresponding to these states is given by 


P(r) =v Mv(r) = |W)’ (3.112) 


and hence is constant in time. For this reason the states (3.100) are called stationary 
states. We also note from (3.34) and (3.100) that the probability current density 
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3.6 


corresponding to stationary states reads 


e h * * 

jr) = rid ((Vy(r)] - (Vw) ly )} (3.113) 
and is also constant in time. Moreover, the continuity equation (3.39) reduces to 

V.j(r) = 0. (3.114) 


An example of a stationary state is the plane wave (3.9), which can be written 
in the ‘separable’ form (3.100), with w(r) = Aexp(ip.r/f). It 1s a stationary 
state describing a free particle of well-defined momentum p and definite energy 
E = p*/2m. 

It is important to note that for stationary states (3.100) the expectation value of 
any operator A is independent of the time f, provided that A itself does not depend 
explicitly on t. Indeed, for such an operator we have, from (3.68) and (3.100), 


_ f U*r, t)A(r, —i4V) Wr, t)dr 
7 f Yr, U(r, Odr 


{WwmAa, —-ihV)w(r)dr 
fwwmy@dr 
and we see that (A) is time-independent. In particular, since the time-independent 
operators r and —ifiV are associated respectively with the basic dynamical variables 
r and p, the expectation values of r and ppp = —ihV are independent of time for 
Stationary States. 
It is apparent from the time-independent Schrédinger equation (3.102) that if y 
is a Solution of that equation corresponding to the eigenvalue E, all multiplies of w 
are also solutions of (3.102) corresponding to that eigenvalue. Since wave functions 
differing by aconstant multiplicative factor describe the same physical state, we shall 
not regard two solutions of (3.102) to be distinct if they differ only by a constant 
factor. Note that since V*(r, r)W(r, t) = w*(r)W(r) for a stationary state (3.100), it 
follows that if this state is normalised to unity, then 


(A) 


(3.115) 


| v*(r)y(r)dr = | (3.116) 


so that the energy eigenfunctions y(r) are also normalised to unity. Clearly, in this 
case two solutions of (3.102) which are multiples of each other can differ only by a 
constant ‘phase factor’ of unit modulus, having the form exp(ia@), where q@ is a real 
constant. 


Energy quantisation 
We have seen above that the time-independent Schrédinger equation (3.102) is an 


eigenvalue equation. We shall now show that physically acceptable solutions of that 
equation exist only for certain values of the total energy E. 
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To see how this comes about, let us consider the simple case of a particle moving 
in One dimension in a potential V(x). The stationary states (3.100) then read 


W(x, t) = W(x) exp(-1Et/h) (3.117) 


and the energy eigenfunctions w(x) are solutions of the time-independent Schrédinger 
equation 


H re oes Le ye) = Ew(x) (3.118) 
W(x) = om dx? (x)W(x) = EW(x : 
which we shall rewrite for convenience as 
d? 2 
oO = EIV x) — EW. (3.119) 


Since this is a second-order linear differential equation, it always has two linearly 
independent solutions, for any E. Provided V(x) is finite everywhere, we see 
from (3.119) that the second derivative d7y(x)/dx? is also finite, so that dw (x)/dx, 
and, therefore, w(x) are continuous for all x, in agreement with the general continuity 
properties of the wave function noted at the end of Section 3.1. Moreover, in 
order to maintain the probabilistic interpretation of the wave function discussed 
in Chapter 2 and in Section 3.2, we shall impose the physical requirement that a 
solution w(x) of equation (3.119) must be finite and single-valued everywhere. The 
eigenfunctions w(x) we are looking for are therefore solutions of equation (3.119), 
such that each solution is finite, continuous and has a continuous derivative over 
the entire interval (—oo, +00). It is worth noting that since both E and V(x) 
are real, if w(x) is an eigenfunction of equation (3.119), so is also its complex 
conjugate w*(x). Consequently, the real part [W(x) + w*(x)]/2 and the imaginary 
part [W(x) — W*(x)]/21 of an eigenfunction w(x) are also solutions of (3.119). 
Because both [W(x) + W*(x)]/2 and [W(x) — W*(x)]/21 are real functions, we only 
need to know the real eigenfunctions of (3.119) to construct all the eigenfunctions 
corresponding to a given eigenvalue. In the remaining part of this section we shall 
take advantage of this fact which allows us to restrict our attention to the real solutions 
of (3.119), without loss of generality. In particular, this will permit us to plot real 
solutions w(x) in the usual way, instead of representing for instance the real and 
imaginary parts of acomplex W(x). 

As an example, let us study the case of a potential V(x) having the form shown 
in Fig. 3.1. This potential is equal to the value V_ for x — —oo. As x increases, 
V(x) decreases and attains a minimum value Vin = V(x) at x = xo. For values of 
x larger than xo the potential V(x) is assumed to increase until it eventually becomes 
equal to the value V, when x — +o0. Four cases must be distinguished, depending 
on the value of the energy E (see Fig. 3.1). 


Case 1: E < Vain 


In this case the quantity V (x) — E is always positive, so that from (3.119) it is apparent 
that the second derivative of the wave function, d*w(x)/dx’, has always the same 
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Vinin< 2 < V_ 


Figure 3.1 \Nustration of the one-dimensional potential well V(x) considered in the text. For 
x — —oo the potential V(x) tends to V_ and for x — +00 it tends to V,. At x = xp it attains 
the minimum value Vmin. Also shown are four values of the total energy E (represented by 
horizontal lines) corresponding to the four cases which can occur. The points x; and x2 are the 
classical turning points corresponding to the case Vinin < E < V_, and xz is the classical turning 
point corresponding to the case V_ < E < Vx. 


sign as w(x). Now the behaviour of a function w(x) near a point x = x, where 
w(x) and d?w(x)/dx? have the same sign is easily predicted and is illustrated in 
Fig. 3.2. If w(x) > 0, then w(x) will be concave upwards in the vicinity of x = x 
(see Fig. 3.2(a)); if w(x) < O then W(x) will be concave downwards in this vicinity 
(see Fig. 3.2(b)); if w(x) = O then W(x) will ‘escape’ away from the x-axis on 
both sides of the point x = x (see Fig. 3.2(c)). Since V(x) — E > 0 for all x, it 
is clear that a solution w(x) of (3.119) which remains finite everywhere cannot be 
found. Indeed, |w(x)| grows without limit either (a) as x — +00 and x — —oo 
or (b) as x — +00 or x — —oo. The best we can do 1s to Select from among the 
two linearly independent solutions of (3.119) a function (x) which approaches the 
X-axis asymptotically either on the left side (see Fig. 3.3(a)) or on the right side (see 
Fig. 3.3(b)), but then this solution will necessarily ‘blow up’ on the other side. We 
therefore conclude that there 1s no physically acceptable solution of equation (3.119) 
when FE < V(x) for all x. We also remark that because the kinetic energy E — V(x) 
is everywhere negative, no classical motion would be possible in this case. 
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W(x) 


(c) 


Figure 3.2 The local behaviour of a real solution y(x) of equation (3.119) near a point x = x, 
when £ < Vmin, for the three cases (a) w(x) > 0, (b) w(x) < 0 and (c) w(x) = 0. 


w(x) W(x) 


ee ig 


(a) (b) 
Figure 3.3 Illustration of solutions y(x) of equation (3.119) approaching the x-axis asymptot- 


ically (a) on the left side and (b) on the right side, for the case E < Vmin. In both cases it is 
assumed that w(x) > 0. 


Case 2: Vmnin < E < V_ 


Referring to Fig. 3.1, we see that E — V(x) vanishes at the two points x = x; and 
X = X27. The points for which E = V(x) are called the classical turning points 
because they are the limits of the motion of a classical particle of energy E. Indeed, 
the regions for which the kinetic energy E — V(x) is negative are inaccessible to a 
classical particle. At a turning point the kinetic energy is zero, so that a classical 
particle would stop and turn around at this point. In the present case the motion of a 
classical particle would therefore be confined to the interval x; < x < x2. 

Quantum mechanically, we shall now show that physically admissible solutions 
only exist for certain discrete values of the energy E. To see this, let us examine 
the behaviour of the solutions (x) of (3.119) in the ‘internal’ region x; < x < x2 
and in the two ‘external’ regions x < x, and x > x2. In the internal region, where 
E — V(x) > 0, d*y(x)/dx? is of opposite sign to w(x). As a result, if x is a point 
belonging to that region, and if w(x) > 0, then w(x) will be concave downwards 
in the vicinity of x = x (see Fig. 3.4(a)); if w(x) < 0 then w(x) will be concave 
upwards in this vicinity (see Fig. 3.4(b)); if w(x) = 0, then w (x) will turn towards the 
x-axis on both sides of x (see Fig. 3.4(c)). Thus, when x; < x < x2, W(x) is always 
concave towards the x-axis and hence exhibits an oscillatory behaviour. It is worth 
noting that w(x) might have several zeros in the internal region. The general solution 
of (3.119) in the internal region is a linear combination of two linearly independent 
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W(x) 


w(x) 


I 


(c) 


Figure 3.4 The local behaviour of a real solution w(x) of equation (3.119) near a point x = x 
belonging to the internal region where E — V(x) > 0 for the three cases: 
(a) w(x) > 0, (b) ¥(x) < 0, and (c) (x) = 0. 


solutions, both of which are oscillatory. 

In the external region x < x, the second derivative d7y(x)/dx has the same sign 
as w(x), and therefore two linearly independent solutions of (3.119) can be found, 
one which tends to zero as x —> —ov, the other one being such that |y(x)| increases 
without limit as x — —oo. The general solution of (3.119) in the external region 
x < x, is a linear combination of these two particular solutions. Likewise, in the 
external region x > x2, two particular linearly independent solutions of (3.119) can 
be obtained: one which tends to zero as x — +00 and the other one such that |w(x)| 
‘blows up’ as x — +00. Again, the general solution of (3.119) in the region x > x2 
is a linear combination of these two particular solutions. 

Now, the only physically admissible solution in the external region x < x, is the 
one tending to zero as x —> —ov, and this solution 1s unique, apart from an irrelevant 
multiplicative constant. The continuity of w(x) and dw (x)/dx atx = x, then provides 
two conditions® which determine a unique linear combination of the two independent 
oscillatory solutions in the internal region x; < x < x2. Similarly, the continuity of 
w(x) and dy(x)/dx at x = x2 provides two conditions which determine a unique 
linear combination of the two independent solutions (one tending to zero and the other 
one blowing up as x — oo) in the external region x > x2. Thus, in general, for a 
given value of E such that Vinin < E < V_, the unique solution w(x) of (3.119) which 
tends to zero as x —> —oo will contain in the region x > x2 a component such that 
| y(x)| increases without limit as x — +00 (see Fig. 3.5(a) and 3.5(b)); it is therefore 
physically inadmissible. However, since the value of d7w(x) /dx* and, hence, the 
curvature of the solution w(x) depend on the energy EF, there may be certain discrete 
value of EF for which the solution in the internal region will join smoothly to the 
solutions in the external regions which tend to zero as x — —oo and x > +00 (see 
Fig. 3.5(c)). Such solutions, which are finite, continuous and having a continuous 
derivative everywhere are eigenfunctions of (3.119). Since the probability density 
P(x) = |W(x)|* corresponding to these physically admissible solutions decreases to 


8 The two conditions that w(x) and dy (x) /dx be continuous at a given point are often referred to as 
the conditions for ‘smooth’ matching (or joining) at that point. 
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W(x) 


(c) 


Figure 3.5 Diagrams (a), (b) and (c) show the behaviour of the solution of equation (3.119) at 
energies just below, just above, and at a bound state energy, respectively. All three solutions 
decrease to zero as x — —oo. It is seen that in cases (a) and (b) the solutions diverge as x — +00, 
while in case (c) the solution tends asymptotically to zero as x — +00. 


zero as |x| — ov, these eigenfunctions are said to represent bound states, and the 
corresponding discrete energies are called bound-state energies. We have therefore 
obtained a fundamental result: the quantisation of the bound-state energies, and we 
see that the determination of the quantised energies appears in Schrédinger’s wave 
mechanics as an eigenvalue problem. The number of discrete energy levels depends 
on the nature of the potential V (x); it can be finite or infinite. 

It is important to remark that in contrast to classical mechanics, where in the case 
Vinin < E < V_ the motion is strictly confined to the internal region (between 
the turning points), a quantum mechanical bound-state wave function w(x) extends 
outside the internal region and vanishes only in the limits x — too. Thus, although 
the position probability density P(x) = |yw(x)|? decreases as one goes deeper and 
deeper into the classically forbidden regions, it is nevertheless non-vanishing at finite 
distances, and becomes equal to zero only in the limits x — +oo. 

It is apparent from the above discussion that apart from a multiplicative constant 
the physically admissible wave function corresponding to an allowed energy value 
is unique, so that in one dimension the bound-state (discrete) energy eigenvalues 
are non-degenerate. (In more than one dimension they may be degenerate.) This 
property can also be proved as follows. Let us suppose for a moment that the contrary 
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is true, and let yy (x) and w(x) be two linearly independent eigenfunctions of (3.119) 
corresponding to the same energy eigenvalue E. Since both yy (x) and W(x) satisfy 
the equation (3.119), we have 


tf Nf 2 

Ae alt ee 25 (3.120) 

Vi vo oh 
where we have used the notation wi’ = d?w,/dx? and wy = d?W2/dx?. Using (3.120) 
we see that 

wits — tov = Wits) — rw) =0 (3.121) 
where the prime denotes a derivative with respect to x. Integrating this relation, we 
find that 

wiv, — v2 = constant. (3.122) 


We recognise on the left-hand side of this equation the Wronskian’ of the two solutions 
w, and w2. Since we are dealing with bound states, both yw, and yw vanish at infinity, 
so that the constant in (3.122) must be equal to zero. Hence the Wronskian of yy, and 
wy vanishes over the entire interval (—0oo, +00) and 


Al = Ma (3.123) 
yi 
9 The Wronskian (determinant) of the two functions f(x) and g(x) is defined as 
f : Han Spt 
Wlf-2)= |. 7 = — ; 
[f. 8] fg fs —sf 


If W[f, g] = 0 at a point xo of the x-axis, then f’/f = g’/g at that point, so that the two functions f 
and g have the same logarithmic derivative at the point xo. If W[f, g] vanishes over the entire interval 
(—oo, +00) the two functions f and g are multiples of each other. Suppose now that f(x) and g(x) are, 
respectively, solutions of the equations 


f" +F(x)f = 0 (1) 
g' +G(x)g = 0 (2) 


in an interval (a, b) where the functions F(x) and G(x) are piecewise continuous. Multiplying (1) by g, 
(2) by f and subtracting term by term, we obtain 


fg" — gf’ =(F —G)fg. (3) 


The left-hand side of this equation is just the derivative of the Wronskian W[f, g]. Upon integration over 
the interval (a, b), we therefore find that the overall variation of the Wronskian in the interval (a, b) is 
given by 


b 
WIf. sl = i [F (x) — G(x) f (x) g(x)de. (4) 


This property is known as the Wronskian theorem. As a consequence of this theorem, we see that if y, and 
y2 are two solutions of the Schrédinger equation (3.119) corresponding to the same energy eigenvalue E, 
their Wronskian is independent of x and is therefore a constant: 


W[W1, W2] = constant. (3) 
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Integrating this equation once more, we find that w, = cw2, where c is aconstant; this 
result is in contradiction to the assumed linear independence of the two eigenfunctions. 


Case3: V_< E< Vy 


Looking again at Fig. 3.1, we note that in this energy interval there is only one classical 
turning point, at x = x3, no classical motion being allowed in the region x > x3 for 
which the kinetic energy E — V(x) is negative. A classical particle moving to the 
right would thus be reflected at the turning point. Note that classically the particle is 
unbound since it can move in an infinite region of the x-axis. 

Quantum mechanically, we see that for x < x3 there are two linearly independent 
solutions of (3.119) both of which are oscillatory, while for x > x3 two linearly 
independent solutions can be found, one which tends to zero as x — +00 and 
the other which is unbounded when x — +00. The only physically admissible 
solution in the region x > x3 is the one tending to zero as x — +00, and this 
solution is unique (except for a multiplicative constant). The continuity of w(x) and 
dw(x)/dx at x = x3 then yields two conditions which determine a unique linear 
combination of the two independent oscillatory solutions in the region x < x3. A 
typical eigenfunction obtained in this way is illustrated in Fig. 3.6(a). It is important 
to remark that this “smooth matching’ at x = x3 can be made for every energy E in 
the interval V_ < E < V,. We therefore conclude that in this energy interval the 
allowed energies form a continuum and are non-degenerate. 

We also note that in the present case the physically acceptable solutions of (3.119) 
tend to zero as x — +00, but are non-zero and finite as x —> —ov, so that the 
particle can be found ‘at infinity’. Wave functions which are non-zero and finite at 
infinity are said to correspond to unbound (or scattering) states. Such wave functions 
are clearly not square integrable, and hence cannot be normalised by imposing the 
condition (3.28). We shall return to this point in the next section. 


Case 4: E > Vi 


In this case the kinetic energy E — V(x) is everywhere positive. Classically, the 
particle is unbound and there are two independent states of motion, one in which the 
particle moves from left to nght, and the other one in which it moves from right to 
left. Since d*w(x)/dx? is opposite in sign to w(x) for all x in this energy region, 
two linearly independent oscillatory solutions of (3.119) exist which are physically 
admissible for every energy. Thus when F > V, the energy eigenvalues of (3.119) 
form a continuum and are doubly degenerate. The corresponding eigenfunctions 
w(x) are non-zero and finite as x — +00 and x — —oo; they describe unbound 
(scattering) states. A typical eigenfunction of this kind is displayed in Fig. 3.6(b). 


To summarise, we see that the eigenfunctions (that is the physically admissible 
solutions) of the time-independent Schrédinger equation (3.119) correspond to bound 
or unbound (scattering) states according to whether they vanish or are merely finite at 
infinity. The values of the total energy EF for which the time-independent Schrédinger 
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Figure 3.6 Typical eigenfunctions of the Schrddinger equation (3.119): 
(a) for the case V_ < E < V,, and (b) for the case E > V4. 


equation has physically admissible solutions constitute the energy spectrum. For a 
particle moving in a bounded potential V (x) this energy spectrum may contain a set 
of discrete energy levels corresponding to the bound states; in addition, it contains 
a continuous range of energies extending to E = +00, which corresponds to the 
unbound states (see Fig. 3.7). The bound-state energies must belong to a region in 
which the total energy E is such that the classical motion would be bound. Moreover, 
the energies of the bound states are quantised, since only a discrete set of them is 
allowed. As we have already seen in Section 1.4, the lowest discrete energy level is 
called the ground-state energy of the system, and all discrete higher energy levels are 
said to correspond to excited states. The energies of the unbound states are such that 
the particle would classically also be unbound; since these energies form a continuum 
there is no energy quantisation for unbound states. 

Similar conclusions can be reached for the case of a particle of mass m moving 
in three dimensions in a potential V(r). To be physically acceptable, a solution 
w (r) of the time-independent Schrédinger equation (3.98) and its partial derivatives 
of the first order must be continuous, single-valued and bounded over all space. 
According to whether they vanish or are merely finite at infinity, the eigenfunctions 
of (3.98) are said to correspond to bound states or to unbound (scattering) states. It 
can be shown that if V(r) is finite as r — oo in any direction, the energy spectrum 
may contain a certain number of discrete (quantised) energy levels, corresponding 
to bound states; in addition it contains a continuous range of energies corresponding 
to unbound states. The bound states are analogous to the closed orbits of classical 
mechanics; their energies cannot exceed the minimum value V_ that V (oo) has in 
any direction; their number is finite (including zero) or infinite depending on the form 
of V. The scattering states are analogous to the open orbits of classical mechanics; 
their energies extend continuously from V_ to +00. A number of examples will 
be analysed in Chapters 4 and 7 to illustrate, respectively, the one-dimensional and 
three-dimensional situations. 

It is interesting to note that if the potential energy V is changed by aconstant (finite) 
amount, the eigenfunctions of the time-independent Schrédinger equation (3.98) are 
unchanged, while the eigenenergies are shifted by that constant (Problem 3.8). Indeed, 
the addition of a constant to the potential energy has no physical effect (the force 
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Figure 3.7 A typical energy spectrum for a one-dimensional potential well, containing both 
discrete and continuum energy levels. 


corresponding to a constant potential energy being equal to zero) and corresponds 
simply to a change in the origin of the energy scale. We may therefore choose this 
constant as we please. For example, if V(r) is bounded as r — oo, it is convenient to 
choose V_ (the smallest value of V (oo) in any direction) to be zero. In this case the 
discrete bound-state energies (if any) will be negative and the continuous spectrum 
will extend from E = 0 to E = +00. 


Infinite potential energy 


Until now we have considered potentials which are finite everywhere; this clearly 
includes potentials which exhibit discontinuities of the first kind (finite jumps). 
However, when the potential energy V is infinite!° anywhere, the boundary conditions 
to be satisfied by the solutions of the time-independent Schrédinger equation must be 
modified. Indeed, because a particle cannot have an infinite potential energy, it cannot 
penetrate in a region of space where V = oo. Consequently, its wave function V(r, t) 
— and hence also the time-independent wave function yy (r) — must vanish everywhere 
in that region. The continuity of the wave function then requires that it also vanishes 
on the border of that region. We remark that since V exhibits a discontinuity of 
the second kind (infinite jump) across that border, V7 will also exhibit such a 
discontinuity, so that Vw will be discontinuous (and hence undetermined) there. In 
particular, a boundary surface at which there is an infinite potential step acts like a 
perfectly rigid, impenetrable ‘wall’ where the wave function of the particle vanishes 
and its gradient is undetermined. 


10 Potentials which have discontinuities (finite or infinite) are of course mathematical idealisations of 
actual physical potentials. 
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V(x) 


Figure 3.8 \llustration of the two potential wells described in the text: (a) V(x) jumps upwards 
at x = x; and x = xz by the finite amount Vo > 0, (b) corresponds to the case Vo — oo. 


The foregoing considerations will be illustrated in Section 4.3, where we shall study 
in detail the one-dimensional potential step. Here, we analyse briefly another example, 
which will be useful shortly in connection with the ‘normalisation’ of unbound wave 
functions. We consider a one-dimensional potential well such as that represented in 
Fig. 3.8(a). We assume that V(x) is finite for x; < x < x2. Atx = x, it ‘jumps’ 
upwards from zero to the finite value Vo, and remains equal to Vo for x < x,. Similarly 
at x = x2, the potential ‘jumps’ by the positive amount Vp from the value V; (which 
for definiteness is taken to be positive) and is equal to V; + Vo for x > x2. According 
to the analysis made earlier in this section, when the total energy F 1s smaller than 
Vo, there may be a certain number of discrete bound states, while for E > Vo the 
allowed energies form a continuum. Thus, as Vo increases the continuum part of the 
spectrum will shrink and in the limit Vo — +00 (see Fig. 3.8(b)) the energy spectrum 
will be entirely discrete, the allowed energy levels being determined by the boundary 
conditions 


W(x) = (x2) = 0 (3.124) 


which express the fact that the energy eigenfunctions must vanish at the two impen- 
etrable walls of this one-dimensional box. The explicit determination of the energy 
levels and eigenfunctions will be done in Section 4.5 for the particular case of an 
infinite square well. 

The above results are readily generalised to three dimensions. If we enclose a 
three-dimensional system in a box with impenetrable walls, its energy spectrum will 
be entirely discrete, the allowed energies being obtained from the requirement that 
the wave function vanishes at the walls. The energy levels and eigenfunctions of a 


3.7 
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‘free’ particle constrained to move inside a three-dimensional box will be obtained 
in this way in Section 7.1. 

Finally, we remark that as the walls of the box recede towards infinity, we expect 
on physical grounds that the energy spectrum will resemble more and more closely 
that corresponding to the potential without walls. This fact will be verified explicitly 
on the examples studied in Sections 4.5 and 7.1. 


Properties of the energy eigenfunctions 


In this section we shall obtain some important results concerning the energy eigenfunc- 
tions, that is the physically acceptable solutions of the time-independent Schrédinger 
equation (3.102). It will be convenient here to use the more explicit notation We (r) 
to denote an energy eigenfunction corresponding to the eigenvalue E. 

First of all, let us examine the question of the normalisation of the energy eigenfunc- 
tions. We have seen in the preceding section that there are two kinds of eigenfunctions 
of (3.102): the bound states, which vanish at infinity and correspond to discrete 
energies, and the unbound (scattering) states, which are only finite at infinity, and 
whose corresponding energies form a continuum. The bound-state eigenfunctions 
are square integrable, and hence can readily be normalised to unity in the familiar 
fashion (see (3.116)). However, the unbound states cannot be normalised in that 
way. As a result, one cannot define absolute probabilities and expectation values of 
physical quantities in such unbound states. A way of avoiding this difficulty, which 
we shall adopt here, is to enclose the system in a box with impenetrable walls, so that 
the entire eigenvalue spectrum becomes discrete. Since all the eigenfunctions now 
correspond to bound states, they can be normalised according to 


| We(r)we(r)dr = | (3.125) 
V 


where V denotes the volume of the box. We shall choose the box to be very large 
(macroscopic) so that its effect on the energy spectrum is essentially negligible!!. 
From now on all the integrals in this section will be assumed to be performed over 
the volume of a very large box. 

We shall now demonstrate that two energy eigenfunctions W, and We: correspond- 
ing to unequal eigenvalues E and E” are orthogonal, namely 


| We(r) We(r)dr = 0, EXE’. (3.126) 


The proof is very simple. First, since He = Ewe we have, upon premultiplying 
both sides by y;. 


We(AwWe) = EWE We (3.127) 


1! Alternative procedures to ‘normalise’ unbound states will be discussed in Sections 4.2 and 5.3. 
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where we have omitted the arguments of the functions, for notational simplicity. Now, 
because Hyp = E’ We, we can also write 


(Awe )* = E' wp. (3.128) 


where we have used the fact that E’ is real. Multiplying both sides of (3.128) on the 
right by We, we obtain 


(Ave) We = EWE We. (3.129) 


Subtracting (3.129) from (3.127) and integrating over the volume V, we obtain 


(E — E') | WiWedr = ; (Wi. (He) — (Ave) Welder 
— 0 (3.130) 


where in the last step we have used the fact that H is Hermitian. Since we have 
assumed that E # E’ we see that (3.126) follows from (3.130). 

Combining the normalisation relation (3.125) and _ the _ orthogonality 
relation (3.126), we can say that the energy eigenfunctions We satisfy the 
orthonormality relations 


| WE (DWe(n)dr = Se (3.131) 


where dee: is the Kronecker 6-symbol, such that 


ere |b ne mice (3.132) 
0 ifE FE’ 


We have just seen that eigenfunctions corresponding to different energy eigenvalues 
are orthogonal. Let us now see what happens when an energy eigenvalue is degen- 
erate, so that there is more than one linearly independent eigenfunction of (3.102) 
corresponding to that eigenvalue. Assuming that the degeneracy of E is of order 
a, we denote by We,, We2,... , Weg a Set of a linearly independent eigenfunctions 
corresponding to that energy and normalised according to (3.125). The orthogonality 
proof given above, which made use of the fact that E # E’, is clearly not applicable 
in the present case. Indeed, in general, the eigenfunctions We,(r = 1,2,...,q@) 
belonging to a degenerate eigenvalue F are not orthogonal. However, given a set of 
a linearly independent, normalisable functions, it is always possible to construct a 
new set of a mutually orthogonal functions by using the Schmidt orthogonalisation 
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procedure. Starting from the function w,,, we form the sequence 


dei = Wel (3.133a) 
Pr2 = 4261 + We2 (3.133b) 
@E3 = a3ibei + a32G£2 + WE (3.133¢) 
PEw _ Ani PE | = Ag2P E2 je eer Aa.a-\PEa-! aie Wea (3.133d) 


where a;; denote the coefficients which we shall determine in such a way that each 
function of the sequence be orthogonal to all the preceding ones. 
First, from the orthogonality requirement 


| ;-\Pr20r = 0 (3.134) 


we deduce by using (3.133a) and (3.133b) that 


ar | eieear+ | 65,226" = 0 (3.135) 


and since @f1(= We) is normalised to unity, we have 


az, = - | o5,verde (3.136) 


With the coefficient a2, determined in this way we obtain from (3.133b) a function 


Qr2 = - | b2Veade [Oe + Wr (3.137) 


orthogonal to ¢¢,. Note that since the (normalised) functions @¢; and W_? are linearly 
independent it follows from the Schwarz inequality that |a2,;| < 1. Consequently, 
using (3.133b), (3.136) and the fact that the functions @¢; and ¢¢2 are orthogonal, 
it is seen that the normalisation integral for @¢2 never vanishes, so that the function 
df 1S normalisable. 

Next, from the two orthogonality conditions 


| br, be3dr = 0 (3.138a) 
and 
| bpode3dr = 0 (3.138b) 


one deduces in a similar way that 


a3, + | o*,Wesdr = 0 (3.139a) 
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and 
a32 | @poGE20r + | QW e30r =() (3.139b) 
where we have used (3.134). From (3.133c) and (3.139) we obtain in this fashion a 
function 
7 Or WV e30r 
PE = - | everdt oe + | — oe oes + WeE3 (3.140) 


which is orthogonal to @g; and ¢e2, and normalisable, since @f£, £2 and W_e3 are 
linearly independent. 
This process can be continued until we arrive at the function 


x f PE Wear Weodr 
——._—— bri + VE (3.141) 
--Y f ¢¢,@eidr 
which is orthogonal to the functions ¢£), @£2,... , O£,q—) and is normalisable. The 
set of orthogonal functions ¢.¢,(r = 1, 2,... , a) being determined in this way!? 
can construct the functions 
Xer = Per r=1,2,...,@ (3.142) 


=——— 90 ; 
/ Pr, PEr ar 


which constitute a set of mutually orthogonal functions, normalised to unity. These 
functions satisfy, therefore, the orthonormality relations 


| Xe; XerW)dr=6,, (r,s =1,2,...,@). (3.143) 


To summarise, we see that although the @ linearly independent eigenfunctions 
We-(r = 1,2,...,@) corresponding to the eigenenergy FE need not be mutually 
orthogonal, it is always possible to construct from linear combinations of them a new 
set of a eigenfunctions which are orthonormal. From now on we shall assume that 
this orthogonalisation procedure has already been carried out for each degenerate 
energy eigenvalue. Since, in addition, the eigenfunctions corresponding to different 
energy eigenvalues are orthogonal, it follows that al] the energy eigenfunctions can 
be assumed to satisfy the orthonormality relations 


| Wes (Vr) Wer (r)dr = OEE’ Ors (3.144) 


and hence form an orthonormal set. 
We shall postulate that the energy spectrum obtained by solving the 
time-independent Schrédinger equation (3.102) represents all the physically 


12 Note that this set is by no means unique, since we could for example have started the sequence of 
functions @¢, by identifying @£, with We2, or with a linear combination of we, and We. Thus there are 
infinitely many possible sets of orthogonal functions ¢¢,. 
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realisable energies of the system. This implies that the set of energy eigenfunctions 
is complete, in the sense that any physically admissible wave function can be 
expressed as a superposition of them. The general solution W(r,t) of the 
time-dependent Schr6édinger equation (3.21) can therefore be expanded in terms of 
the energy eigenfunctions as 


(r,t) =D) Ceve®) (3.145) 
E 


where the expansion coefficients Ce(t) depend on the time. In writing the above 
equation, we have dropped the degeneracy index for notational simplicity, it being 
understood that the summation includes a times an energy eigenvalue whose degen- 
eracy is of order a. 

The formula (3.145) is analogous to the familiar expression giving the expansion 
of a vector in terms of a complete set of orthonormal! basis vectors in a vector space. 
The complete set of orthonormal functions W_ plays the role of a set of basis vectors, 
and the wave function V may be thought of as a ‘vector’ whose ‘components’ along 
the basis ‘vectors’ We are the coefficients Cg. This analogy with ordinary vector 
spaces has a profound significance, as we shall see in Chapter 5. 

We remark that since the ‘vector’ V evolves in time according to the time-dependent 
Schrédinger equation (3.21), its components C,¢ must also be functions of the time. 
If V(r, ft) is given at a particular time, its ‘components’ are readily obtained in the 
following way. Multiplying (3.145) on the left by w-. (r), integrating over the volume 
V of our (large) box and making use of the orthonormality relations satisfied by the 
energy eigenfunctions, we find that 


| VEC)W(r, dr = )° Cet) | We (0) We(r)dr 
E 


= 2 Ce(toce 
E 


= Cr(t). (3.146) 


We conclude this section by mentioning an interesting property of the energy 
eigenfunctions corresponding to bound states of one-dimensional systems. Since we 
are dealing here exclusively with bound states there is no need to enclose the system 
in a finite box. Assuming that the potential energy V(x) is finite everywhere, we 
have seen in the previous section that the bound state eigenfunctions vanish when 
x — +00. Now, if bound-state energies exist and if they are placed in order of 
increasing magnitude (E, < Ey < E3 < ---), then the corresponding eigenfunctions 
Wi(x), Wo(x), W3(x),..., will occur in increasing number of their zeros, the nth 
eigenfunction w,, (x) having (n—1) zeros for finite values of x. Moreover, between two 
consecutive zeros of w(x), the following eigenfunctions will have at least one zero. 
This is known as the oscillation theorem (see Problem 3.9). If the particle is enclosed 
in a one-dimensional box with impenetrable walls such that V(x,) = V(x2) = +00, 
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then its motion is confined to the interval x; < x < x2 and the (n — 1) zeros of W, (x) 
referred to in the oscillation theorem will occur within that interval. In addition, of 
course, yf, (x) must vanish in this case at the walls (1.e. at x = x; and x = x2) so that 
the total number of its zeros will be n + 1. 


General solution of the time-dependent Schrédinger equation 
for a time-independent potential 


In the preceding section we have seen that the general solution W(r, ¢) of the time- 
dependent Schrédinger equation (3.21) can be expanded in terms of the energy 
eigenfunctions w_e(r) according to (3.145). We shall now determine the expansion 
coefficients C(t) for the case of a particle moving in a time-independent potential 
V(r). To this end, we substitute (3.145) in the Schrédinger wave equation (3.21), 
and use the facts that the Hamiltonian H is time-independent and that Hw; = Ewe. 
Thus 


0 
ih 2B Ce(t)We(r) 


HY) Cette) 
E 


> Ce(Hve(r) 
E 


= Ce(tEwe(r). (3.147) 
E 


Premultiplying both sides of this equation by w;..(r) and integrating over the volume 
V of the box we get 


., 9 . 
in me Ce(t) | WE) We ("dr = 2s Ce(thE | WE()We(n)dr. (3.148) 
Now, since the energy eigenfunctions are orthonormal, this equation reduces to 


in Cet = EC g(t) (3.149) 


where we have written d/dt instead of 0/dt since only the time variable appears 
in (3.149). This equation is readily integrated to yield 


Cere(t) = CeE(to) exp[—1E(t = to) /h]. (3.150) 


Using (3.145) and the above result, we thus find that the general solution of the 
time-dependent Schrédinger equation (3.21) may be written for a time-independent 
potential as 


(r,t) = ) | Ce(to) expl-iE(t — t0)/AlWe() (3.151) 
E 
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or 


Wr, t) = Yo ceve() exp(—iEt/h) (3.152) 
E 


where the constants cg are given by 
Ce = Ce(to) exp(iEtg/h). (3.153) 


Remembering that in the case of a time-independent potential the stationary states 
We(r) exp(—iEt/h) are particular solutions of the time-dependent Schrédinger equa- 
tion, we see that the general solution (3.152) is an arbitrary linear superposition 
of stationary states. This is to be expected since according to the discussion of 
Section 3.1 an arbitrary linear superposition of solutions of the time-dependent 
Schrédinger equation must also be a solution of that equation, as required by the 
superposition principle. 

The constants cg can be evaluated from the knowledge of the wave function W at 
any particular time fp. Indeed, using (3.153) and (3.146), we have 


Ce = exp(iEto/h) | We (r) V(r, to)dr (3.154) 


so that the general solution (3.152) may be written as 
Wir, ft) = >| | Ver )wr, ae exp[—1E (t — to)/h)We(r). (3.155) 
E 


This expression gives V(r, f) at any time, once it is known at the time t = fo. If we 
define the function 


K(rt30t) =) WEE) e (Fr) expl—iE (t — t0)/h] (3.156) 
E 
we see that we may recast (3.155) in the simpler form 
Wi(r,t) = | K (r,t; 4’, to) V(r", to)dr’. (3.157) 


This shows that the ‘propagation’ of the wave function from the time fo to the time ft 
is controlled by the function K (Fr, t; r’, 9), which is therefore called a propagator. 

Let us now return to the form (3.152) of our general solution. In what follows we 
shall also need the complex conjugate of that solution 


W*(r,t) = Do ch WE) exp(iE't/h) (3.158) 


F’ 


where we have used a different (dummy) summation symbol] for further conve- 
nience. If we require that the general solution (3.152) be normalised to unity, we 
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see from (3.152) and (3.158) that we must have 


[ve wr, t)dr = YY ch ce exp[-i(E — Ein) [ve (eye (rar 
ie 


= | (3.159) 


where the integration is over the volume of the box. Now, because the energy 
eigenfunctions are orthonormal, we have 


S| > chee expl-i(E — E’)t/h] | WED) We (nde 
EE £ 
= a > chee exp[—i(E — E’)t/Alber 
| ne 
= ice? (3.160) 
Eb 


and therefore the normalisation condition (3.159) reduces to 


> lel = (3.161) 
a 


It is important to note that in contrast to the case of stationary states, the position 
probability density corresponding to a superposition of stationary states is time- 
dependent. Indeed, using (3.152) and (3.158), this probability density is given by 


P(r,t) = W*(r, t) V(r, t) 
=) 0) chee expl-i(E — E)t/A\WE. 0) ve) 
E- E£E' 


= VileeP vel? +) > cece expl—-i(E — E')t/h We) ve) 
E E £' 


EXE’ 


(3.162) 


where in the last line we have separated the contributions to P(r, t) arising from the 
diagonal (E = E’) and non-diagonal (E ~ E’) terms in the double summation on E 
and E’. We see that the non-diagonal terms are responsible for the time-dependence 
of P(r, t). 

Since a wave function V(r, t) which is a superposition of stationary states leads to 
a time-dependent position probability density, it follows that the expectation values 
of physical quantities in a state described by such a wave function depend in general 
on the time. An exception occurs for the total energy, whose expectation value in a 
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state described by the general wave function (3.152) is 
(E) = (BH) = [ve th)H V(r, t)dr 
= yy once exp[—i(E — E’)t/h] | We(e) A we(r)dr 
EE’ 
— >) chee exp[—i(E — E’)t/h] Ef vi@vecnar 
EE’ 
= )°) chee exp[-i(E — E')t/h] E bee 
EE’ 
= > Ice? (3.163) 
E 


where we have used the fact that Hwe = Ewe and the orthonormality of the energy 
eigenfunctions. As seen from (3.163) the average value of the total energy is time- 
independent, as expected. 

It is important to remember that the summation on E in all the previous equa- 
tions also includes implicitly a sum over a degeneracy index for degenerate energy 
eigenvalues. If we write this index explicitly, the general solution (3.152) reads 


Wir.t) => > cer Wer (8) exp(—iEt/h). (3.164) 
E r 


Assuming (without loss of generality) that the energy eigenfunctions satisfy the 
orthonormality relations (3.144), the normalisation condition becomes 


yD leer? = 1 (3.165) 
E r 


and equation (3.163) is replaced by 
(E)= > Ieerl?E. (3.166) 
E.. 


Since we have assumed that the energy spectrum obtained by solving the time- 
independent Schrédinger equation (3.102) represents all the physically realisable 
energies of the system, it follows that the energy eigenvalues F are the only possible 
results of precise measurements of the total energy of the particle. The above relations 
then suggest that we interpret the quantity 


P(E) =\|ce|’ (3.167) 


as the probability that a measurement of the total energy will yield the value E, pro- 
vided that this energy value 1s non-degenerate; the coefficient cg is the corresponding 
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probability amplitude. If the energy eigenvalue E is a times degenerate, it follows 
from (3.165) and (3.166) that the probability of obtaining this value is 


PS). \eeln (3.168) 
r=) 

Equation (3.166) gives the average of the values found in a large number of precise 
measurements of the total energy, performed on equivalent, independent systems 
described by the same wave function (3.164). It should be noted that in general (£) 
will not be equal to one of the energy eigenvalues. However, if the system is in a 
particular stationary state corresponding to a given non-degenerate energy eigenvalue 
E then its wave function reduces to 


Wr, t) = wz(r) exp(—iEt/h) (3.169) 


so that cz = | and all the other coefficients vanish. Consequently (E) = E and, upon 
measurement of the total energy, we are certain to obtain the value E. If the energy 
eigenvalue E is a times degenerate and the system is in an arbitrary superposition of 
states corresponding to that energy eigenvalue, then its wave function is given by 

a 


Wir, t) = > cg, We, (e) exp(—iEr/h). (3.170) 


r=} 


Upon comparison with (3.164) we see that all the coefficients cg, vanish for E 4 E. 
Hence, using (3.166) and (3.165) we have (E) = E, and a measurement of the total 
energy will certainly give the value E. 

Until now we have enclosed the system in a large box of volume V, so that the 
entire energy spectrum is discrete. If we remove that constraint, the energy spectrum 
will in general contain a discrete and a continuous part. The general solution of 
the time-dependent Schrédinger equation for a time-independent potential will then 
still be given by the expression (3.152) (or more explicitly by (3.164)), provided 
the summation over the allowed energies E also includes an integration over the 
continuous part of the energy spectrum. In what follows the summation symbol on E 
will always be understood to have that meaning, when necessary. The normalisation 
of general wave functions (3.152) (or (3.164)) which contain unbound states will be 
discussed in Chapter 5. 


The Schrédinger equation in momentum space 


In Chapter 2 we defined the momentum space wave function P(p,t) of a 
particle as the Fourier transform of its configuration space wave function 
W(r,t), and we saw that ®(p,t) plays in momentum space the role assigned 
to the wave function (r,t) in configuration space. In particular, assuming 
that ®(p, t) is normalised to unity, I(p,)\dp = |®(p,1t)|*dp is the probability 
of finding at time ¢ the momentum of the particle within the volume element 
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dp = dp,dp,dp, about the point p in momentum space. In this section we shall 
further pursue the analogy between the formulations of quantum mechanics in 
configuration and momentum space. 

Since the configuration space wave function W(r, t) satisfies the time-dependent 
Schrodinger equation (3.19), we can readily obtain the corresponding time-dependent 
Schrédinger equation for the momentum space wave function ®(p, t). Remembering 
that H = p?/2m + V(r, t), we can transform (3.19) in momentum space by writing 
first 


a 
in [Onn | ceY(E,Dat| 


2 

= (2nh)*/” | crie| + V(r, TG t)dr (3.171) 
m 

which, upon using (2.61), becomes 


F 2 | 
in O(p, t= + O(p, 1) + (2h)? | e PT/A V(r, t)W(r, t)dr. (3.172) 
m 


The second term on the right-hand side can be transformed by using the convolution 
theorem for Fourier transforms (see equations (A.53)-(A.54) of Appendix A). In this 
way (3.172) becomes 


dg 2 . 
ih — (p, t) = S-o(p, 1) +| V(p—p’,t)®(p,, t)dp’ (3.173) 
Or 2m 
where 
V(p—p’,t) = (27h)? | e (POP)T/A V(r t)dr. (3.174) 


Equation (3.173) is the time-dependent Schrédinger equation for the momen- 
tum space wave function. Because of the integral on the right this equation is 
generally more complicated than the corresponding time-dependent Schrédinger 
equation (3.19) in configuration space. This explains why the configuration space 
Schrédinger equation is used in most applications. 


Expectation values 


In Section 3.3 we used the momentum space wave function to obtain in a natural 
way the expectation values of the momentum p (see (3.45)) and of arbitrary functions 
g(p, ¢) of p and t (see (3.47)). We shall now generalise these results in order to be able 
to calculate the expectation values of other dynamical variables in terms of ®(p, f). 

Let us consider first the expectation value of x. Starting from (3.42a) and expressing 
Wir, t) and *(r, tf) in terms of ®(p,t) and ®*(p, rt), we obtain by following an 
argument similar to that used after (3.50) (Problem 3.13) 


(x) = [ p.o(in : Jow.nep (3.175a) 
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where the wave function W(r,t) — and hence ®(p,t) — is normalised to unity. 
Similarly, we have 


(y) = | o*(p, (in) ow.nap (3.175b) 
OPy 
and 
(Z) = [ oe. (in ow t)dp. ; (3.175¢c) 


The above equations imply that in momentum space the dynamical variables x, y 
and z are represented respectively by the differential operators ihd/dp,, ihd/dp, 
and iid/dp.. We remark that since the expectation values (x), (y) and (z) are real 
these operators acting on ®(p, t) are Hermitian. The three equations (3.175) can be 
summarised by writing 


oe — | D*(p, 1)GAVp) P(p, t)dp (3.176) 
so that in momentum space the dynamical variable r is represented by the operator 
Pop = 1h Vp (3.177) 


where the gradient must be taken with respect to p. On the other hand, it is clear 
from (3.45) that the action of p on ®(p, tf) consists of multiplying the wave function 
®(p, t) by p. More generally, we see from (3.47) that the action of a function g(p, r) 
on ®(p, ¢) consists of multiplying ®(p, t) by g(p, ft). 

Following a reasoning similar to that used in Section 3.3 we can therefore formulate 
the following rules for obtaining the expectation value of a dynamical variable in a 
state specified by the momentum space wave function ®(p, ¢) normalised to unity. 


(1) One associates with the dynamical variable A = A(r, p, f) the linear operator 
A(ihV », p, £) (3.178) 


obtained by performing the substitution r — ifiVp wherever the position vector 
r occurs. In addition, we must require that the operator A be Hermitian. A few 
important Hermitian operators acting in momentum space are listed in Table 3.2, 
together with the corresponding physical quantities. This Table should be 
compared with Table 3.1, where this correspondence was given for operators 
acting in configuration space. 


(2) One then calculates the required expectation value from the expression 
(A) = | O*(p, t)A(iAV p, p, t) P(p, t)dp. (3.179) 


If the wave function ®(p, f) is not normalised to unity, the above expression 
must be replaced by 


_ f O*(p, NAGAV p, p, )(p, dp 


A 
“ f O*(p, )O(p, t)dp 


(3.180) 
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Table 3.2 Physical quantities and corresponding operators acting in momentum space. 


Physical quantity Operator 
Position coordinate x ih ix 
Position vector r ihVp 
x-component of momentum px Px 
Momentum p p 

Kinetic energy T = pe pe 

Potential energy V(r, t) V(iiAVp», 6) 
Total energy Pp + Vcr, t) H = a + V(iAVp, 6) 


Stationary states 


If the potential energy V is time-independent, the time-dependent Schrédinger equa- 
tion (3.173) admits particular solutions of the separable form 


®(p, t) = P(p) exp(—1Et/h) (3.181) 


corresponding to precise values of the total energy E. The probability density in 
momentum space corresponding to these states is 


N(p) = |o(p)|° = o*(p)d(p) (3.182) 


and hence is constant in time. The separable solutions (3.181) are clearly the 
Fourier transforms of the stationary states y(r) exp(—iEt/h) given by (3.100), so 
that the time-independent wave functions w(r) and ¢@(p) are related by the Fourier 
transformation 


o(p) = (2nh)°*”” | eR (r)dr, (3.183a) 
wir) = (20h)? | elP-T/2 4 (py) dp. (3.183b) 
Upon substitution of (3.181) into the Schrédinger equation (3.173), we find that 


the wave function @(p) must satisfy the time-independent Schr6dinger eigenvalue 
equation 


2 a 
x $(D) + | V(p— p’)d(p’)dp’ = Ed(p) (3.184) 
where 


V(p—p’) = (27h) | e(P-P)-/A V (py dr. (3.185) 
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Problems 


The equation (3.184) is an integral equation, and hence is generally more difficult 
to solve than the corresponding time-independent Schrédinger equation (3.98) in 
configuration space. 


3.1 


In obtaining equations (3.33) and (3.39) we have assumed that the potential 


V(r, t) is a real quantity. 


(a) 


(b) 


3.2 


Prove that if V(r, ft) is complex the continuity equation (3.39) becomes 
7) . 2 
a, Per. th+ V.j(r, t) = oe Vir, t)| P(r, t) 


so that the addition of an imaginary part of the potential describes the presence 
of sources if Im V > Oor sinks (absorbers) if Im V < 0. Show that if the wave 
function V(r, t) is square integrable 


a | P(r, t)dr = = fum Vir, t)|P(r, t)dr. 
Ot h 


Assuming that Im V is time-independent and that W(r, ¢) is normalised to unity 
at t = O, prove that if P(r, t) is expanded about t = 0 as 


P(r, t) = Po(r) + P(r) t+--- 
then 


[ Panar=t+cr+— 


Find an expression for C in terms of Po(r) and Im V(r), and verify that if 
Im V(r) < O the quantity f Pr, t)dr decreases with increasing time, so that 
absorption occurs. 


Prove that the operator p, = —1h0/0x is Hermitian. 


(Hint: consider the expectation value 


(Px) = | W*(r, | -in Jer t)dr 
Ox 


and integrate by parts.) 


3.3 


Starting from the expression 


(pr) = | weno, t)dp 


where n is a positive integer, prove equation (3.58). 


3.4 


Prove equation (3.73). 
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3.5 Show that the operator x* pis not Hermitian (where k and / are positive 
integers), but that the combination (x* p! + p!.x*)/2 is Hermitian. 


3.6 Show that, for a general one-dimensional free-particle wave packet 
+00 
Wort) = ah)? [ expli(p.x — pt/2m/ho(p.)4p. 
= 50 


(a) the expectation value (p,) of the momentum does not change with time, and 
(b) the expectation value (x) of the position coordinate satisfies the equation 


(Px) Gea 
m 


(x) = (Xai + 
in agreement with the correspondence principle. 


(Hints: Part (a) may be proved by obtaining the result 


+00 


(Px) = * (Px) PxP (px) d px. 


—0o 


For part (b), use the fact that 


apy CML — pit/2m)/h) = = (x — pxt/m) expli(prx — pit/2m)/h) 


to show that 


+00 


d : 
(x) = °(p0 [ing + P84 l6(podps) 
ee) Px m 


3.7 Show that if V(r, t) is a square integrable wave function normalised to unity, 
then 


d 
dt 


where the expectation values are defined according to (3.67). 


] 
(x?) = —[(xp,) + (prx)] 
m 


3.8 Prove that if a constant Vo is added to the potential energy V(r) 


(a) the energy eigenvalues of the time-independent Schrédinger equation (3.98) are 
shifted from E to E + Vo; and 
(b) the corresponding eigenfunctions yw (r) remain unchanged. 


3.9 Consider a one-dimensional system with bound-state energies placed in order 
of increasing magnitude (E; < EF, < F3 <---) and let W(x), Wo(x), W3(X),..., 
be the corresponding energy eigenfunctions. Prove that between two consecutive 
zeros of yw, (x), the eigenfunction y,,.;(x) must possess at least one zero. Note that 
the bound states of one-dimensional systems are non-degenerate, and that the energy 
eigenfunctions y,,(x) can be taken to be real. 
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(Hint: From the Wronskian theorem (p. 110) and the Schrédinger eigenvalue 
equations satisfied by w, and w,,4;, obtain first the relationship 


2 b 
[We Wnt ae wi Wale = az (Ent ey E») | Wn Wngi dex. 


Then complete the proof by taking a and b to be two consecutive zeros of W,,.) 


3.10 Let H = p’/2m + V(r) bea time-independent Hamiltonian. Prove that the 
propagator K (r, t; r’, fo) defined by (3.156) satisfies the time-dependent Schrédinger 
equation 


0 
in — Hu] ke, t:r,to) =O 
Or 
subject to the condition 


K(r,to, t,t.) =d(r—-Pr’). 


3.11 Show that the general one-dimensional free-particle wave packet V(x, t) of 
Problem 3.6 can be expressed in terms of its initial value V(x, fo) as 


+00 
W(x, t) af K (x,t; x", to) V(x, to) dx 


OO 


where the propagator K (x, t; x’, to) 1S given by 


eae ) =| m ) ae 
a a Qrih(t —1) | ~ | 2h(t — 1) 


(Hint: Use the result (2.48), which also holds if a is purely imaginary, provided it is 
regarded as a limit. That is, if a = a +ib,a > Q, it is the limit in which a —> 0.) 


3.12 Let E, denote the bound-state energy eigenvalues of a one-dimensional 
system and let w,,(x) denote the corresponding energy eigenfunctions. Let W(x, r) 
be the wave function of the system, normalised to unity, and suppose that at t = 0 it 
is given by 


1. 1. ii 2 
W(x,¢ =0) = a 9 ao Tr te 


where the aq; are real constants. 


(a) Write down the wave function W(x, rt) at time fr. 

(b) Find the probability that at time t a measurement of the energy of the system 
gives the value E>. 

(c) Does (x) vary with time? Does (p,) vary with time? Does E = (H) vary with 
time? 


3.13 Prove equations (3.175). 
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3.14 Prove that the time-dependent Schrédinger equation (3.173) for the momen- 
tum space wave function can be written in the form 


a 2 
ih— O(p, t) = F op, t) + VGAVp», t)P(p, 2) 
or 2m 


provided V(r, ft) is an analytic function of x, y, z. 
(Hint: Show first that 


V(r,t)= exp( =p-r] VGAV >», ¢) exp(—p-r).) 
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In this chapter we shall study a few simple one-dimensional quantum mechanical 
problems in order to acquire some practice in dealing with the Schrodinger equation, 
and to analyse various interesting phenomena predicted by the quantum theory. One- 
dimensional problems are of interest not only because several physical situations 
are effectively one-dimensional, but also because a number of more complicated 
problems can be reduced to the solution of equations similar to the one-dimensional 
Schrodinger equation, as we shall see later in this book. 


General formulae 


We consider a particle of mass m moving on the x-axis in a time-independent 
potential V(x). The time-dependent Schrédinger equation corresponding to this 
one-dimensional motion is 
aD) 
2m dx? 


As we have shown in Chapter 3, the fact that the potential 1s time-independent implies 
that we can look for stationary-state solutions of (4.1) having the form 


W(x, t) = W(x) exp(—iEt/h) (4.2) 


where EF is the energy of the stationary state. The general solution of (4.1) is an 
arbitrary superposition of stationary states (4.2). The time-independent wave function 


in Wa, th= + von) vo t). (4.1) 
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4.2 


w(x) 1s a solution of the time-independent Schrédinger equation 
h° d°w(x) 
2m dx? 
which, in the present one-dimensional case, is just an ordinary differential equation. 
It is this equation which we shall solve below for several particular forms of the 
potential V(x). 


We also recall that the position probability density associated with a wave function 
W(x, t) is given by 


+ V(x)y(x) = Ey (x) (4.3) 


P(x, t) = |W(x, 1]? (4.4) 
and that the corresponding probability current density (or probability flux) is 


— 


Dx (4.5) 


h OW (x, t) 
JX, ae ree |v" Oey OD) 
Ox 
For stationary states (4.2) both P and / are, of course, time-independent. In particular, 
since |W(x, t)|? = |W(x)|’, the position probability density is given by 
P(x) =|W(x)/’. (4.6) 


Moreover, for one-dimensional stationary states (4.2) the equation (3.39) expressing 
probability conservation reduces to dj/dx = 0, so that the probability current density 


d d 
maa (x) ~ ye | 


— W(x) (4.7) 


mere 


is also independent of x. 


The free particle 


Let us start by considering the simplest case, namely that of a potential which is 
constant: V(x) = Vo. The force acting on the particle, F(x) = —dV/dx, then 
vanishes so that the particle is free. Without loss of generality we can take the 
constant Vo to be zero, since the addition of a constant amount to the potential energy 
merely shifts the energy eigenvalues of the Schrédinger equation (4.3) by that amount 
and leaves the eigenfunctions w(x) unchanged (see Problem 3.8). 

We must therefore solve the time-independent Schr6édinger equation 


h° d° (x) 
"Go, ae = Ew(x). (4.8) 
Writing 


1/2 
k = (> E) (4.9) 
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we see that two linearly independent solutions of (4.8) are exp(ikx) and exp(—ikx) 
or, equivalently, the pair of real solutions sinkx and coskx. The general solution 
of (4.8) is therefore the linear combination 


w(x) = Ae“ + Be (4.10) 


where A and B are arbitrary constants. It is clear that for a solution to be physically 
acceptable the quantity & cannot have an imaginary part, because if it did w(x) would 
increase exponentially at one of the limits x = —oo or x = +o, and possibly at 
both limits. Since E = f?k*/2m, we must therefore have E > 0, which confirms the 
statement made in Section 3.6 that the energy cannot remain lower than the potential 
(here V = O) over the entire interval (—0o, +00). Because any non-negative value of 
E is allowed, the energy spectrum is continuous, extending from E = Oto E = +00. 
This, of course, is not surprising, since F is the kinetic energy of the free particle. 
Note that each positive energy eigenvalue is doubly degenerate because there are two 
linearly independent eigenfunctions, exp(ikx) and exp(—ikx), corresponding to the 
same positive energy E = h?k?/2m. We also remark that the basic solutions of (4.8) 
may be written in the form 


We, (x) = C exp(ik,x) (4.11a) 
or 
Wp. (x) = Cexp(ip,x/h) (4.11b) 


where C is a constant, k, = +k and p, = fk, is the momentum of the particle, of 
magnitude p = | p,| = Ak. 


Momentum eigenfunctions 


The functions (4.11) are not only eigenfunctions of the free-particle Hamiltonian 
Dop/2m = —(h"/2m)d?/dx? corresponding to the energy E = p?/2m = h’k?/2m, 
they are also momentum eigenfunctions, that is eigenfunctions of the momentum 
operator Pop = —ihd/dx. Indeed, the eigenvalue equation for the momentum 
operator reads 


_. 0 
th Up. (xX) = pxWp, (X) (4.12) 


and we see immediately that the functions (4.11) are solutions of this equation. The 
eigenvalues p, = fk, must be real, so that the eigenfunctions (4.11) remain finite as 
x tends to +00 or —oo. Since this is the only constraint on p,, the spectrum of the 
operator Pop 1S Continuous, extending from —oo to +00. Note that the two functions 
exp(ikx) and exp(—ikx), which are eigenfunctions of the free-particle Hamiltonian 
corresponding tothe same energy E = h*k* /2m, are eigenfunctions of the momentum 
Operator Pop corresponding to the two different eigenvalues py = Ak and p, = —hk, 
respectively. Finally, we remark that according to the Fourier analysis of Section 2.4, 
any physically admissible wave function W(x, t) can be expressed as a superposition 
of the momentum eigenfunctions (4.11). 
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Physical interpretation of the free-particle solutions 


Let us now return to the general solution (4.10) of the free-particle Schrédinger 
equation (4.8). Substituting (4.10) into (4.2), we find that a stationary state of energy 
E > 0 for a free particle has the general form 


W(x, t) = (Ae at Be yee" 
= Ael&x-@) 4 BeWikx+or) (4.13) 


where w = E/h is the angular frequency. 

In order to interpret the wave function (4.13) physically, let us consider some 
particular cases. If we set B = 0 in (4.13), the resulting wave function is the plane 
wave 


W(x, t) = Ael**-©? (4.14) 


which, as we have seen in Chapter 2, is associated with a free particle of 
mass m moving along the x-axis in the positive direction with a definite 
momentum of magnitude p = fk (so that py, = hk) and a corresponding energy 
E = p?/2m = h’k*?/2m. This plane wave has an angular frequency 
w = E/h = hk*/2m and a wave number k = p/h = 27/A, where A is the de 
Broglie wavelength of the particle. It represents a vibration travelling in the positive 
x-direction with a phase velocity up, = w/k = hk/2m. We recall that the particle 
velocity v = p/m = hk/m is not equal to the phase velocity upp, but is equal to the 
group velocity vy = dw/dk of the wave packet formed by superposing plane waves 
of different wave numbers. 
The position probability density corresponding to the plane wave (4.14) is 


P =|W(x,1)/* =|Al’. (4.15) 


It is not only independent of time (as for any stationary state), but is also independent 
of the variable x, so that the position of the particle on the x-axis is completely 
unknown. This is in accordance with the Heisenberg uncertainty relation (2.70) 
which implies that a particle moving along the x-axis with a perfectly well-defined 
momentum (Ap, = 0) cannot be localised at all along this axis (Ax = 00). We may 
thus think of the plane wave (4.14) as representing the idealised situation of a particle 
of perfectly known momentum, moving somewhere in a beam of infinite length. 

Using (4.7) with w(x) = Aexp(ikx), we find that the probability current density 
corresponding to the plane wave (4.14) is given by 


h 
j — —— (A*e—"** Aikel** on Ae'** A*(—ik)e**) 
21m 
hk 
= —|AP? = SAP =v/AP (4.16) 
m m 
and is independent of x and tf, in agreement with the general result obtained at the end 


of Section 4.1 for one-dimensional stationary states. It is also interesting to note that 
by using (4.15) we can rewrite (4.16) in the form j = uP. This relation is the same 


4.2 The free particle HM 137 


as the familiar one between flux, velocity and density in classical hydrodynamics. In 
particular, if the position probability density P is equal to unity (i.e. to one particle 
per unit length), the probability per unit time that the particle will cross the point x 
in the direction of increasing x 1s equal to its velocity v, as we expect. 

Another particular case of (4.13) 1s obtained by setting A = 0. This gives the plane 
wave 


W(x, t) = Berton, (4.17) 
The corresponding position probability density is 
P=|W(x, 2)? = [BI (4.18) 


and the probability current density, obtained from (4.7) with w(x) = Bexp(—ikx), 
1S 


hk 


j=-—[BP =-- 
m 


—~—|B|? =—v|B/’. (4.19) 
m 
Thus the plane wave (4.17) corresponds to a vibration of wave number k = p/h and 
angular frequency w = E/h = hk?/2m travelling in the negative x-direction with 
a phase velocity up, = w/k = hk/2m. It is associated with a free particle moving 
along the x-axis in the negative direction with a well-defined momentum of magnitude 
p = mv = hk (so that py = —hk) and a given energy E = p*/2m = h7k?/2m, but 
whose position on the x-axis is completely unknown. 
Two other interesting particular cases of (4.13) are obtained by choosing A = B 
or A = —B. If we first set A = B, so that we add two plane waves travelling in 
opposite directions with equal amplitudes, the wave function (4.13) becomes 


W(x, t) = A(ek* Ae ey ele 
= Ccoskxe (4.20) 


where C = 2A. Incontrast to the travelling waves (4.14) and (4.17), this is a standing 
wave whose nodes are fixed in space at values 


m= (Fan) /é, 7201 (4.21) 


for which cos kx vanishes. The position probability density associated with the wave 
function (4.20) is 


P(x) =|C|? cos” kx (4.22) 
and from (4.7), with w(x) = C cos kx, the corresponding probability flux is given by 


h 
j= ree a oe cos kxCk sinkx + C coskxC*k sinkx) 
im 
= 0. (4.23) 


More generally, the probability flux (4.7) is seen to vanish for any function w(x) which 
is real, apart from a multiplicative constant. In the present case, the result (4.23) is 
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readily understood, since the probability flux v|A|? associated with the plane wave 
A exp[i(kx — wt)] is cancelled by the probability flux —v|A|? corresponding to the 
plane wave A exp[—i(kx + wt)]; the net probability per unit time that the particle 
will cross a point x is thus equal to zero. We can therefore associate the standing 
wave (4.20) with a free particle moving along the x-axis with a momentum whose 
magnitude p = fk is known precisely, but whose direction is unknown. 

It is also worth noting that the position probability density (4.22) vanishes at the 
points x, given by (4.21), so that a free particle in the state described by the wave 
function (4.20) can never be found at these points. This is clearly an interference 
effect between the two travelling plane waves from which the standing wave (4.20) 
was constructed; it is entirely due to the wave properties associated with the particle. 

If we set A = —B in (4.13), we obtain another standing wave, namely 


W(x, t) ac A(e** = eM jen lo 
= Dsinkxe™™, D=2iA (4.24) 
with properties similar to those discussed above for the standing wave (4.20). In 


particular, the probability flux associated with the wave function (4.24) is equal to 
zero, and its position probability density 


P(x) = |D|* sin? kx (4.25) 


vanishes at the values x, = tna/k(n = 0,1, 2,...) for which sinkx = 0. 

Let us now return to the general free-particle stationary state (4.13), which is 
the superposition of two plane waves travelling in opposite directions along the 
x-axis, both with phase velocity up, = w/k = hk/2m and with amplitudes A 
and B, respectively. The position probability density corresponding to the wave 
function (4.13) is readily obtained by substituting (4.10) into (4.6); it is given by 


P(x) = |Al|? + |Bl? + (AB*e*™ + A* Be 7) (4.26) 


and exhibits interference effects of the two plane waves. Using (4.7) and (4.10) we 
also find that the probability current density associated with the wave function (4.13) 
is given by 


j =ov{|Al? - |B] (4.27) 


which, as we expect, is just the sum of the probability current densities (4.16) 
and (4.19). 


‘Normalisation’ of the free-particle wave function 


Since the integral 


+00 
l= | |Ae* + Be" |7dx (4.28) 


OO 
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is infinite for all values of A and B (except, of course A = B = QO) the free-particle 
wave functions (4.10) and momentum eigenfunctions cannot be made to satisfy the 
normalisation condition 


+00 
| Iw (x)|?dx = 1. (4.29) 
—OO 

As we pointed out in Chapter 2, for wave functions of this kind which are not square 
integrable we can only speak of relative probabilities. This will be sufficient for 
treating applications in this chapter involving such eigenfunctions, corresponding to 
continuous eigenvalues, which remain finite at great distances. Nevertheless, it is 
often desirable to be able to treat these eigenfunctions on the same footing as the 
square integrable eigenfunctions corresponding to discrete eigenvalues. There are 
several ways of doing this. For example, we may recognise that the momentum 
of a particle is never known exactly, and work with wave packets. However, this 
approach is cumbersome, and would prevent us from using simple and convenient 
wave functions such as the plane wave exp(ikx), which is the idealisation of a very 
broad, square integrable wave packet. 

An alternative way is to ‘normalise’ such wave functions in a sense different from 
that of (4.29). In particular, we may enclose the particle in a box (in the present case 
a ‘one-dimensional’ box of length L) at the walls of which the wave function of the 
particle must obey boundary conditions. In order to illustrate this box normalisation 
procedure, let us consider the momentum eigenfunctions (i.e. the plane waves) given 
by (4.11a). In this case, it is convenient to require that these wave functions satisfy 
periodic boundary conditions at the walls, so that wy, (x + L) = Wz, (x). Because of 
this periodicity condition, k, is no longer an arbitrary real quantity; it 1s restricted to 
the values 


k, = —n, Ne OS ec (4.30) 


As a result, the spectrum of energy eigenvalues of the Schroédinger equation (4.8) 
becomes discrete: 


ie hek? = Anh? , 

"Om mLt 
each eigenvalue (except EF = 0) being doubly degenerate. Note that as L increases, 
the spacing of the successive energy levels decreases, so that for a macroscopic ‘box’ 
the spectrum Is essentially continuous. The momentum eigenfunctions (4.1 1a) can 
now be normalised by requiring that, in the basic ‘box’ (0, L) or (—L/2, +L /2) of 
side L, 


(4.31) 


+L/2 
| lx, (x) [°dx = 1 (4.32) 


Lp 


so that |C|* = L~!. Choosing the arbitrary phase of the normalisation constant C to 
be zero, we have C = L~'/*, and the normalised momentum eigenfunctions (4.1 1a) 
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are given by 
Wr, (x) = L7'? exp(ik,x). (4.33) 


We note that these eigenfunctions are orthonormal since 


+L /2 +L/2 
| Wi (x) We, C)dx = Lo | expli(k, — ki )x]dx 
—L/2 oe 


L/2 
= Ok. k (4.34) 


where we have used the periodicity condition expressed by (4.30). We also remark 
that the momentum eigenfunctions (4.11) cannot be normalised by choosing a box 
with impenetrable (rigid) walls, since these eigenfunctions never vanish anywhere, 
and therefore cannot exist within such a box. 

Instead of imposing a box normalisation with periodic boundary conditions, we 
can also use the Dirac delta function (discussed in Appendix A) to set up a delta- 
function normalisation similar to that given by (4.34), but which allows the momentum 
eigenfunctions (4.1 1a) to retain their form over the entire x-axis, for all real values 
of k,. Indeed, using equation (A.18) of Appendix A, we have 


+00 
| exp[i(ky — k.)x]dx = 275(k, —k’). (4.35) 


oO 


Taking the arbitrary phase of the normalisation constant C in (4.1 1a) to be zero, we 


see that if we choose C = (27)~'/*, the momentum eigenfunctions 
We, (x) = (20)7"* exp(ik, x) (4.36) 
satisfy the orthonormality relation 
+00 
Wy: (1) We, (x)dx = 5(ky — k;). (4.37) 
We also see with the help of (A.18) that the wave functions (4.36) satisfy the closure 
relation 
OO 
We (x) We, (x) dky = 5(x — x’). (4.38) 


A similar relation can also be established in the limit of large L for the momen- 
tum eigenfunctions (4.33) satisfying the box normalisation with periodic boundary 
conditions (Problem 4.1). 

The normalisation condition expressed by (4.37) is often referred to as k-normali- 
sation. Other delta-function normalisations for wave functions belonging to the 
continuous spectrum may be used. For example, the momentum eigenfunctions 


Wp. (x) = (20h) ~'? exp(ip,x/h) (4.39) 


are such that 
+00 


U2 (x)Wp, (x)dx = 3 (px — p', (4.40) 
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V(x) 


0 Xo xX 0 Xx 
(a) (b) 
Figure 4.1 (a) A smoothly varying, infinitely wide potential barrier V(x), tending to zero as one 
goes to the left, and to the constant value Vo > 0 as one goes to the right. Two values of the 
total energy of the particle are indicated by dashed lines, corresponding to the cases E < Vo 
and E > Vo. When E < Vo there is a classical turning point at x = x9, where E = V(x). 
(b) The step potential (4.41). 


and this normalisation is called p-normalisation. Another frequently used normali- 
sation, called the energy normalisation, is the subject of Problem 4.2. 


The potential step 


Our next example is that of a particle moving ina potential V (x) which has the form of 
an infinitely wide potential barrier (see Fig. 4.1(a)). As we go to the left, the potential 
tends to the constant value zero, while as we go to the night it tends to the constant 
value Vo > 0. We have also indicated in Fig. 4.1(a) two values of the total energy FE 
of the particle. According to classical mechanics a particle incident from the left with 
an energy E < Vo would always be reflected at the turning point xo, where its kinetic 
energy vanishes. The region to the right of xo is therefore classically forbidden for 
the particle. On the other hand, following classical mechanics, a particle incident 
from the left with an energy E > Vo would never be reflected, but would always be 
transmitted. 

Let us now study this problem by using quantum mechanics. Since the poten- 
tial is time-independent the motion of a particle of energy E is described by the 
wave function V(x, ft) = w(x) exp(—1Et/h), where w(x) is a solution of the time- 
independent Schrédinger equation (4.3). To simplify our task we shall replace the 
smoothly varying potential of Fig. 4.1(a) by the step potential shown in Fig. 4.1(b). 
Note that we have chosen the turning point xo to be at the origin, so that 


0, x <0 


Mai Vo, x > 0. ae 
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It is clear that this potential step is an idealisation of potentials of the form shown 
in Fig. 4.1(a). It is the simplest example of a piecewise constant potential which 
is pieced together from constant portions in adjacent ranges of the x-axis. Other 
examples of piecewise constant potentials will be considered later in this chapter. 

Before solving the time-independent Schrédinger equation (4.3) for the potential 
step (4.41), we recall from our discussion of Section 3.6 that the total energy FE can 
never be lower than the absolute minimum of the potential. Thus for the potential 
step (4.41) there is no acceptable solution of the Schrédinger equation (4.3) when 
E <0. In what follows we shall study successively the two cases 0 < E < Vo, and 
E> Vo. 


Case 1:0< E < Vo 


Since the step potential (4.41) is such that V(x) = O forx <QOand V(x) =Vop>E 
for x > 0, the Schrédinger equation (4.3) becomes, in this case, 


; 1/2 
Puts Maej-e. we (se) . pee (4.42) 
and 
; 1/2 
¢ tee -ey(x)=0, «= FM - B)| ,  x>0. — (4.42b) 


Equation (4.42a), valid for x < 0, describes the motion of a free particle of wave 
number k. Its general solution is 


w(x) = Ae + Be, x <0 (4.43a) 


where A and B are arbitrary constants. The second equation (4.42b), valid for x > 0, 
has the general solution 


w(x) =Ce* + De“, x>0 (4.43b) 


where C and D are arbitrary constants. 

It follows from the discussion of Section 3.6 that in order to be an acceptable solution 
of the Schrédinger equation (4.3) the eigenfunction w(x) and its first derivative 
dy (x)/dx must be finite and continuous for all values of x. Now, if C 4 0 it is 
clear that the eigenfunction w(x) given by (4.43b) for x > O will not remain finite in 
the limit x — +00, since exp(k x) diverges in that limit. To prevent this unacceptable 
behaviour, we must choose the constant C = 0, so that for x > O the eigenfunction 
w(x) 1s given by w(x) = Dexp(—x«x). Thus we have 


Ae** + Be x < 0 4.44a 
W(x) = ai 
D x>0O (4.44b) 


KX 
ce; 


and we note that, since one of the two linearly independent solutions for x > 0 has 
been excluded, the energy eigenvalues for 0 < E < Vo are non-degenerate. 
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Next, let us consider the point of discontinuity of the potential at x = 0. We recall 
from our discussion of Section 3.1 that the existence of discontinuities of the first 
kind (i.e. finite jumps) in the potential does not modify the conditions of continuity 
imposed on the function w(x) and on its first derivative dyw(x)/dx. Indeed, at a 
finite discontinuity of the potential it follows from the Schrddinger equation (4.3) 
that the second derivative d*y(x)/dx? will exhibit a finite jump, but the integral of 
d*W(x)/dx? remains continuous, so that dy(x)/dx, and hence w(x), are continuous 
everywhere. This means that at x = 0 the solutions (4.44a) and (4.44b) must join 
‘smoothly’ in such a way that w(x) and dw(x)/dx are continuous. The condition 
that w(x) be continuous at x = 0 gives the relation 


A+B=D (4.45a) 
while the requirement that dy(x)/dx be continuous at x = 0 yields 
ik(A — B) = —xD. (4.45b) 
From equations (4.45) we deduce that 
1+1k/k 1 —ik/k 
A= ae D, B= aaa D (4.46) 


so that the solution w(x) of the Schrédinger equation (4.42) is given by equa- 
tions (4.44), with A and B obtained in terms of D from (4.46). Note that since the 
oscillatory part (4.44a) of w(x) can be joined smoothly to its exponential part (4.44b) 
for all values of E between O and Vo, the spectrum is continuous. The remaining 
constant D can be determined by ‘normalising’ the eigenfunction w(x), but this will 
not be required in what follows. We also remark that since the quantity 


Bo 1l—ik/k — 1~i(Vo/E —1)'” 


ae Sy 4.47 

A l+ik/k 1+ i(Vo/E —1)!/7 oe) 
is of modulus one it may be written in the form 

BO, V us 

A =e, a = 2tan! |-($ — ? (4.48) 
while 

D 2 2 

=1+e". (4.49) 


A I4+ik/k 1+iM%/E—)'? 
Hence the eigenfunction (4.44) can be rewritten in terms of the constant A as 


2Ae'*/* cos(kx — 4), x <0 (4.50a) 


x)= : 
w(x) |; Ae! cos te", x > 0 (4.50b) 


and is seen to be real, apart from a multiplicative constant. As an example, the 
eigenfunction (4.50) with A = 27! exp(—ia/2) is shown in Fig. 4.2 for the case 
a = —7/3, which corresponds to E = 0.75Vo. 

We may readily interpret the solution w(x) as follows. Let us first consider the 
region x < Q and return to equation (4.44a). We have seen in Section 4.2 that 
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Figure 4.2 The eigenfunction yw given by equations (4.50) with A = 27'exp(—ia/2), as a 
function of the variable y = kx, for the case a = —x/3, corresponding to an incident particle 
energy £ =0.75Vo. 


the functions exp(ikx) and exp(—ikx), when multiplied by the factor exp(—iEt/h), 
represent plane waves moving towards the right and towards the left, respectively. 
Moreover, the probability current density corresponding to the wave function (4.44a) 
is given (see (4.27)) by 


j=v[|A?-|Bl7], «<0 (4.51) 


where v = /Ak/m is the magnitude of the velocity of the particle. The first term 
Aexp(ikx) of w(x) in the region x < O therefore corresponds to a plane wave 
of amplitude A incident from the left on the potential step, while the second term 
B exp(—ikx) corresponds to a reflected plane wave of amplitude B. The reflection 
coefficient R is defined as the ratio of the intensity of the reflected probability current 
density (v|B|*) to the intensity of the incident probability current density (v|A|?). 
Thus 


_ vB? |Bi? 
— vA? AP? 


(4.52) 


and we see that the quantity R is also equal to the ratio of the intensity of the 
reflected wave to that of the incident wave. Note that R is independent of the absolute 
normalisation of the wave function y(x). Now, from (4.48) we have |A|* = |B”, so 
that R = | and the reflection is total. This result is in agreement with the prediction 
of classical mechanics, according to which all particles with total energy E < Vo are 
reflected by the potential step. However, we see from (4.6) and (4.50a) that to the left 
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of the barrier the position probability density 


P(x) = AAI? cos? (ks - >). x <0 (4.53) 
exhibits an oscillatory behaviour, which is a purely quantum mechanical interference 
effect between the incident and reflected waves. 

Since |A|* = |B|*, the probability current density (4.51) vanishes for x < 0. By 
substituting the expression of w(x) given by (4.44b) on the right of equation (4.7), it 
is also readily verified that ; = 0 for x > 0. Hence there is no net current anywhere 
and therefore no net momentum in the state (4.44). This result could have been 
predicted directly by looking at the form (4.50) of the wave function. Indeed, as we 
already remarked in Section 4.2, the probability current density (4.7) vanishes for any 
function w(x) which is real except for a multiplicative constant. 

Let us now examine in more detail the eigenfunction w(x) in the region x > 0, as 
given by (4.44b). The interesting feature is that this function does not vanish in this 
region. Thus, using (4.6) and (4.44b), we find that the position probability density is 
given to the right of the potential step by 


P(x) =|D\?e"***, x>0. (4.54) 


Although this expression decreases rapidly with increasing x, there is a finite 
probability of finding the particle in the classically inaccessible region x > 0. This 
striking non-classical phenomenon of barrier penetration is of great importance in the 
understanding of various phenomena in quantum physics, and will be illustrated in the 
following sections. Inthe present case, however, the wave-like property of penetration 
into the classically excluded region cannot be demonstrated experimentally. Indeed, 
in order to observe the particle in the region x > O, it must be localised within a 
distance of order Ax ~ «~!, for which the probability (4.54) is appreciable. As a 
result, its momentum would be uncertain by an amount 


h 
Ap, > — hk = [2m(Vo — E)]'” (4.55) 
Ax 
and its energy would be uncertain by a quantity 
Ap,)* 
hp EE Sy ve (4.56) 
2m 


so that it would no longer be possible to state with certainty that the total energy E 
of the particle is less than Vo. 

It is interesting to examine the limiting case of an infinitely high potential barrier, 
so that Vo — oo (the energy E being kept constant). Then «k — oo and we see 
from (4.44b) that w(x) — O in the classically forbidden region x > 0. From (4.47)— 
(4.49) we also deduce that 


dD 
lim —=-—l, lim —=0 (4.57) 
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so that as Vp) — oo we have B = —A and D = 0. The wave function (4.44) therefore 
becomes, in this case, 
Ikx —ikx 
oye A(e EONS. ae) (4.58) 
0, x >0. 

Thus, for an infinitely high barrier the wave function vanishes at the barrier (for x = 0) 
and beyond it (for x > 0), in agreement with the discussion of Section 3.6. We also 
remark that at the point x = 0, where the potential makes an infinite jump, the slope 
of the wave function (4.58) changes suddenly from the finite value 2ikA to zero. 
Note that this discontinuity of the slope 1s not in contradiction with the condition of 
‘smooth’ joining (which requires both w(x) and dw(x)/dx to be continuous) which 
only holds when the potential is either continuous or exhibits finite jumps. 


Case 2: E > Vo 


Let us now return to finite potential steps and consider the case for which the total 
energy E exceeds Vo. The Schrodinger equation (4.3) then becomes 


@ 5 1/2 
~ +Rv(x) =0, k= (re) | x<0 — (4.59a) 
Pp 1/2 
and is readily solved to give 
ier Ae*k* + Be, x < 0 (4.60a) 
Cel’* + Deik*, x 50 (4.60b) 


where A, B, C and D are integration constants. We see that in both regions x < 0 
and x > OQ the wave function (4.60) has an oscillatory character. Moreover, it is 
doubly degenerate since it consists of a linear combination of two linearly independent 
solutions corresponding to the same energy. 

In order to make progress in the interpretation of the wave function (4.60), we must 
specify the physical situation which we want to study. Clearly, the particle can be 
incident on the step either from the left or from the right. We shall consider here the 
case when the particle is incident from the left. We must then discard the second term 
D exp(—1k’x) on the nght of (4.60b), since this term corresponds to a reflected wave 
travelling in the direction of decreasing x in the region x > 0, and there is nothing 
for x large and positive which can cause such a reflection. Hence we must set D = 0, 
so that the wave function (4.60) becomes 


Aek*x + Be“, xy < 0 4.61 
ix) = 4 pe 
Ce, x > 0. (4.61b) 


We see that it consists of an incident wave (of amplitude A) and a reflected wave 
(of amplitude B), both of wave number k, in the region x < 0, and of a transmitted 
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wave (of amplitude C) of wave number k’ in the region x > 0. Thus, in contrast with 
classical mechanics which says that a particle with energy E > Vo will always pass 
the potential step, quantum mechanics predicts that the incident wave will be partly 
transmitted and partly reflected. 

The constants A, B and C in (4.61) can be related by joining ‘smoothly’ the 
solutions (4.61a) and (4.61b), so that w(x) and dw(x)/dx are continuous at x = 0. 
Continuity of w(x) at x = O requires that 


A+B=C (4.62a) 


and continuity of dy(x)/dx at x = 0 yields the further condition 


k(A — B)=k'C. (4.62b) 
These two equations are readily solved to give 

B k-k’ 

ao (4.63) 

A k-+k’ 
and 

2k 
= = ——_. (4.64) 
A k+k’ 


Since the two solutions (4.61a) and (4.61b) can be joined smoothly in this way for all 
values of E > Vo, the spectrum is again continuous. 

Let us now consider the probability current density j associated with the wave 
function (4.61). Substituting this wave function in (4.7), we find that 


j=v{[|A/—-|Bl’], x <0 (4.65a) 
=v Cl’, x>0 (4.65b) 


where v = fik/m and v’ = hk’/m are the magnitudes of the particle velocity in the 
regions x < O and x > 0, respectively. Using (4.63) and (4.64) we have 


BP vic? 


uid - 4.66 
JA|?_—v | Al? oe 


so that v’|C|* = v[|A|* — |B|*] and the probability current density j has the same 
constant value everywhere, as it should for any one-dimensional stationary state. 
Note, however, that in contrast to the case 0 < E < Vo studied above, this constant 
value is not zero in the present situation. 

The reflection coefficient R has been defined in (4.52) to be the ratio of the intensity 
of the reflected probability current density to that of the incident probability current 
density. Using (4.63), we therefore have 


(BP kk L-d -/E)'?P 
(Al, (kK)? OL 4 = V0/E)!/2]?° 


The reflection coefficient is plotted in Fig. 4.3 as a function of the ratio E/ Vo. We 
have also included in this graph the case E/ Vo < 1 studied above, for which R = 1. 


E> Vo. (4.67) 
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Figure 4.3 The reflection coefficient R for particles incident on the step potential (4.41), as a 
function of the ratio E / Vo. 


Note that R = 1 when E = Vo. As E/ Vo continues to increase beyond unity, R 
decreases monotonically and tends to zero when E'/ Vo — oo. 

We can also define the transmission coefficient T as the ratio of the intensity of 
the transmitted probability current density to that of the incident probability current 
density. Thus 7, like R, is independent of the absolute normalisation of the wave 
function w(x). Using (4.64) we obtain 


vlc? 4kke AC — Wo/E)'? 
— eAlP> Ck +k)? [1+ — V/E)! 22’ 


and we see that both R and T depend only on the ratio Vo/£. Moreover, we deduce 
from (4.66) that 


R+T=1. (4.69) 


E> Vo (4.68) 


We have seen above that the wave function describing the motion of the particle 
is partially reflected and partially transmitted at the potential step. Similarly, the 
probability flux incident upon the potential step is split into a reflected flux and a 
transmitted flux, the total probability flux being conserved by virtue of (4.69). The 
particle itself is of course not split at the potential step, since particles are always 
observed as complete entities. In any particular event the particle will either be 
reflected or transmitted, the probability of reflection being R and that of transmission 
being 7 for a large number of events. 

The fact that potential steps can reflect particles for which E > Vo (i.e. having 
enough energy to be classically transmitted) is clearly due to the wave-like properties 
of particles embodied in the quantum mechanical formalism. It is therefore not 
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surprising that this behaviour is analogous to a phenomenon occurring in classical 
wave optics, namely the reflection of light at a boundary where the index of refraction 
changes abruptly. Indeed, let us consider the regions to the left and to the night of 
the potential step as two ‘optical media’. In the first medium (x < 0) the de Broglie 
wavelength of the particle is A = 22/k, and in the second medium (x > Q) it is 
given by A’ = 27/k’. The index of refraction n of medium 2 relative to medium | is 
defined in the usual way as the ratio of the two wavelengths 


a k Voy 
n==7=(1-Z] (4.70) 


and in terms of this index of refraction we have 


l—n . 
R= (; —*) (4.71) 


which is precisely the result obtained in wave optics. 

Until now we have analysed the situation for which the particle is incident from 
the left, but it is also instructive to consider the case when the particle is incident 
on the potential step from the right. We must then set A = 0 in the general wave 
function (4.60), since the term A exp(ikx) now corresponds to a reflected wave in the 
region x < Q, and there is no reflector for x — —oo. Following the method given 
above, it is straightforward to obtain the reflection and transmission coefficients for 
this case (Problem 4.3). It is found that they are the same as those given by (4.67) 
and (4.68) for a particle incident from the left, a result which could have been 
anticipated since both R and T remain unchanged if k and k’ are exchanged. This 
clearly shows that partial reflection is not due to an increase of V (x) in the direction 
of motion of the particle, but results from an abrupt change in the potential (and 
hence in the de Broglie wavelength of the particle), just as optical reflection occurs at 
a boundary where the index of refraction changes abruptly. Thus, if we return to the 
smoothly varying potential shown in Fig. 4.1(a), we can predict that partial reflection 
of particles with energy E > Vo will only occur significantly if the potential V (x) 
changes by an appreciable amount over a short distance. This can be proved by 
solving explicitly the Schrédinger equation (4.3) for potentials of the form shown in 
Fig. 4.1(a). It is found that partial reflection for E > Vo occurs if the potential V(x) 
varies significantly over a distance of the order of the de Broglie wavelength A of the 
incident particle. On the other hand, reflection is negligible when the potential varies 
slowly over that de Broglie wavelength. This, of course, is the case in the classical 
limit for which any realistic potential V (x) of the form shown in Fig. 4.1(a) changes by 
a negligible amount over the de Broglie wavelength, which tends to zero in that limit. 
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Figure 4.4 A rectangular potential barrier of height Vo and thickness a. 


The potential barrier 


We now proceed to study the motion of a particle in a potential V(x) which has the 
form of the rectangular barrier shown in Fig. 4.4. Thus 


0, x <0O 
Vix) = %4Vo, O<x <a (4.72) 
0, x>a 


with Vo > 0. According to classical mechanics, a particle of total energy E incident 
upon this barrier would always be reflected if E < Vo and it would be transmitted 
if E > Vo. In view of what we learned in the preceding section, we expect that 
quantum mechanics will lead to a different prediction. Indeed, as we shall now see, 
the quantum mechanical treatment of this problem leads to the conclusion that both 
reflection and transmission happen with finite probability for most (positive) values 
of the particle energy. 

We begin by remarking that, as in the case of the potential step, there is no admissible 
solution of the Schrédinger equation (4.3) for the potential (4.72) when E < 0. We 
shall thus assume that E > 0. Note that the problem we want to analyse belongs to 
the category of one-dimensional scattering problems, in which a particle of energy 
FE > OQ interacts with a potential in a given interval, and is free outside this interval. 
In the present case the particle interacts with the potential in the interval (0, a). In 
the external regions x < 0 and x > a the particle is free, and the general solution of 
the Schrédinger equation (4.3) is given by 


Ae* + Bew#** xy < 0 (4.73a) 


¥OO = ) cele. De® xa (4.73b) 
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where A, B, C, D are constants and k = (2mE/h*)!'/. It is interesting to remark 
that solutions of the form (4.73) are valid in the force-free regions that are external 
to the interval in which any scattering potential acts. 

The particle can obviously be incident upon the barrier either from the left or from 
the right. We shall study here the case when it is incident on the barrier from the left. 
Since there is nothing at large positive values of x to cause a reflection, we must set 
D = Oin (4.73b). The wave function is therefore given in the external regions by 


(= i + Be**, x <0 (4.74a) 


Cel**, x >4. (4.74b) 


We see that in the region x < 0 the wave function consists of an incident wave of 
amplitude A and a reflected wave of amplitude B, both of wave number k. In the 
region x > a it iS a pure transmitted wave of amplitude C and wave number k. This 
interpretation is readily checked by substituting the wave function (4.74) into (4.7). 
The resulting probability current density (which is constant since we are dealing with 
one-dimensional stationary states) is given by 


_ JuflAl’ — |B], x <0 (4.75a) 
dlc, x>a (4.75b) 


where v = ik/m is the magnitude of the particle velocity. The quantities v|A|’, v|B|? 
and v|C|* are, respectively, the intensities of the incident, reflected and transmitted 
probability current densities. Following the definitions of Section 4.3, a reflection co- 
efficient R and a transmission coefficient T can be introduced, which are independent 
of the absolute normalisation of the wave function w(x). They are given by 


_ |BP _IcP 
~ AP’ ~ AP 


Note that in writing the expression for T we have used the fact that the velocity v of 
the particle is the same in both regions x < QO and x > a. 

Until now we have studied the solution w(x) of the Schrédinger equation in the 
external regions x < 0 and x > a. The nature of the solution in the internal region 
0 < x < adepends on whether E < Voor E > Vo. We shall analyse these two cases 
in succession. 


(4.76) 


Case 1: E < Vo 


Remembering that V(x) = Vo forO < x <a, and setting k = [2m(Vp — E)/h?]!/ 
as in (4.42b), the solution of the Schrédinger equation in the internal region is given 
by 


w(x) = Fe“* + Ge“, O<x <a. (4.77) 


The five constants A, B, C, F and G can be related by requiring that w(x) and 
dw (x)/dx be continuous at both points x = O and x = a where the potential is 
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discontinuous. Thus at x = 0 we have, from (4.74a) and (4.77), 


A+B=F+G (4.78a) 
ik(A — B) = k(F —G) (4.78b) 


while at x = a we find from (4.74b) and (4.77) that 


Celk¢ = Fe“? + Ge-*4 (4.79a) 
ikCelX? = «(Fe — Ge“*). (4.79b) 


Eliminating F and G and solving for the ratios B/A and C/A, we obtain 


B k2 2 2Ka __ | 
i eee (4.80a) 
A e*4(k +ik)? — (k — ik)? 
and 
Aik —ika ,ka 
es ee (4.80b) 
A e*4(k + ik)? — (k — ik)? 
so that the reflection and transmission coefficients are given by 
BP 4k? «? Pe 4E(Vo — E) ]7' 
ieee [ a tee = [ ao | (4.81a) 
|Al? (k2 + x2)? sinh‘ (ka) V5 sinh* (ka) 
and 
ler _ (k? +x)? sinh*(ka)]' _ V2 sinh?(ka) ] | aa 
|A|? Ak? K? 4E(Vo — E) 
It is also readily verified that R + T = 1, which expresses conservation of the 


probability flux. 

The above equations lead to the remarkable prediction that a particle has a certain 
probability of ‘leaking through’ a potential barrier which is completely ‘opaque’ 
from the point of view of classical mechanics. This phenomenon, which is one of 
the most striking features of quantum mechanics, is known as barrier penetration or 
the tunnel effect, and is quite common in atomic, nuclear and solid state physics. For 
example, the tunnel effect is fundamental in explaining the emission of alpha particles 
by radioactive nuclei, a process which we shall study in Chapter 8 after learning how 
to calculate the transmission coefficient for more general potential barriers than the 
rectangular one considered here. In Fig. 4.5 we illustrate schematically the tunnel 
effect by showing the modulus square of the wave function, |W(x)|*, fora rectangular 
potential barrier (4.72) such that m Vga? /h? = 0.25 and an incident particle energy 
F = 0.75Vo. Of particular interest is the fact that in the region x > a, one has 
lw (x)|* = |C|?, which is non-zero. We also note the attenuation of |y(x)|* inside 
the barrier, and the fact that since R < 1 we have |B| < |A|, so that the wave function 
w(x) —and hence |W (x)|* — never goes through zero in the region x < 0. 
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Figure 4.5 The modulus square of the wave function, lw(x)|*, for the case of a rectangular 
barrier such that mVoa?/h? = 0.25. The incident particle energy is E = 0.75Vo. The coefficient 
A in (4.73a) has been taken to be A = 1. 


Going back to equation (4.81b), we see that 7 — O in the limit E — 0, and 
that T is a monotonically increasing function of E. Also, when the particle energy 
approaches the top of the barrier (from below), we have 


. m Voa* = 
lim PS) = (4.82) 
E- Vo Dh 

Note that the dimensionless number m Voa/f? may be considered as a measure of 
the ‘opacity’ of the barrier. In the classical limit this opacity becomes very large, and 
the transmission coefficient T remains vanishingly small for all energies EF such that 
0< E< \. Finally, if <a > 1 we can write sinh(ka) ~ 27' exp(ka), so that the 
transmission coefficient is given approximately by 


T ~ a TF) 24 (4.83) 
0 

and is very small. 

The formula (4.83) has an important application in the scanning tunnelling micro- 
scope. A sharp metal needle is brought very close to a metal. The energy of the 
electrons within the needle and the surface is less than in the gap between them, so 
that a potential barrier exists through which the electrons can tunnel. If an electrical 
voltage is applied between the needle and the surface, a current will flow, whose 
magnitude depends on the transmission coefficient (4.83), in which the width a of 
the barrier is the height of the needle above the surface. Because of the exponential 
dependence of the transmission coefficient T on a, the current is a sensitive measure 
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Figure 4.6 A scanning tunnelling microscope image of the surface of a silicon crystal. 


of the height of the needle above the surface. This height can be adjusted as the needle 
scans the surface so that the current remains constant. In this way contour maps of 
surfaces have been obtained with an accuracy better than 10~'' m in the direction 
perpendicular to the surface and with a resolution of 0.5 x 10~? m in directions parallel 
to the surface. In Fig. 4.6 a constant-current image of the surface of a silicon crystal 
is shown. A periodic array is seen corresponding to surface unit cells. The black 
area near the centre is caused by a small defect. Further applications of tunnelling 
are discussed in Section 8.4. 


Case 2: E> Vo 
The solution of the Schrédinger equation in the internal region is now given by 
vit) = Fe** 4+ Ge“™ O<x <a (4.84) 


where k’ = [2m(E — Vo)/h7]'/2 as in (4.59b). 

The conditions that (x) and dy (x)/dx be continuous at the two points x = 0 and 
x = a provide four relations between the five constants A, B,C, F and G. Thus, after 
elimination of F and G, we can solve again for the ratios B/A and C/A. Actually, it 
is easier to obtain these ratios directly by replacing x by ik’ in the equations (4.80). 
We find in this way that the reflection and transmission coefficients are now given by 


Bl? Ak2k? - 4E(E—V))]"' 
= [ ETA = [ nd (4.85a) 
|A| (k2 — k’2)2 sin*(k’a) V7 sin*(k’a) 
cr (2 — k)? sin2(k’a) J"! V2 sin?(k’a) ] (Aas) 
— |AIz Ak2/2 7 4E(E — Vo) : 


and we see again that R + T = 1. The most important point about these equations is 
that the transmission coefficient T is in general less than unity, in contradiction to the 
classical prediction that the particle should always pass the potential barrier when E > 
Vo. In fact, we see from (4.85b) that we only have T = 1 when k’a = z, 27, 3z,..., 
namely whenever the thickness a of the barrier is equal to a half-integral or integral 
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Figure 4.7. The transmission coefficient for a rectangular potential barrier such that mVoa?/h? = 
10, as a function of the ratio E / Vo. 


number of de Broglie wavelengths 4’ = 22 /k’ in that region. This effect results from 
destructive interference between reflections at the two points x = 0 and x = a. We 
also remark that when E tends to Vo (this time from above), T joins smoothly to the 
value given by (4.82), while T becomes asymptotically equal to unity when E is large 
compared to Vo. 

In Fig. 4.7 we show the transmission coefficient T , obtained from equations (4.81b) 
and (4.85b), as a function of E/ Vo, for a barrier such that m Voa? /h? = 10. Note 
that even when E is somewhat smaller than Vo the transmission coefficient T is not 
negligible, which shows the importance of the tunnel effect in this case. 

Since the phenomena of barrier penetration are characteristic of waves, we should 
not be surprised that they have a classical analogue in wave optics. Consider for 
example two optical media | and 2 (such as glass and air) having refractive indices 
n, and n2, with n; > nz, and suppose that a plane wave is incident from the optical 
medium | on the plane interface of the two media (see Fig. 4.8(a)). If the angle of 
incidence @ is larger than the critical angle @, and if the optical medium 2 extends to 
infinity below the interface, the wave will be totally reflected, as shown in Fig. 4.8(a). 
However, despite the fact that the wave does not propagate in the optical medium 2, 
classical electromagnetic theory shows that the electric field does penetrate in that 
medium, its amplitude decreasing exponentially as one goes further away from the 
interface. This situation is therefore analogous to the potential step problem with 
E’ < Vo, for which we saw in the previous section that the reflection is total (R = 1), 
but the wave function w(x) does penetrate in the classically forbidden region (x > 0) 
and decreases exponentially in that region (see (4.44b)). 

Consider now the situation depicted in Fig. 4.8(b), where the optical medium 2 
is reduced to a thin layer separating two optical media of type 1. In this case, a 
wave incident at an angle 0 > @, will be partly reflected and partly transmitted. 
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Figure 4.8 (a) Illustration of the total reflection of a plane electromagnetic wave at the plane 
interface of two media having different refractive indices. (b) Illustration of frustrated total 
reflection. 


This phenomenon, called frustrated total reflection, can be fully understood by using 
classical electromagnetic theory, and is the analogue of the quantum mechanical 
tunnel effect. Just as the reduction of the optical medium 2 to a layer allows the 
transmission of the electromagnetic wave to occur, so does the reduction of a step 
potential (having infinite thickness) to a barrier potential (of finite thickness) permit 
the transmission of particles of energy E < Vo in the quantum mechanical problem. 


The infinite square well 


Thus far we have only considered examples for which the Schrédinger eigenvalue 
equation (4.3) has solutions for every positive value of the energy, so that the energy 
spectrum forms a continuum. This is the case whenever the classical motion is not 
confined to a given region of space. We shall now study the opposite case of a particle 
of mass m which is bound so that the corresponding classical motion is periodic. In 
contrast with classical mechanics, solutions of the Schrédinger equation (4.3) then 
exist only for certain discrete values of the energy, as we have seen in Section 3.6. In 
this section we shall analyse a simple example such that the energy spectrum consists 
only of discrete bound states. This is the infinite square well potential, corresponding 
to the motion of a particle constrained by impenetrable walls to move in a region of 
width L, where the potential energy is constant. Taking this constant to be zero, and 
defining a = L/2, the potential energy for this problem is 


Vix) = 0, —a<x<a (4.86) 


oo, |x| >a 


where we have chosen the origin of the x-axis to be at the centre of the well. This 
potential is illustrated in Fig. 4.9. 
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Figure 4.9 The infinite square well potential. 


As the potential energy is infinite at x = +a, the probability of finding the particle 
outside the well is zero. The wave function w(x) must therefore vanish for |x| > a, 
and we only need to solve the Schrédinger equation (4.3) inside the well. Moreover, 
since the wave function must be continuous, w(x) must vanish at the constraining 
walls, namely 


w(x) =0 at er of (4.87) 


We shall see shortly that this boundary condition \eads to the quantisation of the 
energy. Note that the derivative of the wave function, dw(x)/dx, cannot vanish at 
x = -ta, since then the eigenfunction y (x) would be the trivial solution wW = 0. Thus 
dy (x) /dx will be discontinuous at the points x = -ta, where the potential makes infi- 
nite jumps. As we have already remarked in Section 3.6, discontinuities of dy (x) /dx 
are allowed at the points where the potential exhibits infinite discontinuities. 

The Schrédinger equation for |x| < a is simply 


ey) 


= Ey (x). (4.88) 


Setting k = (2mE/h7)'/*, the general solution of (4.88) is a linear combination of 
the two linearly independent solutions exp(ikx) and exp(—ikx) or, equivalently, of 
the pair of real solutions sinkx and cos kx. In the present problem it is convenient to 
use the real solutions, so that we shall write the general solution in the form 


om 1/2 
w(x) = Acoskx + Bsinkx, = (SFE) (4.89) 


Let us now apply the boundary conditions (4.87). We find in this way that the 
following two conditions must be obeyed 


Acoska = 0, Bsinka = 0. (4.90) 
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It is clear that we cannot allow both A and B to vanish, since this would yield the 
physically uninteresting trivial solution y(x) = 0. Also, we cannot make both cos ka 
and sinka to vanish for a given value of k. Hence, there are two possible classes of 
solutions. For the first class B = 0 and coska = 0, so that the only allowed values 


of k are 
paki (4.91) 
2a L 
with n = 1,3,5,.... The corresponding eigenfunctions w,(x) = A, cosk,x can be 
normalised so that 
+a 
Wi (X)Wn(x)dx = | (4.92) 


—a 


from which the normalisation constants are found (within an arbitrary multiplicative 
factor of modulus one) to be given by A, = a~'/*. The normalised eigenfunctions 
of the first class can therefore be written as 


l 
Wn(x) = CF COS a SM ys Dace (4.93) 


In the same way, we find that for the second class of solutions A = 0 and sinka = Q, 
so that the allowed values of k are given by (4.91), with n = 2,4,6,.... The 
normalised eigenfunctions of the second class are therefore 


| 
nlx) = Te sin 5a, n=2,4,6,.... (4.94) 


For both classes of eigenfunctions it is unnecessary to consider negative values of n, 
since these lead to solutions which are not linearly independent of those corresponding 
to positive n. 

Taking into account the two classes of solutions, we find that the values of k are 
quantised, being given by k, = na/L, withn = 1,2,3,.... The corresponding 
de Broglie wavelengths are 1, = 22/k, = 2L/n, so that eigenfunctions are only 
obtained if a half-integral or integral number of de Broglie wavelengths can fit into the 
box. In contrast with the classical result, according to which a particle can move in 
the potential (4.86) with any positive energy, we see that in the quantum mechanical 
problem the energy is quantised, the energy eigenvalues being 

hk? _ h? 1?n? _ h? ?n? 


2m 8m az 2m L2’ 


h oa ye eee (4.95) 
so that the energy spectrum consists of an infinite number of discrete energy levels 
corresponding to bound states. Note that there is just one eigenfunction for each level, 
so that the energy levels are non-degenerate. We also see from (4.93) and (4.94) that 
the nth eigenfunction has (n — 1) nodes within the potential, and that the (real) 
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(a) Energy levels (b) Wave functions (relative scale) 


Figure 4.10 (a) The first four energy eigenvalues and (b) the corresponding eigenfunctions of the 
infinite square well. In (b) the x-axis for the eigenfunction wp is drawn at a height corresponding 
to the energy Ep. 


eigenfunctions w,,(x) and w,,(x) corresponding to different eigenvalues FE, and E,, 
are orthogonal: 


+a 
VW, (x) Wn (x)dx = 0, nem. (4.96) 
—a 
All these results are in agreement with the discussion of Sections 3.6 and 3.7. The first 
few energy eigenvalues and corresponding eigenfunctions are shown in Fig. 4.10. It 
is worth noting that the lowest energy or zero-point energy is E,=| = h*2*/8maz?, so 
that there is no state of zero energy. This is in agreement with the requirements of the 
uncertainty principle. Indeed, the position uncertainty is roughly given by Ax ~ a. 
The corresponding momentum uncertainty is therefore Ap, 2 h/a, leading to a 
minimum kinetic energy of order i?/ma?, in qualitative agreement with the value of 
FE). 


Parity 


There is an important difference between the two classes of eigenfunction which 
we have obtained. That is, the eigenfunctions (4.93) belonging to the first class 
are such that W,(—x) = w,(x) and are therefore even functions of x, while the 
eigenfunctions (4.94) of the second class are such that y,(—x) = —w,,(x) and hence 
are odd. This division of the eigenfunctions w,,(x) into eigenfunctions having a 
definite parity (even for the first class, odd for the second class) is a direct consequence 
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of the fact that the potential is symmetric about x = 0, 1.e. is an even function, 
V(—x) = V(x), as we shall now show. 

For this purpose let us study the behaviour of the Schrédinger eigenvalue equa- 
tion (4.3) under the operation of reflection through the origin, x —>» —x, which 
is also called the parity operation. If the potential is symmetric, the Hamiltonian 
H = —(h?/2m)d?/dx* + V(x) does not change when x is replaced by —x: it 
is invariant under the parity operation. Thus, if we change the sign of x in the 
Schr6dinger equation (4.3), we have 


h? dy (—x) 
2m = dx? 


so that both w(x) and w(—x) are solutions of the same equation, with the same 
eigenvalue E. Two cases may arise. 


+ V(x)w(—-x) = Ew(-x) (4.97) 


Case 1: The eigenvalue E is non-degenerate 


The two eigenfunctions w(x) and w(—x) can then differ only by a multiplicative 
constant 


Y(—x) =ay(x). (4.98) 
Changing the sign of x in this equation yields 
W(x) =ayp(—x) (4.99) 


and by combining these two equations we find that w(x) = a*w(x). Hence a? = 1 
so that a = +1 and 


W(—-x) = EW (x) (4.100) 


which shows that the eigenfunctions w(x) have a definite parity, being either even or 
odd for the parity operation x > —x. 

In particular, since bound states in one dimension are non-degenerate, every one- 
dimensional bound-state wave function ina symmetric potential must be either even or 
odd. Moreover, even functions clearly have an even number (including zero) of nodes, 
and odd functions have an odd number of nodes. As a consequence, if the energy 
levels are ordered by increasing energy values, the corresponding eigenfunctions are 
alternately even or odd, with the ground-state wave function being always an even 
function. As seen from (4.93) and (4.94), the results we have obtained above for the 
infinite square well are in agreement with these conclusions. 


Case 2: The eigenvalue E is degenerate 


In this case more than one linearly independent eigenfunction corresponds to the 
eigenvalue E, and these eigenfunctions need not have a definite parity. However, it 
is always possible to construct linear combinations of these eigenfunctions, such that 
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each has definite parity. Indeed, let us assume that the eigenfunction w(x) does not 
have a definite parity. We may then write 


W(x) = W4) + W(X) (4.101) 
where 

W(x) = sh (x) + W(-9)] (4.102a) 
obviously has even parity, while 

w_(x) = 5[¥(x) — W(-x)] (4.102b) 


is odd. Substituting (4.101) into the Schrédinger equation (4.3) we have 


hn? h° d? 
5 + V(x) - E |W oe - + V(x) - |v = 0. 
(4.103) 


Changing x to —x and using the fact that V(—x) = V(x), Wi(—x) = W(x) and 
w_(—x) = —wW_(x), we find that 


h? de? h* 
- + V(x)- E |v — = + V(x) — EB] v0 = 0. 
(4.104) 


Therefore, upon adding and subtracting (4.103) and (4.104), we see that w, (x) and 
w_(x) are separately solutions of the Schrédinger equation (4.3), corresponding to the 
same eigenvalue E. This completes the proof that for a symmetric (even) potential the 
eigenfunctions w(x) of the one-dimensional Schrédinger equation (4.3) can always 
be chosen to have definite parity, without loss of generality. 

The fact that eigenfunctions of the Schrédinger equation (4.3) can always be chosen 
to be even or odd when V (—x) = V (x) often simplifies the calculations. In particular, 
we only have to obtain these eigenfunctions for positive values of x, and we know 
that odd functions vanish at the origin, while even functions must have zero slope 
at x = 0. This is apparent in the case of the infinite square well, and will again 
be illustrated below in our study of the finite square well and the linear harmonic 
oscillator. 


Wave function regeneration 


The general solution of the time-dependent Schrédinger equation (4.1) for a particle 
in the infinite square well (4.86) is given by 


Oo 


W(x,0) = > cn Wn(x) exp(—iEnt/h) (4.105) 


n=] 


where the energy eigenvalues E,, are given by (4.95), and the corresponding eigen- 
functions are given by (4.93) for n odd and (4.94) for n even. The constants c,, can be 


162 @ One-dimensional examples 


determined from the knowledge of the wave function V(x, f) at any particular time 
to. Following the procedure leading to (3.154), and setting t9 = 0, we have 


+a 


C= We (x) (x, t = 0)dx (4.106) 


where we have used the normalisation condition (4.92) and the orthogonality rela- 
tion (4.96). 

As the time passes, the form of the wave packet V(x, tf) changes. However, we 
shall now show that at the tme t = 7, where T = 27h/E,, the wave packet is 
regenerated, so that 


Wx, =7T)=V,t=0). (4.107) 


Indeed, from (4.105), and since E,, = n*E,, we have 


= Qn 
Wix,t=T7T nn =] °E =| 
(x,t ) Duc yw cx) exp( In IE 


n=1 


OO 


Si Cn Wn (X) exp(—i27n7). (4.108) 


n=] 


Since 2n? is an even integer, it follows that exp(—i27n) = 1, and hence 


OO 


W(x, t=T) => ca¥n(x) = V(x, t = 0). (4.109) 


n=] 


By repeating this argument, we see that the wave function is completely regenerated 
at times sT, where s = 1, 2,3,... 1s a positive integer. 
Another interesting feature of the infinite square well wave function is that 


W(x, tf = Qs — 1)T/2) = —V(—x, t = 0) (4.110) 
which means that the wave function at times (2s — 1)T/2 is a reflection of that at 


t = O through the origin. To prove this, we note that 


OO 


W(x, t = (2s — 1)T/2) = cn Wn(x) exp[—irn?(2s — 1). (4.111) 


n=1 


When n is odd, n? is odd and exp[—ian?(2s — 1)] = —1. On the other hand, when 
2 


n is even, n” is even and exp[—ian?(2s — 1)] = 1. Thus 
W(x, t = (2s — 1)T/2) = Y cn(-1)" Wal). (4.112) 


n=! 


Since W(x) = W,(—x) when n is odd, and w,,(x) = —w,(—x) when n is even, the 
result (4.110) follows. 


4.6 
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Figure 4.11 The one-dimensional square well potential (4.113) of depth Vo and range a. 


The square well 


Let us now consider the square (or rectangular) well potential such that 


Vege Else (4.113) 


0, |x| >a 


where the positive constant Vo is the depth of the well and a is its range. This 
potential is illustrated in Fig. 4.11. Asin the case of the infinite square well studied in 
the preceding section, we have chosen the origin of the x-axis at the centre of the well, 
so that the potential is symmetric about x = 0. Two cases must be distinguished, 
corresponding respectively to positive or negative values of the energy E. When 
E > 0O the particle is unconfined, the corresponding scattering problem will be 
analysed later. The case E < O corresponds to a particle which is confined and hence 
is ina bound state; it is this situation which we shall study first. 


Casel: E <0 


Since the energy E cannot be lower than the absolute minimum of the potential, we 
must have —Vo < E < 0. Inside the well the Schrédinger equation (4.3) reads 


1/2 


d?W(x) ; 2m ne 2m 
+a°v(x)=0, a= ree a E) = yee IE|)| , 


dx2 


Ix| <a (4.114a) 
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and outside the well it can be written as 


: 1/2 1/2 
ad —~B-w(x)=0, B= (-3.) = (Fre) » [kl>a 
(4.114b) 


where we have introduced the binding energy |E| = —E of the particle. 

The potential being an even function of x, we know that the solutions have definite 
parity, and hence are determined by positive values of x. The even solutions of 
equations (4.114) are given for x > 0, by 


w(x) = Acosax, O<x <a (4.115a) 
and 
w(x) =Ce P*, x >a. (4.115b) 


In writing this last equation we have taken into account the fact that the wave function 
cannot contain a term like D exp(6x), which would become infinite when x — +00; 
we must therefore set D = 0. The requirements that y and dw/dx be continuous at 
x =a yield the two equations 


Acosaa = Ce 4 (4.116a) 

—aAsinaa = —BCe °4 (4.116b) 
from which we deduce that 

atanaa = B. (4.117) 


Note that instead of requiring both w and dy/dx to be continuous at x = a, we 
may simply ask that the logarithmic derivative of the wave function, y~!(dy/dx), 
be continuous at x = a. Indeed, this condition yields directly equation (4.117), since 
the normalisation constants A and C disappear by taking the ratio y~' (dy/dx). The 
requirement of continuity for the logarithmic derivative is therefore a simple way of 
expressing the conditions of smooth joining. 

The odd solutions of equations (4.114) are given for positive x by 


w(x) = Bsinax, O<x<a (4.118a) 
and 
W(x) =Ce P*, x >a. (4.118b) 


By requiring that y~!(dy/dx) be continuous at x = a we obtain the equation 
acotaa = —B. (4.119) 


The energy levels of the bound states are found by solving the transcendental 
equations (4.117) and (4.119), either numerically or graphically. We shall use here 
a simple graphical procedure to obtain the allowed values of the energy. We first 
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introduce the dimensionless quantities § = aa and n = Ba, so that the equations to 
be solved are 


EtanE =n (for even states) (4.120a) 
EcotE = —n (for odd states). (4.120b) 


Note that both € and 7 must be positive, and such that 
£2 i rn? = y? (4.121) 


where y = (2mVoa’/h)'/*. The energy levels may therefore be found by deter- 
mining the points of intersection of the circle & 24 7* = y’, of known radius y, 
with the curve 7 = & tan& (for even states), or with the curve n = —é cot & (for odd 
states). This is illustrated in Fig. 4.12(a) for even states and in Fig. 4.12(b) for odd 
states. Several conclusions can be deduced from these figures by inspection. First, 
the bound-state energy levels are seen to be non-degenerate, as expected since we are 
dealing with a one-dimensional problem. Second, their number is finite and depends 
on the dimensionless parameter y, which may be called the ‘strength parameter’ of 
the potential. Note that for a fixed value of the mass m of the particle, y depends 
on the parameters of the square well through the combination Voa’. In particular, 
we see from Fig. 4.12(a) that if 0 < y < ma there is one even bound state, while 
if 7 < y < 2m there are two such bound states. More generally, it is clear that 
there will be N. even-parity bound states if (Ne — 1)m < y < Nex. On the other 
hand, we note from Fig. 4.12(b) that if 0 < y < m/2, there is no bound state 
of odd parity, while if 7/2 < y < 3m/2, there is one such bound state. More 
generally, there are No odd parity bound states if (No — 1/2)m < y < (No+ 1/2)z. 
This brings us to our third conclusion, namely that as the strength parameter y 
increases, energy levels corresponding respectively to even and odd solutions appear 
successively (see Fig. 4.13), the total number of bound states being equal to N, if 
(N — 1)z/2 < y < Na /2. Hence the bound-state spectrum consists of alternating 
even and odd states, the ground state being always even, the next state odd, and so 
on. 

Having solved the equations (4.120) to determine the bound-state energy levels, 
we can readily obtain explicitly the corresponding normalised eigenfunctions from 
equations (4.115) (for even states) and (4.118) (for odd states). As an example, 
we illustrate in Fig. 4.14 the four energy eigenfunctions of a square well for which 
y = 5. The corresponding eigenenergies are found to be given respectively by 
E, = —0.93Vo, Ez = —0.73Vo, E3 = —0.41 Vp and EF, = —0.04V_. The eigenfunc- 
tions yw (x) and w3(x) are seen to be even, while w2(x) and w4(x) are odd, as expected 
from the foregoing discussion. Moreover, the nth eigenfunction has (n — 1) nodes, 
in agreement with the oscillation theorem (see Section 3.7). It is worth stressing 
that the eigenfunctions extend into the classically forbidden region |x| > a. In fact, 
we see from (4.115b) and (4.118b) that in this region the eigenfunctions fall off like 
exp(—f|x|), so that they extend to a distance given roughly by B-! = h/(2m|E|)'” 
which increases as the binding energy |£| of the particle decreases. 
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Figure 4.12 Graphical determination of the energy levels for a one-dimensional square well 
potential (a) for even states and (b) for odd states. The energy levels are obtained by finding the 
points of intersection of the circle £2 + n? = y2, of known radius y = (2mVoa*/h2)'/2 with the 
curve n = & tané (for even states), or with the curve n = —é coté (for odd states). The graphical 
solution of equations (4.120) is illustrated for three values of y. When y = 1 there is one (even) 
bound state, when y = 3 there are two bound states (one even, one odd) and when y = 5 there 
are four bound states (two even, two odd). The asymptotes are indicated by vertical dashed 
lines. 
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Figure 4.13 The energy level spectra for one-dimensional square wells of various depths Vo. 
The value of the strength parameter y = (2mVoa*/h*)'/2 corresponding to each energy level 


spectrum is indicated. The energy levels E; and £3 correspond to even solutions, while E2 and 
E4 correspond to odd solutions. 
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Vayry(x) 


Figure 4.14 The four energy eigenfunctions of a one-dimensional square well potential such that 
VES: 


Finally, let us examine the limiting case of an infinitely deep square well, for which 
Vo — © (so that y — oo). In order to make contact with the results of Section 4.5, 
it is convenient to start from a slightly different finite square well, such that V(x) = 0 
for |x| < a and V(x) = Vo for |x| > a. This corresponds to making an upward 
shift of the zero of the energies by an amount Vo. As we know (Problem 3.8), such 
a shift has the effect of adding the constant Vo to all the energy eigenvalues, and 
leaves the corresponding eigenfunctions unchanged. Thus the bound states occur 
for 0 < E < Vo; they are still determined by the transcendental equations (4.117) 
(for even states) and (4.119) (for odd states), where now a = (2mE/h*)'/? and 
B = [2m(Vo — E) /hy\'/ *. When Vo — on, it is apparent that the roots of equa- 
tions (4.120) will be given by 


En Ke. n= Ls Zi ish (4.122) 


and since € = aa = (2mE/h’)'/*a, the corresponding energy eigenvalues are 


h? mn? 


2 
8m az 


(4.123) 


in agreement with the result (4.95). Moreover, since B — oo when Vy) —> ow, the 
eigenfunctions (4.115) and (4.118) then vanish for |x| > a, as we found in Section 4.5 
for the infinite square well. 
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Case 2: E>0 


Let us return to the square well (4.113), and consider the case of positive energies, 
so that the particle is not bound. Assuming that the particle is incident upon the well 
from the left, the solution of the Schrédinger equation (4.3) in the external regions 
x < —aand x > ais given by 


_ pac Be, x= =a (4.124a) 
W(x) = Ceikx. x>a (4.124b) 
where k = (2mE /h°y'/ 2 A, B, C are constants, and we have used the fact that 
there is no reflector at large positive values of x (so that there is no term of the form 
exp(—ikx) in (4.124b)). In the region x < —a the wave function is seen to consist 
of an incident wave of amplitude A and a reflected wave of amplitude B, while in 
the region x > a it is a pure transmitted wave of amplitude C. In the internal region 
—a <x <a, the solution of the Schrédinger equation is 


w(x) = Fe + Ge (4.125) 


where a = [2m(Vo + E)/h7]!/”. 

Looking back at equations (4.74) and (4.84), we see that the present problem of 
scattering by a square well is closely related to the scattering by a potential barrier 
(with E > Vo) which was studied in Section 4.4. We shall therefore only outline the 
solution here, leaving the details of the calculations as an exercise (Problem 4.9). Itis 
worth noting that in one-dimensional scattering problems there is a lack of symmetry 
between the external regions to the left and to the nght of the potential, since the 
particle is assumed to be incident on the potential in a given direction. Hence in this 
case there is no advantage in dealing with solutions having a definite parity. 

The five constants A, B, C, F and G appearing in (4.124) and (4.125) can be 
related by requiring that the wave function w(x) and its derivative dw(x)/dx be 
continuous at x = +a. This smooth joining of the external and internal solutions can 
be done for any positive value of E, so that the spectrum is continuous for E > 0. 
After eliminating F and G, one can solve for the ratios B/A and C/A and obtain 
the reflection coefficient R = |B/A|? and the transmission coefficient T = |C/A|*. 
These are given by 


Ak? a? — 4E(Vo + E)]' 
Re [ Ee GoD | - [ a | (4.126a) 
(k? — a)? sin*(@L) V> sin’ (@L) 
and 
(k? — a)? sin? (aL) 77 V2 sin?(@L) ]—' 
T =|1 + ——.———_|_ =] 14+ 2 4.126b 
mn 4k2a? 4E(Vo + E) 


where we have written L = 2a. We have, of course, R + T = 1. We also remark 
that the above results may be obtained from the corresponding ones given in (4.85) 
for the potential barrier by making the obvious substitutions V9 > — Vo, k’ > a@ and 
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Figure 4.15 The transmission coefficient for a square well potential such that y = 10, as a 
function of the ratio E / Vo. 
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Figure 4.16 The transmission coefficient for a strong square well potential such that y = 100, 
as a function of the ratio E / Vo. 


a — L (we recall that the thickness of the potential barrier considered in Section 4.4 
was denoted by a, while here the corresponding quantity is called L). 

An important point about the results (4.126) is again that the transmission co- 
efficient T is in general less than unity, in contradiction to the classical prediction 
according to which the particle should always be transmitted. The behaviour of T 
as a function of the energy E is readily deduced from (4.126b). We see that T = 0 
when E = 0. As E increases, T rises and then fluctuates between its maximum value 
(T = 1) reached when@L = nz(n = 1,2,...) and minimanearaL = (2n+ 1)7/2. 
Note that, as in the case of the potential barrier, perfect transmission occurs when the 
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4.7 


thickness L is equal to an integral or half-integral number of de Broglie wavelengths 
(27 /a) in the internal region. Finally, when E is large compared with Vo, the 
transmission coefficient becomes asymptotically equal to unity. This is illustrated 
in Fig. 4.15, where T is plotted as a function of E'/Vo for a square well whose 
strength parameter is y = 10. 

The case of a particle of low energy scattered by a very strong well is of particular 
interest. Using (4.126b) we see that the transmission coefficient is then small almost 
everywhere, except for a series of sharp maxima (where T = 1), which are reached 
when the condition aL = nz is obeyed. Such pronounced peaks in the transmission 
coefficient are said to represent resonances, they are clearly typical of the wave-like 
behaviour of the particle, and are illustrated in Fig. 4.16 for a square well such that 
y = 100. 


The linear harmonic oscillator 


We shall now study the one-dimensional motion of a particle of mass m which is 
attracted to a fixed centre by a force proportional to the displacement from that 
centre. Thus, choosing the origin as the centre of force, the restoring force is given 
by F = —kx (Hooke’s law), where k is the force constant. This force can thus be 
represented by the potential energy 


V(x) = 5kx? (4.127) 


which is shown in Fig. 4.17(a). Such a parabolic potential is of great importance in 
quantum physics as well as in classical physics, since it can be used to approximate an 
arbitrary continuous potential W (x) in the vicinity of a stable equilibrium position at 
x = a (see Fig. 4.17(b)). Indeed, if we expand W(x) ina Taylor series about x = a, 
we have 


W(x) = Wa) + (x —a)W'(a) + 4(x — a)? W"(a) + - (4.128) 
with 
dW (x) " d? W(x) 
W'(a) = ( ay = W'(a) = ( qx? iz (4.128b) 


Because W(x) has a minimum at x = a we have W'(a) = 0 and W’(a) > 0. 
Choosing a as the origin of coordinates and W(a) as the origin of the energy scale, 
we see that the harmonic oscillator potential (4.127) (with k = W”(a)) is the first 
approximation to W(x). The linear harmonic oscillator is therefore the prototype 
for systems in which there exist small vibrations about a point of stable equilibrium. 
This will be illustrated in Chapter 10 for the case of the vibrational motion of nuclei 
in molecules. 
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Figure 4.17 (a) The parabolic potential well V(x) = 5 kx? . This is the potential of the linear 
harmonic oscillator. Also shown are the first few energy eigenvalues (4.151). (b) A continuous 
potential well W(x), represented by the solid line can be approximated in the vicinity of a stable 
equilibrium position at x = a by a linear harmonic oscillator potential, shown as the dashed line. 


As the potential energy for a linear harmonic oscillator is given by (4.127), the 
corresponding Hamiltonian operator is 


H Ss + akx? (4.129) 
= ~——~ + ~kx : 
2mdx* 2 
and the Schrédinger eigenvalue equation reads 
Ah? dy(x) 1s 
ag + kx Wa) = Ev). (4.130) 


Clearly, all eigenfunctions correspond to bound states of positive energy. It is 
convenient to rewrite (4.130) in terms of dimensionless quantities. To this end we 
first introduce the dimensionless eigenvalues 


_2E 


i=— 
hw 


(4.131) 
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where 
K\ 12 
w= (=) (4.132) 
m 
is the angular frequency of the corresponding classical oscillator. We shall also use 


the dimensionless variable 


E=ax (4.133) 


mk \'/4 mo \'/2 
a= (=) = (*) (4.134) 


The Schrédinger equation (4.130) then becomes 


dy (&) 
dg? 
Let us first analyse the behaviour of y in the asymptotic region |§| — oo. For any 
finite value of the total energy E the quantity 4 becomes negligible with respect to 
&* in the limit |&| —> 00, so that in this limit equation (4.135) reduces to 


+ (A — &*)W(E) = 0. (4.135) 


d? 
& = “we = 0. (4.136) 
For large enough |&| it is readily verified that the functions 
w(E) = EP et? (4.137) 


satisfy the equation (4.136) so far as the leading terms (which are of order &7y) 
are concerned, when p has any finite value. Because the wave function yw must 
be bounded everywhere, including at § = ov, the physically acceptable solution 
must contain only the minus sign in the exponent. The asymptotic analysis therefore 
suggests looking for solutions to equation (4.135) which are valid for all € having the 
form 


w(é) =e? 7 HE) (4.138) 


where H(&) are functions which must not affect the asymptotic behaviour of w. 
Substituting (4.138) into (4.135) we obtain for H (€) the differential equation 
tl oe ot A-1)H =0 4.139 
ee ge (S13?) 
which is called the Hermite equation. 

In order to solve this equation, let us expand H(&) in a power series in €. Since 
the harmonic oscillator potential (4.127) is such that V(—x) = V(x), we know 
from our discussion of Section 4.5 that the eigenfunctions w(x) of the Schrédinger 
equation (4.130) must have a definite parity. We shall therefore consider separately 
the even and odd states. 
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Even states 


For these states we have w(—&) = w(&) and also, therefore, H(—&) = H(&), so that 
we can write for H (€) the power series 


OO 


H(E)= Yo cxeé*, co #0 (4.140) 


k=0 
which contains only even powers of €. Substituting (4.140) into the Hermite equa- 
tion (4.139), we find that 


S [2k (2k — 1) cpE74-P + (A — 1 — 4k) cE] = 0 (4.141) 
k=0 
or 
[2k + 1)(2k + l)cpa + A — 1 — 4k)c, JE* = 0. (4.142) 
k=0 


This equation will be satisfied provided the coefficient of each power of € separately 
vanishes, so that we obtain the recursion relation 


Ak+1-A 
“tt Fee Oe)” 
Thus, given co # 0, all the coefficients cy, can be determined successively by using 
the above equation. We have therefore obtained a series representation of the even 
solution (4.140) of the Hermite equation. 
If this series does not terminate, we see from (4.143) that for large k 


(4.143) 


sels, (4.144) 
Ck k 

This ratio is the same as that of the series for €*? exp(€*), where p has a finite value. 
Using (4.138), we then find that the wave function y(&) has an asymptotic behaviour 
of the form 

WE) ~~ &PeF/? (4.145) 
I5| > 00 

which is obviously unacceptable. The only way to avoid this divergence of w(&) 
at large |&| is to require that the series (4.140) terminates, which means that H (&) 
must be a polynomial in the variable 2. Let the highest power of €* appearing in 
this polynomial be €*”, where N = 0, 1, 2,..., is a positive integer or zero. Thus 
in (4.140) we have cy + O, while the coefficient cy,; must vanish. Using the 
recursion relation (4.143) we see that this will happen if and only if A takes on the 
discrete values 


A=4N +1, N00 1 Zeb s (4.146) 


To each value N = 0,1,2,..., of N will then correspond an even function H (&) 
which is a polynomial of order 2N in &, and an even, physically acceptable, wave 
function w(&) which is given by (4.138). 
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Odd states 


In this case we have w(—é) = —w(&), and hence H(—&) = —H(&). Thus we begin 
by writing for H (&) the power series 


H(E)= > dé**', do #0 (4.147) 
k=0 


which contains only odd powers of €. Substituting (4.147) into the Hermite equa- 
tion (4.139), we obtain for the coefficients d;, the recursion relation 


4k+3-1 
2(k + 1)(2k +3) 
For large k we have dy41/dk ~ k—', so that the wave function w(€), given 
by (4.138), will again diverge at large |€| unless the series (4.147) for H (&) terminates. 
Let the highest power of € in (4.147) be €°%+!, where N = 0, 1,2,.... Sincedy 4 0, 


while dy; iS required to vanish, we see from the recursion relation (4.148) that A 
must take one of the discrete values 


dis = (4.148) 


A=4N +3, N= Oe 2 ean (4.149) 


To each value N = 0,1,2,..., of NM will then correspond an odd function H(&) 
which is a polynomial of order 2N + 1 in &, and an odd, physically acceptable wave 
function w(&) given by (4.138). 


Energy levels 


Putting together the results which we have obtained for the even and odd cases, we 
see from (4.146) and (4.149) that the eigenvalue A must take on one of the discrete 
values 


A=2n +1, S012 525 (4.150) 


where the quantum number n 1s a positive integer or zero. Using (4.131) we therefore 
find that the energy spectrum of the linear harmonic oscillator 1s given by 


E, = (n+ 4)hw = (n+ 4)hy, 
n=O, 1,2, (4.151) 


where v = w/2z is the frequency of the corresponding classical oscillator. 

In contrast with classical mechanics, which predicts that the energy E of a linear har- 
monic oscillator can have any value, we see from (4.151) that its quantum mechanical 
energy spectrum consists of an infinite sequence of discrete levels (see Fig. 4.17(a)). 
For any finite eigenvalue (4.151) the particle is bound. The energy levels (4.151) 
are equally spaced and are similar to those discovered in 1900 by Planck for the 
radiation field modes (see Section 1.1). This is due to the fact that a decomposition 
of the electromagnetic field into normal modes is essentially a decomposition into 
uncoupled harmonic oscillators. We notice, however, that according to (4.151) the 
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linear harmonic oscillator even in its lowest state (n = Q), has the energy hw/2. 
The finite value Aw/2 of the ground-state energy level, which 1s called the zero-point 
energy of the linear harmonic oscillator, is clearly also a quantum phenomenon. As 
in the case of the infinite square well discussed in Section 4.5, the existence of this 
zero-point energy is directly related to the uncertainty principle (see Problem 4.12). 
In classical mechanics the lowest possible energy of the oscillator would of course 
be zero, corresponding to the particle being at rest at the origin, but in quantum 
mechanics this is forbidden by the uncertainty relation (2.70). We also remark that the 
eigenvalues (4.151) are non-degenerate, since for each value of the quantum number 
n there exists only one eigenfunction (apart from an arbitrary multiplicative constant), 
this is in agreement with the observation, already made, that one-dimensional bound 
states are non-degenerate. 


Hermite polynomials 


Let us now return to the wave functions w(&). Using (4.138) and collecting our 
results for both even and odd cases, we see that the physically acceptable solutions 
of equation (4.135), corresponding to the eigenvalues (4.150), are given by 


Un(&) =e > 7 Hy (E) (4.152) 


where the functions H,,(€) are polynomials of order n. Both y,,(€) and H,,(&) have 
the parity of n. Moreover, the polynomials H,,(& ) satisfy the Hermite equation (4.139) 
with A = 2n + 1, namely 
2 
d* Hn 2 dH, 
dé? dé 
The polynomials H,,(€) are called Hermite polynomials. It is clear from the fore- 
going discussion that they are uniquely defined, except for an arbitrary multiplicative 
constant. This constant is traditionally chosen so that the highest power of € appears 
with the coefficient 2” in H,(&). This is consistent with the following definition of 
the Hermite polynomials: 


+ 2nH, = 0. (4.153) 


nt? de 

A,(§) = (-1)"e (4.154a) 

dé" 
= ff /? (s ~ =) ef. (4.154b) 
dé 
The first few Hermite polynomials, obtained from (4.154), are 

Ao(é) = |! 

H\(§) = 2& 

Hy(&) = 4§° — 2 

H3(§) = 8&° — 12€ (4.155) 


H4(€) = 164 — 48&? + 12 
H5(E) = 32E° — 160E* + 1208. 
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Note that the definition (4.154) implies that H,,(€ ) has n real zeros. 
Another definition of the Hermite polynomials H,,(€), which 1s equivalent to (4.154) 
involves the use of a generating function G(&, 5). That is 


G(é,s) =e +288 (4.156a) 
= > SS (4.156b) 
=O n: 


These relations mean that if the function exp(—s* +2s€) is expanded in a power series 
in s, the coefficients of successive powers of s are just 1/n! times the Hermite poly- 
nomials H,,(§). Using equations (4.156) it is straightforward to prove (Problem 4.13) 
that the Hermite polynomials satisfy the recursion relations 


Ani (€) = 2§ A, (€) We 2nAn-| (€) = 0 (4.157) 
and 
dH,(E) 
je = 2 Hn 168). (4.158) 


The lowest-order differential equation for H, which can be constructed from these 
two recursion relations is then readily seen to be the equation (4.153) satisfied by 
the Hermite polynomials. Moreover, the equivalence of the two definitions (4.154) 
and (4.156) of the Hermite polynomials can be proved by using both expressions for 
G(é, 5) given in (4.156), differentiating n times with respect to s, and then letting s 
tend to zero (Problem 4.14). 


The wave functions for the linear harmonic oscillator 


Using (4.152), we see that to each of the discrete values E,, of the energy, given 
by (4.151), there corresponds one, and only one, physically acceptable eigenfunction, 
namely 


Wn (x) = N,e-”* /?H, (ax) (4.159) 


where we have returned to our original variable x. Both H,,(ax) and w,(x) have the 
parity of n and have n real zeros. The quantity N,,, written on the right of (4.159) is a 
constant which (apart from an arbitrary phase factor) can be determined by requiring 
that the wave function (4.159) be normalised to unity. That is 


as 2 |Nnl? a 2 


OO OO 


In order to evaluate the integral on the right of (4.160), we consider the generating 
function G(&, s) given by (4.156) as well as the second generating function 


G(é, t) = en +28 
3 Am (5) im (4.161) 


! 
aa, m, 


4.7. The linear harmonic oscillator # 177 


Using (4.156) and (4.161), we may then write 


+00 CO © nym +00 
| e GUE, s)G(E, nd = SS > | eH, (E)Hm(E)dE. (4.162) 


Im! 
0° =O mao em: 


Since 


+00 
| ev dx = Ja (4.163) 


io @) 


the integral on the left-hand side of (4.162) is simply 


oe 2 2 2 vee 2 
| eé e +258 a! #els de a a | e -s—N) d(é eee: t) 


io @) 


“fey a (4.164) 


Equating the coefficients of equal powers of s and ¢ on the nght-hand sides of (4.162) 
and (4.164), we find that 


+00 
| e H7(é)dE = J/2"n! (4.165) 
and 
+00 5 
| e > H,(E)Hm(E)dE = 0, nm. (4.166) 


From (4.160) and (4.165) we see that apart from an arbitrary complex multiplicative 
factor of modulus one the normalisation constant N,, is given by 


. 1/2 
N, = (5) (4.167) 


so that the normalised linear harmonic oscillator eigenfunctions are given by 


5 2 es 
W(x) = (a) e H, (ax). (4.168) 
Moreover, the result (4.166) implies that 
+00 
Wn (X)Wm(x)dx = 0, nxzAm (4.169) 


so that the (real) harmonic oscillator wave functions yy, (x) and W,,(x) are orthogonal 
if n ~# m, in agreement with the fact that they correspond to non-degenerate energy 
eigenvalues. We may of course summarise equations (4.160) and (4.169) by writing 
that the set of normalised eigenfunctions (4.168) satisfies the relations 


+00 


W(X) Wm (x)dx = Sam (4.170) 


—oO 
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and hence is orthonormal. 

It is worth noting at this point that other integrals involving harmonic oscillator 
wave functions can also be evaluated by using the generating function (4.156) of the 
Hermite polynomials. For example, let us consider the integral 


+00 NaNm +00 . 
ton =f WE) Code = AT" [eM EHC) ME ITD 


—90 e.@) 


which we shall need further in this book. Using again the two generating functions 
G(&, s) and G(&, t), we now look at the quantity 


+00 CO CO Unym +00 ‘ 
| e EG(E,s)G(E,t)dé = D> — | e* € Hn(E) Hm (E dE. 
— (4.172) 


Using the result (4.163), one finds that the integral on the left-hand side is given by 


+00 
| oF Ee 8 256 p- 4216 GE es Jn (s + res! 


CO 


CO gn 
=A 0 — (st ther 4 tently, (4.173) 
n=0 Nn: 


Upon comparison of the coefficients of equal powers of s and ¢ on the nght-hand 
sides of (4.172) and (4.173), and using (4.167), we see that 


0, meéntl 
lyn+ 1y\!/2 
sie —( ; ) ee (4.174) 
1 1/2 
- (=) 4 m=n—l. 
a\2 


This result may also be obtained (Problem 4.15) by using the recurrence 
relation (4.157) together with the orthonormality relation (4.170) and the 
result (4.167). We remark in particular that for any harmonic oscillator wave 
function yw, the expectation value of x vanishes: 


+00 
(X) = Xnn = Wn (xX)xYn (x)dx = 0. (4.175) 


—&o 


This could have been anticipated on general symmetry grounds. Indeed, the harmonic 
oscillator wave functions have a definite parity (even when n is even, odd when n is 
odd), so that |w,,(x)|* is an even function of x. The integrand x|w,(x)|7 appearing 
in (4.175) is therefore an odd function of x, so that its integral taken from —oo to 
+oo vanishes. 
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Comparison with classical theory 


The eigenfunctions wy, (x) of the linear harmonic oscillator corresponding to the four 
lowest eigenvalues (n = 0 to 3) are plotted on the left of Fig. 4.18. On the right 
are displayed the corresponding position probability densities |y,|?, together with 
the limits of motion for a classical oscillator having the corresponding energy E,, 
and the classical probability density P, for such an oscillator. According to classical 
mechanics, the position of the particle is given by x = xo sinwt (where xo is the 
amplitude of oscillation), its speed is v = wx cos wr, and its energy is E = mw*xé /2. 
The classical motion takes place between the turning points, such that E = V(x), 
located at +x9 = +(2E/mo*)!'/*. The probability P.(x)dx that the classical particle 
will be found in the interval dx 1n a random observation is equal to the fraction of the 
total time spent by the particle in that interval. If T = 27/w denotes the period of 
oscillation, we therefore have 


1 2dx dx 
P.(x)dx = — — = — 4.176 
2 T v (xe — x?)!/2 ( ) 


As expected, the classical probability density P.(x) is largest in the vicinity 
of the turning points +xg, where the speed of the classical particle vanishes. In 
terms of the reduced variable € = ax the classical turning points are located at 
+&) = taxg = +A!/* (where we recall that A = 2E/hw), and the classical 
probability density is 


P.(é) = (4.177) 
Tr ( 


] 
Gye 


It is clear from Fig. 4.18 that for low values of the quantum number n the quantum 
mechanical position probability densities | y, |? are very different from the correspond- 
ing densities P. for the classical oscillator. For example, in the case of the ground 
state (n = 0), the quantum mechanical probability density |yo|* has its maximum at 
x = 0, while classically the particle is most likely to be found at the end-points of its 
motion, as we have seen above. As predicted on general grounds (see Section 3.6) 
the wave functions y, curve towards the axis and have n zeros in the classically 
allowed region of motion. Outside that region the wave functions curve away from 
the axis and decrease rapidly, but there is nevertheless a finite probability of finding 
the particle outside the classically permitted region. As n increases the agreement 
between the classical and quantum mechanical probability densities improves. This 
is in accordance with Bohr’s correspondence principle, and is further illustrated 
in Fig. 4.19, where the quantum mechanical position probability density |w,,|* for 
n = 20 is plotted together with the probability density P, of the corresponding 
Classical oscillator, having a total energy E,229 = (41/2)hw. Apart from the rapid 
fluctuations of the quantum mechanical curve, the general agreement between the 
classical and quantum results is seen to be quite good. 
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Figure 4.18 The first four energy eigenfunctions y,(&), n = 0,1, 2,3, of the linear harmonic 
oscillator are plotted on the left. On the right are shown the corresponding position probability 
densities |yn(&)|* (solid curves), together with the limits of motion for a classical oscillator having 
the energy £,,, and the classical probability density P.(&) for such an oscillator (dashed curve). 
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Figure 4.19 Comparison of the quantum mechanical position probability density for 
the state n = 20 of a linear harmonic oscillator (solid curve) with the probability 
density of the corresponding classical oscillator (dashed curve), having a total energy 
EF n=20 = (41/2)hw. 


It is also interesting to evaluate the expectation value of the potential energy in the 
State W,, namely 


+00 1 
(Y= Yin (x) 5 kx" Wn (x)dx 
= Shi (4.178) 
2 
where 
+00 
(x?) = W(x) x? Wn (x) dx. (4.179) 


The integral on the right of this equation can be evaluated by using the generating 
function (4.156), or by making use of the recursion relation (4.157) in conjunction 
with the orthonormality relation (4.170). The result is (Problem 4.16) 


(x2) _ 2n + | - ( fu ae (4.180) 


2a2 2/ mw 


so that, using (4.132), (4.178) and (4.151), we have 


(V) =i (n+ 5)ho = SEy. (4.181) 
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4.8 


From this result we can also deduce the average value of the kinetic energy operator 
T = p*/2m = —(h* /2m)d? /dx? in the state y,,. That is 


(T) = Ep (V5 Ea. (4.182) 


Thus, for any harmonic oscillator eigenstate w,, the average potential and kinetic 
energies are each equal to one-half of the total energy, as in the case of the classical 
oscillator. 

We have seen above that (x) = O for any harmonic oscillator eigenfunction y,. 
By using the relation (4.158) together with the orthonormality relation (4.170), it 1s 
readily proved (Problem 4.16) that 


d 
(Px) = | vats) (—in & vata = 0 (4.183) 
and from (4.182) we also deduce that 


(py) = 2m(T) =mE, = (n + 5)mho. (4.184) 


The periodic potential 


As our final example of one-dimensional problems, we shall consider the motion of 
a particle in a periodic potential of period /, so that 


V(ix+l) = V(x). (4.185) 


As an illustration we show in Fig. 4.20 a periodic potential with rectangular sections, 
called the Kronig—Penney potential, which can be used as a model of the interaction 
to which an electron is subjected in a crystal lattice consisting of a regular array of 
single atoms separated by the distance /. 


Bloch waves 


We shall first deduce some general consequences due to the periodicity of the poten- 
tial (4.185). Although a real crystal is of course of finite length, we shall assume, as 
a useful idealisation, that equation (4.185) is true for all values of x, over the entire 
x-axis. Thus, if w(x) is a solution of the Schrédinger equation (4.3), corresponding to 
the energy E, soalso is w(x +/). In addition, because the Schrédinger equation (4.3) 
is a second-order linear equation, any solution w(x) may be represented as a linear 
combination of two linearly independent solutions yy; (x) and W(x) 


W(x) = crWi(x) + c2W2(2). (4.186) 


Now w(x +/) and y2(x +1) are also solutions of (4.3), and hence may be represented 
as linear combinations of yy, (x) and W(x) 
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Figure 4.20 A periodic potential with rectangular sections, called the Kronig—Penney potential. 
The period has length /. The wells represent schematically the attraction exerted by the atoms 
(ions) of the crystal lattice on the electrons. 


Vitx +1) = aynwi(x) + ai2W2(x) 
Wo(x +1) = ag wi(X) + a22W2(X). (4.187) 


Thus, using (4.186), (4.187) and the fact that w(x + /) is also a solution, we may 
write 


W(x +1) = (Cray, + €2€21) 1 (x) + (C1412 + C2422) W2(x) 
= dWi(x) + dopo(x). (4.188) 


The relation between the coefficients (c;, cy) and (d;, dz) clearly involves the matrix 
multiplication 


d\ _ Qa}; 42) C\ 
(1) 7 be . (‘:) (4.189) 


Let us see what happens if we diagonalise the 2 x 2 matrix in this equation. We 
must then solve the equation 


aj; —A ar 
a\2 a27 —A 


=) (4.190) 


which is a quadratic equation for A, having two solutions A; and A». If (cy, cz) is 
an eigenvector corresponding to one of the eigenvalues A = A,;(i = 1, 2), we have 
d, = Ac, and dz = Ac. Thus, among the solutions, w(x), there are two having the 


property 
W(x +1) =AVW(x) (4.191) 


where A is a constant factor. This result is known as Floquet’s theorem. Of course, 
we see immediately from (4.191) that 


W(x +nl) =A" W(x), n=0,+1,+2,.... (4.192) 
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Now, let y,, and y,, be two solutions of the Schrdédinger equation (4.3) corresponding 
to the energy E, which satisfy (4.191) and correspond respectively to the eigenvalues 
A, and A2 of equation (4.190). Let y,, and y,, denote their respective derivatives. If 


Wr, Way 
WSS 4.193 
Vi, Wy, ( ) 
denotes the Wronskian determinant of , and y,, we have from (4.191) 


Since the Wronskian of two solutions of the Schrédinger equation (4.3) corresponding 
to the same energy eigenvalue E is a constant (see footnote? of Chapter 3, p. 110) it 
follows that 


ene (4.195) 


Let us now return to (4.191). If |A| > 1, it is clear from (4.192) that w will 
grow above all limits when x — +00, and decrease below all limits if x — —oo. 
The opposite will happen if |A| < 1. Hence, physically admissible solutions of the 
Schrédinger equation exist only if |A| = 1. Taking into account the result (4.195), 
we may therefore write the two quantities A; and Az in the form 


A, = elk! Bae (4.196) 


where K is a real number. Since exp(i27n) = 1, it is clear that a complete set of 
wave functions can be obtained by restricting the values of K to the interval 


-= <K< . (4.197) 
Therefore, all physically admissible solutions must satisfy the relation 
w(x +nl) =e" wx), n = 0, +1, +2,... (4.198) 


which is known as the Bloch condition. If we write the solution (x) in the form 
W(x) =e'* u(x) (4.199) 
it follows from (4.198) that 
ux(x +1) =uxK (x). (4.200) 
This result is known as Bloch’s theorem. We see that the Bloch wave function (4.199) 


represents a travelling wave of wavelength 27 / K , whose amplitude u x (x) is periodic, 
with the same period / as that of the crystal lattice. 
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Energy bands 


Let us now discuss the energy spectrum. For simplicity, we shall focus our attention 
on the Kronig—Penney potential (see Fig. 4.20) which exhibits the basic features of the 
interaction felt by an electron in a crystal and leads to a readily solvable problem. We 
choose the zero of the energy scale to coincide with the top of the wells, and consider 
successively the two cases for which the electron energy E is such that —Vo < E < 0 
and E > 0. 


Case 1: —V9< E<0 


The Schrédinger equation is 


d2 
a +a2v(x) =0 _ inside the wells (4.201a) 
and 
2 
: — — Bow (x) = 0 between the wells (4.201b) 
where (see (4.114)) 
Om 1/2 Im \'/ 
a= Fac. + B)| , p= (-3.) (4.202) 


Let us solve the equations (4.201) for a given ‘cell’, for example that extending 
from b —! to b. We have 


w(x) = Al + Be", =-b-l<x <0 (4.203a) 
w(x) = Ce®* + De®, O<x <b. (4.203b) 


Now, according to the Bloch theorem, the solution w(x) of the Schrédinger equation 
for a periodic potential has the general form (4.199), where the amplitude u x (x) has 
the same period / as that of the crystal lattice. In other words, the electron does not 
‘belong’ to any one atom (ion) of the lattice, but has an equal probability of being 
found in the neighbourhood of any of them. Using (4.199) and (4.203), we find in 
the ‘cell’ (b —1, b) 


ue S Act) a Reterk b—-l<x<0O (4.204a) 
ux (x) = Cex 4 Deer. O<x<b (4.204b) 


and since ux (x) is periodic, the equations (4.204) determine u x (x) — and hence also 
w(x) — for all values of x. For example, if we want to write the function ux (x) in 
the region b < x </ we use the fact that ux (x) = ux (x — 1), and upon replacing x 
by x —/ in (4.204a), we have 


iy Ad IO) pertes GS) b<x<l. (4.205) 


In order to be a physically acceptable solution of the Schrédinger equation, the wave 
function (x) and its first derivative dw (x)/dx — and hence ux (x) and dux (x)/dx 
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— must be continuous at both edges of each potential well. The periodicity of ux (x) 
guarantees that if ux (x) and dux (x)/dx are continuous at the edges of just one well, 
they will be continuous at the edges of every well. Now, from (4.204) we see that by 
requiring ux (x) and du x (x) /dx to be continuous at x = 0 we obtain the two relations 


A+B=C+4D, (4.206a) 
iia — K)A—i(a+ K)B = (B —iK)C —(B+iK)D (4.206b) 


while the continuity conditions applied at x = b to the functions (4.204b) and (4.205) 
yield the two equations 


Ae ta Kye =f Bellet Kc 3 Ce(B-ik)b a De Btik)b (4.206c) 
i(a = K)Ae'e-Ke _ i(a@ oe K)Bele+*e sess (B = iK)CeB-ik)b 
—(B+iK)De“P*'*” — (4,206d) 


where c =/ — b. 

The equations (4.206) constitute a system of four homogeneous equations for the 
four unknown quantities A, B, C and D. In order for this system to have a non-trivial 
solution the determinant of the coefficients of A, B, C and D must vanish. This 
results in the condition 

2 2 


cos ac cosh Bb — P sinac sinh Bb = cos Kl (4.207) 


which is an implicit equation for the energy E. 


Case 2: E>0 


The modifications required to treat the case E > O are very simple. We see 
from (4.202) that when the energy E is positive the quantity 6 becomes imaginary. 
We shall therefore set B = ik, withk = (2mE/h*)'/?. Since no assumption about the 
reality of B has been made in deriving (4.207), we may at once rewrite this equation 
for the case E > O as 
ae? 


k 
cosaccoskb — sinacsinkb = cos KI! (4.208) 


and we see that this is again an implicit equation for the energy E. 
We can summarise both equations (4.207) and (4.208) by writing 


F(E) =cos Kl (4.209) 


where the function F(£) represents the left-hand sides of (4.207) and (4.208). In 
writing the equation (4.209) we have used the fact that the two left-hand sides join 
smoothly at EF = 0, so that only one function F'( £) is required for the full energy range 
F > —Vo. The function F(E£) is shown in Fig. 4.21 for typical values of b, ] and Vo. 
The remarkable feature which emerges from this graph is that the equation (4.209) 
cannot be satisfied for certain ranges of values of E. Indeed, since K is real, we have 
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Figure 4.21 Plot of F(E), which represents the left-hand sides of equations (4.207) and (4.208), 
as a function of the energy F£. The heavy lines on the abscissa show the allowed values of F, 
corresponding to conduction bands; they are separated by forbidden energy gaps. 


|cos K/| < 1, so that the values of E for which |F(£)| > 1 are inaccessible. As a 
result, the allowed values of E fall into bands satisfying the condition |F(E)| < 1, 
which are indicated by heavy lines in Fig. 4.21. These bands are known as the 
conduction bands of the lattice; they are separated by forbidden energy gaps. 

It can be proved (Problem 4.20) that if the periodic distance / is increased without 
changing c or Vo (i.e. if the separation between the wells is increased) the energy 
bands for —Vo < E < O become narrower, and contract in the limit / — oo into 
the discrete energy levels of an isolated potential well. This behaviour, which is 
illustrated in Fig. 4.22, is easy to understand. Indeed, as the spacing / between atoms 
is increased, the motion of an electron in one of the atoms of the crystal will be less 
and less affected by the presence of the other atoms, so that each atom will behave 
as if it were isolated. We also see from Fig. 4.21 that the bands corresponding to the 
lowest-lying levels are the narrowest; this is due to the fact that the electrons which 
are most tightly bound to the atoms are less likely to be perturbed by the presence of 
the other atoms. Note that the electrons in the low-lying bands (with energies E < 0) 
can only go from one atom to the other by ‘tunnelling’ through the potential barriers 
between the wells. 

Until now we have not discussed the boundary conditions which must be satisfied 
by the wave function w(x) at each end of the linear chain of atoms (i.e. at the 
‘surface’ of the one-dimensional crystal we are considering). We could obviously 
ask that y = 0 at both ends of the chain so that the electrons cannot escape from 
the crystal. Unfortunately, this requirement, which leads to standing wave solutions 
of the Schrédinger equation, is not easy to implement. In particular, we see that 
the Bloch wave functions (4.199), which are travelling waves, do not satisfy such 
boundary conditions, so that superpositions of Bloch waves would be necessary to 
construct the required standing waves. For this reason, we shall disregard the (small) 
surface effects and adopt periodic boundary conditions, such that the wave function 
y is required to take the same value at both ends of the chain. This means that an 
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Figure 4.22 When the separation between the wells is increased, the energy bands for 
—Vo < E < 0 shrink and in the limit | — oo contract into the discrete energy levels of an 
isolated potential well. 


electron leaving the crystal at one end simultaneously re-enters it at the corresponding 
point on the opposite face with its momentum unchanged. 

An equivalent way of formulating the periodic boundary conditions is to consider 
that the one-dimensional lattice has the form of a closed loop containing N atoms 
(where N x 10° is of the order of Avogadro’s number). In order for the wave 
function to be single-valued, we must therefore have 


W(x + ND = W(x) (4.210) 
and from (4.198) we see that this requirement is equivalent to the condition 
eo ere, (4.211) 


As a result, the possible values of K are discrete and are given by 


2mNn 
K = —_., 
Nl 


Moreover, we see from (4.199), (4.207) and (4.208) that the wave function w(x), as 
well as the corresponding energy F, are unchanged if K is increased or decreased 
by an integral multiple of 27/1. We may therefore, without any loss of generality, 
assume that K is confined within a given interval of length 27//, for example the 
interval (4.197). From (4.197) and (4.212) we immediately deduce that there are N 
allowed values of K. As K takes on each of these possible values, the energy is 
equal to every one of its corresponding allowed values in each band. Hence every 
conduction band contains N allowed energy levels. This result is readily explained if 
one remembers that in the limit / — oo each band contracts into a single level which 
is N-fold degenerate, since the electron can be bound to any one of the N atoms. For 
finite values of / this degeneracy is removed and each discrete atomic level spreads 
into a band of N energy levels. 


(ae, S ees ad) Nees a eae (4.212) 


Problems 
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4.1 Show that the momentum eigenfunctions 
Wy (x) = Le exp(ik,x) 


satisfying the periodic boundary conditions k, = 27n/L(n = 0, +1, +2, ...) obey 
in the limit L — oo the closure relation 
+00 
Wy) We, dk, = 5(x — x’). 
—& 


+00 


(Hint: Convert the sum to the integral 


n=— oO 
+00 +00 
| dn = (L/2n [ dk,.) 
—0O —0O 
4.2 Consider the momentum eigenfunctions 


We(x) = c(E) exp(ikx). 


Determine c(E) so that we (x) is ‘normalised’ on the energy scale according to 


+00 


We(x)We(x)dx = 6(E — E’). 


(Hint: Use equation (A.32) of Appendix A to obtain the relation 
5(VE — VE’) = 2VES(E — E’), E #0.) 


4.3 Consider a particle incident from the right on the potential step (4.41). Prove 
that the reflection and transmission coefficients are the same as when the particle is 
incident on the potential step from the left. 


4.4 Consider an electron of energy E incident on the potential step (4.41), where 
Vo = 10 eV. Calculate the reflection coefficient R and the transmission coefficient T 
(a) when E = 5 eV, (b) when E = 15 eV and (c) when E = 10 eV. 


4.5 Determine the reflection coefficient R and transmission coefficient T: 


(a) of anelectron of energy E = 1 eV fora rectangular barrier potential (4.72) such 
that Vp = 2eV anda = | A; and 
(b) of a proton of the same energy for the same potential barrier. 


4.6 Consider a particle of mass m moving in one dimension in an infinite square 
well of width L, such that the origin 0 has been chosen to be the left corner of the 
well. Show that the energy eigenvalues are given by (4.95), while the corresponding 
normalised eigenfunctions are 


DN Mee nn 
Wri(x) = (=) sin( “x, n=l, Zi Doses 


and compare these eigenfunctions with those obtained in the text (see (4.93) 
and (4.94)). 
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4.7 A particle of mass m moves in one dimension in the infinite square well (4.86). 
Suppose that at time ¢ = 0 its wave function is 


W(x, t =0) = A(a’ — x’) 
where A is a normalisation constant. 


(a) Find the probability P, of obtaining the value E,, of the particle energy, where 
E,, is one of the energy eigenvalues. 
(b) Determine the expectation value (F) of the energy. 


4.8 Solve numerically the equations (4.120) to obtain the energy levels and 
corresponding normalised eigenfunctions of a one-dimensional square well (4.113) 
such that y = (2mVoa?/h7)'/? = 5. 


4.9 Derive the results (4.126) for the reflection and transmission coefficients 
corresponding to a one-dimensional square well. 


4.10 Consider a particle of mass m moving in one dimension in the potential well 


0, O< |x| <a 
Vix)=4V0o, a< |x| <b 


oo, |x| >b 


where Vo, a and b are positive quantities and b > a. The energy E of the particle is 
such thatO0 < E < Vp. 


(a) The eigenfunctions of the Schrédinger equation (4.3) for this potential can be 
assumed to be either even or odd. Why? 

(b) Determine the normalised even eigenfunctions w(x) and write down an ex- 
pression allowing the corresponding energy eigenvalues E** to be obtained. 

(c) Repeat the calculation of (b) for the normalised odd eigenfunctions y, (x) and 
the corresponding energy levels E, . 

(d) Show that when a = b one retrieves the eigenfunctions and energy eigenvalues 
of a particle in the infinite square well (4.86). 


4.11 Consider the one-dimensional motion of a particle of mass m in the double 
potential well 
Vo, O< |x| <b 
Vix) = 340, b<|xl<c 
OO, |x| >c 


where Vo, b and c are positive quantities and b < c. The energy E of the particle is 
such that 0 < E < Vo. 
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(a) Let wi (x) and yy, (x) denote respectively the normalised even and odd eigen- 
functions of the Schrédinger equation (4.3) for this potential, and let E* and 
E, be the corresponding energy eigenvalues. Determine the functions yy,‘ (x) 
and w, (x) and write down the energy quantisation conditions giving E> and 
ES: 

(b) Show that for each doublet (£7, E,) the lowest energy level is E*. 

(c) Prove that when Vo — ov (so that an infinite barrier separates the two wells), 
each doublet (E;*, E, ) merges into a single (twofold degenerate) energy level 
E,,, the energy values E, = (h*/2m)(27n?/L*), n = 1,2,3,..., being those 
of the infinite square well (see (4.95)) with L = c — b. 


4.12 By using the uncertainty relation (2.70) obtain an estimate of the zero-point 
energy of a linear harmonic oscillator. 


4.13 Prove equations (4.157) and (4.158) by using the generating function (4.156) 
of the Hermite polynomials. 


4.14 Prove that the definition (4.154a) of the Hermite polynomials is equivalent 
to the definition by means of the generating function given in equations (4.156). 


4.15 Obtain the result (4.174) for x,» by using the recurrence relation (4.157) of 
the Hermite polynomials, the orthonormality relation (4.170), and the result (4.167). 


4.16 Prove equations (4.180) and (4.183). 


4.17 Show that f(€) = & exp(&?/2) is an eigenfunction of the linear harmonic 
oscillator equation (4.135) corresponding to the eigenvalue 4 = —3. Is this eigen- 
function physically acceptable? Explain. 


4.18 | Consider the motion of a particle of mass m 1n a one-dimensional! potential 
V(x) = Aéd(x), where 5(x) is the Dirac delta function. 


(a) Assuming that A > 0, obtain the reflection coefficient R and the transmission 
coefficient T. 
(Hint: For a potential of the form V(x) = Ad(x), the integration of the 
Schrédinger eigenvalue equation (4.3) from —e to +€ gives 


dw dy 
dx dx 


mn +e 
= ara | 6 (x) (x)dx 


E 


x=t+e xXx=—€ 


2m 
= Pv = 0).) 


(b) Consider now the case for which A < 0. Show that there is only one bound state 
and find its energy as a function of |A|. Using (4.120), verify that your result 
agrees with that obtained for the square well in the limit Vp — oo, a —> 0, in 
such a way that 2a Vo is held fixed and equal to |A|. 
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4.19 Consider the motion of a particle of mass m in the one-dimensional periodic 
potential 


Vee sexu 
hy OO 


where 6 denotes the Dirac delta function and / 1s the periodic distance. Prove that for 
such a potential equation (4.209) reads 


mVo sinkl 


kl + —— 
cos kl + Kl 


= cos K! 


where k = (2mE/h7)'/*, and show that the band edges occur when KI = nz, 
(tee 0 Men oo) ec oy 


4.20 _— Prove that, in the Kronig—Penney model, if the distance / is increased without 
changing c or Vo, the energy bands for —Vp < E < 0 become narrower, and contract 
in the limit / — oo into the discrete energy levels of an isolated potential well. 
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The basic ideas of quantum mechanics were introduced in Chapters 2 and 3 by using 
a formulation of the theory known as wave mechanics. These ideas were applied in 
Chapter 4 to some simple one-dimensional problems. In this chapter we shall present 
the principles of quantum mechanics in a more general way, as a set of postulates 
justified by the experimental verification of their consequences. In particular, we 
shall see that there exist alternative ways of formulating quantum mechanics which 
are equivalent to wave mechanics. We shall also in the course of this chapter develop 
the mathematical tools necessary to make progress in the theory. 


The state of a system 


In classical physics, the dynamical state of a system is determined at each instant 
of time by the knowledge of the physical quantities-dynamical variables—such as 
the position vectors and the momenta of the particles which constitute the system. 
It is postulated that all the dynamical variables associated with the system may, in 
principle, be measured simultaneously with infinite precision. 

The situation is very different in quantum physics, because of the central role played 
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by the measurement process. Indeed, when a given dynamical variable is measured, 
the dynamical state of the system 1s in general modified in an unpredictable way, and 
we have seen in Chapter 2 that according to the Heisenberg uncertainty relations this 
sets a limit to the precision with which ‘complementary’ dynamical variables can be 
measured simultaneously. One is therefore led to abandon the classical assumption 
that all the dynamical variables of a system have well-defined values at every instant. 
Instead, quantum mechanics only predicts the number n of times that a particular 
result will be obtained when a large number AN of identical, independent, identically 
prepared physical systems (called a statistical ensemble or, for short, an ensemble) 
are subjected to a measurement process. In other words, quantum mechanics predicts 
the statistical frequency n/N or probability of an event. In order to make these 
predictions, a set of postulates are required, which we shall now formulate. 


Postulate 1 

To an ensemble of physical systems one can, in certain cases, associate a wave 
function or state function which contains all the information that can be known 
about the ensemble. This function is in general complex; it may be multiplied by 
an arbitrary complex number without altering its physical significance. 


Let us make the following two remarks about this first postulate: 


(1) The words ‘in certain cases’ mean that some ensembles cannot be described by a 
single state function (determined apart from a complex multiplicative constant). 
Such ensembles will not be considered here; they will be discussed in Chapter 14. 


(2) Although in principle one should always use ensembles, it is common practice 
to speak of the wave function associated with a particular system, and we shall 
often do so for convenience. However, as stated in Section 2.2, it should always 
be understood that this is shorthand for the wave function associated with an 
ensemble. 


Let us first consider a physical system consisting of a single particle in a given 
potential V(r, t). We assume that the particle is structureless, i.e. has no internal 
degrees of freedom such as spin’. Expressed in configuration space, the state function 
associated with an ensemble of such systems is a wave function W(r, t) depending 
on the position vector r of the particle and on the time ft. As we saw in Section 2.2, a 
wave function V(r, f) 1s said to be square integrable if its normalisation integral 


I = f wo. nPar (5.1) 


is finite, where the integration is over all space. Since, according to Postulate 1, 
two wave functions Y and cW which differ by an arbitrary complex multiplicative 


| The case of particles with spin will be discussed in Chapter 6. 
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constant c represent the same state, it is convenient when working with square 
integrable functions to choose this constant so that the wave function is normalised 
to unity: 


| \Wr, t)|°dr = 1. (5.2) 
The quantity 
P(r, t) =|W(r,1)|° (5.3) 


can then be interpreted as a position probability density, as explained in Section 2.2. 
We note that the wave functions W and exp(ia) which differ by the phase factor 
exp(ia)—where a is a real number-not only describe the same state, but also have the 
same normalisation. We also recall that some wave functions, such as plane waves, 
are not square integrable, in which case other ‘normalisation’ procedures can be used, 
for example enclosing the system in a large box, or using the Dirac delta function 
‘normalisation’. 

The generalisation of these considerations to the case of a physical system contain- 
ing N structureless particles is straightforward. The state function associated with 
an ensemble of such systems, expressed in configuration space, 1s a wave function 
W(r,},...,©Fy,¢) which depends on the position vectors r,,... , ry Of the particles 
and on the time t. This wave function is said to be square integrable if the normalisation 
integral 


I = five... .Ty,t)|*dr, ...dry (5.4) 


is finite. Again, since Y and cW (where c is a complex multiplicative constant) 
describe the same state, we can choose c so that the wave function is normalised to 
unity: 


five. ...50N, t)|*dr} ...dry = 1 (5.5) 


in which case a constant phase factor of the form exp(ia) is still left undetermined. 
When the wave function is normalised to unity, the quantity 


P(r,...,0v.t) =|W(r,... tw. 1° (5.6) 


can be interpreted as a position probability density, in the sense that 
P(r,,..., Py, t)dr,...dry is the probability of finding at time f¢ particle | in the 
volume element dr, about r), particle 2 in the volume element dr about r2, and so 
on. We remark that 


Picri.t)= f Perr. ,rv,t)drm...dry (5.7) 


is the position probability density of particle 1 at the point r; at time f, independently 
of the positions of the other particles. Similar position probability densities can clearly 
be introduced for the other particles. 
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Postulate 2 
The superposition principle. 


According to the superposition principle, which we have already discussed in 
Chapters 2 and 3, the dynamical states of a quantum system are linearly superposable. 
Thus, if the state function ; 1s associated with one possible state of a statistical 
ensemble of physical systems, and the state function W2 with another state of this 
ensemble, then any linear combination 


W=c)P) tao (5.8) 


where c; and cz are complex constants, is also a state function associated with a 
possible state of the ensemble. As we already stressed in Section 2.2, the relative 
phase of Y, and W> in (5.8) is important, since it does affect the physical quantity 
|W? (see (2.10)). 


Momentum space wave functions 


Instead of using the configuration space wave function W(r, f) to describe the state 
of an ensemble of one-particle systems, we could as well use the corresponding 
momentum space wave function ®(p, t), which is the Fourier transform of W(r, f) 
(see (2.61)). We saw in Section 2.4 that if the configuration space wave function 
W(r, tf) is normalised to unity, the corresponding momentum space wave function 
®(p, t) will also be normalised to unity in momentum space: 


| |D(p, t)|"dp = 1 (5.9) 
so that the quantity 
I(p, t) = |®(p, 1)’ (5.10) 


can be interpreted as the probability density in momentum space for finding the mo- 
mentum of the particle in the volume element dp about p. Likewise the state function 
associated with an ensemble of N-particle physical systems can be ‘represented’ by 
a momentum space wave function ®(p;,... , py, tf) which is the Fourier transform 
of the configuration space wave function W(r),... , ry, f): 


1 
O(pi,...,py.t) = anny? f exp] —Fip.n +--+ + Pty) | 


xW(r},...,ry,t)dr) ...dry. (5.11) 


If ¥(r),... , ry, ¢) 18 normalised to unity according to (5.5), then by a direct gener- 
alisation of the Parseval theorem discussed in Appendix A, we have in momentum 
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fiom... , Pw. t)|?dp; ...dpy = 1 (5.12) 
so that the quantity 


M(pi,..., pw. t) = |®(pi,..., pw, tI’ (5.13) 


is the probability density in momentum space for finding the momentum of particle | 
in the volume element dp; about p,, the momentum of particle 2 in the volume 
element dp» about p», and so on. 

The fact that both the wave function in configuration space and the wave function 
® in momentum space ‘represent’ the same state suggests that a more abstract quantity 
can be introduced of which W and © are two explicit representations. We shall return 
to this point in Section 5.6. 


Dirac bracket notation 


A very convenient notation, due to Dirac, will now be introduced. The scalar product 
of two square integrable functions ; (r) and V(r) is denoted by the symbol (WY; |), 
namely 


(Wi |W) = [ vimuer (5.14a) 


and the generalisation to functions WY, (r),..., ry) and W2(r,,... , ry) is straight- 
forward. That is, 


(W)|W2) = | Wrri,..-. Pv) P2(r,...,rv)dr...dry. (5.14b) 


The symbol |) 1s known as a ket while (| 1s known as a bra. From the 
definition (5.14) we have 


(WY )| 2) = (W2| 1)". (5.15a) 


Moreover, if c 1s a complex number and 3 a third function, we also have 


(WilcW2) = c(W) |), (5.15b) 
(cW)|W2) = c* (WH, |W), (5.15c) 
(W3(H) + Wo) = (3/1) + (W329). (5.15d) 


Two functions ¥, and W, are said to be orthogonal if their scalar product vanishes: 
(Wi |W) = 0. (5.16) 


Using the Dirac bracket notation, we see that the normalisation condition (5.5) can 
be written compactly as 


(P(W) = 1. (5.17) 
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4 


We remark that this notation can be used just as well for momentum space wave 
functions. For example, the normalisation condition (5.12) can be written as 
(P|) = 1. 


Dynamical variables and operators 


We have seen in Chapter 2 and 3 that with each dynamical variable is associated an 
operator acting on the wave function. Following this idea, one can formulate the next 
postulate as follows. 


Postulate 3 
With every dynamical variable is associated a linear operator. 


We recall that an operator A is linear if it has the property (see (3.62)) 
A(cy BP) + co¥2) = cy) (AW)) + c2(AV2) (5.18) 


where W, and W> are two functions and c, and c2 are complex constants. 

The rules for associating a linear operator with a dynamical variable have already 
been discussed in Sections 3.3 and 3.9 for the case of one-particle systems. The 
generalisation of these rules to systems of N particles is as follows. If the dynamical 
state of the system is described by a wave function V(r), ... , ry, ¢) inconfiguration 
space, one associates with the dynamical variable A = A(r),...,rv,P1,.--,Pw,t) 
the linear operator 


A(r},.-.-,0nN, -14V,..., -—1h Vn, t) (5.19) 
obtained by performing the substitution pj > —ihV;(i = 1,2,...,N) whenever 
the momentum p; occurs. If, on the other hand, the dynamical state of the system is 
described by a wave function P(p;,... , py, ¢) in momentum space, one associates 
with the dynamical variable A = A(r),...,ry,P1,-..,Pwy,¢) the linear operator 

AQihV»,,.-- AV py, Pi, --- Pn.) (5.20) 
obtained by performing the substitution r; > ihVp, (i = 1,2, ... , N) whenever the 


position vector r; occurs. 

It is worth noting that these substitution rules only apply to dynamical variables 
expressed in Cartesian coordinates. We shall also see in Chapter 6 that quantum 
mechanics uses operators such as the spin which have no classical analogue, and 
which therefore cannot be obtained from the substitution rules. 
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Eigenvalues and eigenfunctions 


We have seen in Section 3.5 that a function yw, 1s said to be an eigenfunction of an 
operator A if the result of operating on w,, with A is to multiply yw, by a number a, 
called an eigenvalue: 


AWn = anWn- (5.21) 


Postulate 4 


The only result of a precise measurement of the dynamical variable A is one of 
the eigenvalues a, of the linear operator A associated with A. 


The totality of the eigenvalues of an operator A 1s called the spectrum of A. Since 
the results of measurements are real numbers it follows that the spectrum of any 
operator representing a dynamical variable must be real. In some cases the spectrum 
of an operator consists only of discrete eigenvalues, 1n others it consists of acontinuous 
range of eigenvalues, or a mixture of both. 


Hermitian operators 


We shall now discuss the consequences of the requirement that the allowed class of 
linear operators representing dynamical variables must have real eigenvalues. The 
operators required are called Hermitian operators, and are defined by the condition 


(X|(AW)) = ((AX)|P) (5.22) 
where W and X are square-integrable functions. We note that if VW = X, 
(WI(AW)) = (AYP)|Y) (5.23) 


which for a one-particle system is identical to (3.69). Although it appears that (5.22) 
is a more general definition of Hermiticity than (5.23), the two definitions are in fact 
equivalent (see Problem 5.2). The matrix element (X|(AW)) is usually written in the 
Dirac notation as 


(X|(AW)) = (X|A|W) (5.24) 


and from (5.23) we see that if A is Hermitian the matrix element (W|A|W) is real. 
If w, 1s an eigenfunction of the operator A corresponding to the eigenvalue a,,, then 
from (5.21) we have 


(Un l|AlWn) = An(WnlWn)- (5.25) 


In addition, since 


(Awn)* =aiy, (5.26) 
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we also have 


If A is Hermitian, the left-hand sides of (5.25) and (5.27) are equal, and hence 
a, = a. Therefore a sufficient (but not a necessary) condition for an operator to 
have real eigenvalues is for it to be Hermitian. From now on the linear operator A 
associated with a dynamical variable A will be taken to be Hermitian. If the operator 
A obtained by using the substitution rules (5.19) and (5.20) is not Hermitian, the 
Hermitisation procedure discussed in Section 3.3 must be carried out. 

If the wave function of a system is one of the eigenfunctions y,, of the operator A, 
corresponding to the eigenvalue a,,, then a measurement of the dynamical variable A 
will certainly produce the result a,,. In this case we shall say that the system is in an 
eigenstate of A characterised by the eigenvalue a,. On the other hand, if the wave 
function is not an eigenfunction of A, then in a measurement of A any one of the 
results a), a2,..., can be obtained. Which result will be obtained 1s impossible to 
predict. However, as we shall see later, the probability of obtaining a particular result 
a, can be obtained. 


Postulate 5 
If a series of measurements is made of the dynamical variable A on an ensemble 
of systems’, described by the wave function W, the expectation or average value 
of this dynamical variable is 

(Al) 


A) = = 5.28 
(A) Cb] w) (5.28) 


Since A 1s a Hermitian operator it follows that (A) is real. If the wave function V 
is normalised to unity, we have (W|W) = 1 and 


(A) = (WIA). (5.29) 


It is important to stress that (A) does not represent the average of a classical sta- 
tistical distribution of the dynamical variable A between the systems being mea- 
sured. Each systems 1s identical and is in the same state described by the wave 
function Y. The actual value of A obtained in an experiment on a single system 
is inherently unpredictable (unless W is an eigenfunction of A). Since V contains 
the maximum possible information about the system, there is no way of specify- 
ing the state more completely in a way which would allow the value of A to be 
predicted. 

Some measurements are not immediately repeatable, for example if the energy 
of a particle is measured by noting the length of the track it makes while slowing 
down in a photographic plate. In contrast, measurements of the component in a 
certain direction of the magnetic moment of an atom in a Stern—Gerlach experiment 
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(see Chapter 1) can be repeated immediately by passing the beam through a second 
apparatus. In such a case, it 1s reasonable to expect that if a particular result a, is 
obtained in the first measurement, the same result will be obtained if the measurement 
is repeated immediately. Since the result of the second measurement can be predicted 
with certainty, we deduce that after the first measurement the state of the system is 
described by the eigenfunction y, of A belonging to the eigenvalue a,. Hence, in 
this case the act of measurement has a ‘filtering’ effect so that whatever the state of 
the system before the measurement, it is certainly 1n an eigenstate of the measured 
quantity immediately afterwards. 


Adjoint operator 


It is useful to introduce an operator A‘, called the adjoint or Hermitian conjugate of 
a linear operator A by the relation 


(X|A'|W) = ((AX)|W) 
= (W|A|X)* (5.30) 


where W and X are any pair of square-integrable functions. 
If we define a bra (®| by the relation 


(| = (X|A' (5.31) 


where the operator A‘ acts to the left on the bra (X], then it follows from (5.30) that 
the kets |®) and |X) are related by 


|d) = AX) (5.32) 
A linear operator A satisfying 
A=A' (5.33) 


is said to be self-adjoint, and from (5.22) we see that a self-adjoint operator is Hermi- 
tian. The adjoint of an operator 1s the operator generalisation of the complex conjugate 
of a complex number, and a self-adjoint operator is the operator generalisation of a 
real number. It is important to note that the operator A‘ is not, in general, equal to 
the operator A* (obtained by replacing every 1 appearing in A by —1). For example, 
the configuration space operator p, = —ihd/dx is Hermitian, so that p' = p,, while 
p* = ihd/dx = —p,. Hence p' # p*. 
Three important properties of the adjoint operator (see Problem 5.4) are 


(cA)' =c*A' (5.34) 
where c is acomplex number, 

(A+ B)'=A'+B (5.35) 
and 


(AB)' = B'A’. (5.36) 
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Functions of operators 


If a function f(z) can be expanded in a power series, 


oC 


f=) az (5.37) 


i=0 
then the operator function f(A) can be defined as 


CO 


f(A) =) cj Al. (5.38) 


i=0 
Consequently, if w,, 1s one of the eigenfunctions of A, corresponding to the eigenvalue 
Gn, A' Wn = (dn)! Wn and thus 

f(A) = flan) Wn . (5.39) 


The adjoint operator to f(A) can be obtained as follows. Using (5.34)-(5.36) 
and (5.38), we see that 


(f(A) = doch (ADT = > ch (aty 
i=0 i=0 
= f*(A'). (5.40) 


In particular, if A 1s a self-adjoint operator, we have 


[f(A)]’ = f*(A). (5.41) 


Inverse and unitary operators 
The unit operator / is the operator that leaves any function WY unchanged 

v=, (5.42) 
If, given an operator A, there exists another operator B such that 

BA=AB=I (5.43) 


then B is said to be the inverse of A and one writes 


BA" (5.44) 

A linear operator U 1s said to be unitary if 

CS (5.45a) 
or 

UU =U'U = 1. (5.45b) 


Such an operator can be expressed in the form 


U =e'4 (5.46) 


5.3 
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where A is a Hermitian operator. Indeed, using (5.41), we see that 
UsE*y ee" (5.47) 


from which (5.45b) follows. 


Projection operators 


An operator A is said to be idempotent if 
AP=A. (5.48) 


If, in addition, A is Hermitian, it is called a projection operator. 
Any function W can be expressed in terms of two orthogonal functions ® and X 
by means of a projection operator. This can be seen as follows. We first write 


yp=@O+X (5.49) 
with ® = AW and X = (J — A)W. Now 


(D[X) = (AV|(U — A)W) 
= (WIA — A7|W) 
= 0 (5.50) 
where in the second line we have used the fact that A 1s Hermitian and in the third 


line we have used (5.48). Note that / — A is also a projection operator, since it is 
Hermitian, and 


Pa TRAM 
ae eae (5.51) 


(I — A)? 


Expansions in eigenfunctions 


We shall now study in more detail the properties of the solutions of eigenvalue 
equations such as (5.21), generalising the discussion of Section 3.7. We assume 
that in (5.21) the operator A is a linear, Hermitian operator representing a dynamical 
variable, so that the eigenvalues a, are real. We first consider the case where all the 
eigenfunctions w, are square integrable and hence can be taken to be normalised to 
unity: 
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Orthogonality 
If y; and y; are two eigenfunctions of A corresponding to different eigenvalues a; 
and aj, then 

Ai = avi (5.53a) 
and 

Aj = ajWj. (5.53b) 
Hence 


(a; — aj) (Wilv;) = (awilW;) — Wilajv;) 
= (AW lvj) — Wil(AY,)) 


= 0 (5.54) 

where we have used the fact that A is Hermitian. Since a; # a; it follows from (5.54) 
that 

(Wily) =9, ix] (5.55) 


so that eigenfunctions belonging to different eigenvalues are orthogonal. 


Degeneracy 


We have seen in Section 3.5 that an eigenvalue a, is said to be degenerate if there is 
more than one linearly independent eigenfunction belonging to that eigenvalue, the 
degree of degeneracy being the number of such linearly independent eigenfunctions. 
Suppose that a is the degree of degeneracy of the eigenvalue a,, so that the 
corresponding eigenfunctions can be labelled w,, (with r = 1,2,... , a), and 


AWnr =QnWnr, r= 1,2,...,@. (5.56) 


By using the Schmidt orthogonalisation procedure discussed in Section 3.7, it is 
always possible to arrange that all the eigenfunctions w,, are mutually orthogonal 
and each of them can be normalised to unity. Since the eigenfunctions belonging to 
different eigenvalues are mutually orthogonal, there is no loss of generality in writing 
that all the eigenfunctions satisfy the orthonormality relations 


(WirlWis) == dij Ors (5.57) 
where 4,n, 1s the Kronecker delta symbol such that 


lm=n 


Oni 
0, msn. 


(5.58) 


5.3 Expansions in eigenfunctions M™ 205 


To avoid cumbersome subscripts, unless it is necessary to distinguish the eigenfunc- 
tions belonging toa degenerate eigenvalue explicitly, we shall label all the orthonormal 
eigenfunctions of the operator A by a single index and write 


Postulate 6 

A wave function representing any dynamical state can be expressed as a linear 
combination of the eigenfunctions of A, where A is the operator associated with a 
dynamical variable. 


For the case of purely discrete eigenvalues, which we shall consider first, we have 


y= 3 Cn Wigs (5.60) 


The number of eigenfunctions in the set {w,} 1s in some cases finite, and in others 
infinite. Since all wave functions can be expanded in the set of eigenfunctions {y,}, 
the set is said to be complete. The completeness of the set of eigenfunctions of some 
operators can be proved, but in general it must be postulated, as stated above. It should 
be noted that not all Hermitian operators possess a complete set of eigenfunctions; 
those that do are called observables. 

The coefficients of the expansion (5.60) can be found by using the orthonormality 
relation (5.59). Taking the scalar product (see (5.14)) of both sides of (5.60) with the 
eigenfunction w,,, we obtain 


(VimIY) = Y° cn (Vn|Vn) 


n 


>> CnOmn 


n 


es. (5.61) 


More explicitly, for the case of a one-particle system, we have 


W(r,t) = >| | vate vee ar | Wn (0) 


= | ps Wer’) Wa mvc r)dr’ (5.62) 
and hence 


Sov) Vn) = 8(r — 6) (5.63a) 
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where we have used the property (A.51) of the Dirac delta function. The rela- 
tion (5.63a) is called the closure relation; it expresses the completeness of the set 
of functions {y,}. The obvious generalisation of this relation for systems of N 
particles is 


>»; Wri... Py)Un(ti,---. Pv) = 6) —4))-.-6(tw — ry). (5.63b) 


Using the closure relation (5.63a) we can write the scalar product of two wave 
functions as 


(X|[V) = [xe t)W(r, t)dr 


— [xe r)d(r —r)W(r", t)drdr’ 


— Y | xe. Dinter ar f vg ey Yee Nar 
= 0(Xlvn) (val ¥) (5.64) 


where we have considered the one-particle case for ease of notation. We see 
from (5.64) that in the Dirac notation the closure relation can be written in the 
compact form 


Yon) (Un = 1 (5.65) 


where / is the unit operator. 


Probability amplitudes 


In the state described by a wave function W, normalised to unity, the expectation value 
of an observable A is given by (5.29). Expanding W in the complete orthonormal 
set of eigenfunctions {y,,} of A according to (5.60), and expanding W* similarly, we 
have 


(A) = (W)A|W) 


=>) Gea UnlAlva) 
= 3 Sh cnn (WnlVn) 


= \ lena, (5.66) 
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where the orthonormality relation (5.59) has been used to obtain the last line. Since 
W is normalised to unity, (W|W) = 1, we also have 


2 Ical? = 1. (5.67) 


In view of the fact that the possible results of measurements of A are the eigenvalues 
a,, and since the average value obtained in series of measurements of a large number 
of identically prepared systems, all in the same state described by W, is the expectation 
value (A), it is reasonable, following M. Born, to interpret the quantity 


Pr = |eal” = |(Wnl WY)? (5.68) 


as the probability that in a given measurement the particular value a, will be ob- 
tained. The condition (5.67) is thus seen to express the fact that the probability of 
obtaining some result is unity. The coefficients c, = (wW,|¥) are called probability 
amplitudes. 

In obtaining the above results we have implicitly included the degeneracy in- 
dex in the summations. If a particular eigenvalue a, is a times degenerate, and 
War(r = 1,...,q@) are the corresponding orthonormal eigenfunctions, we have 
instead of (5.60) the explicit expansion 


Y= > y Cnr Wnr (5.69) 
n r=l 


with 
Cnr = (Wnr |W). (5.70) 


A simple reworking of (5.66) then yields 


(A) = > ys Cnr |? Qn (5.71) 
n r=1 


so that the probability of obtaining upon measurement of A the degenerate eigenvalue 
a, 1S 


P, = Ze Cnr |? = 2D (War). (5.72) 


After a measurement leading to the value a,, the system is described by the (unnor- 
malised) wave function 


a 


Wn = >» Cnr Wr (5.73) 


r=] 


and if the measurement is immediately repeated the value a, will be obtained with 
certainty. 
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The continuous spectrum 


So far in this chapter, observables which possess only a spectrum of discrete eigenval- 
ues have been considered. Our discussion is therefore not sufficiently general, as we 
have already encountered observables for which the spectrum is purely continuous, 
or for which the spectrum possesses both a discrete and a continuum part. For 
example, the momentum operator p, belongs to the former category (see Section 4.2) 
and the Hamiltonian operator for a particle in an attractive one-dimensional square 
well belongs to the latter category (see Section 4.6). Thus, in general, in order 
to expand an arbitrary wave function in the complete set of eigenfunctions of an 
operator, eigenfunctions corresponding to continuous as well as discrete eigenvalues 
are required. As we have seen in Chapters 3 and 4, the eigenfunctions corresponding 
to the continuous spectrum are not normalisable in the usual sense. One way of 
avoiding this difficulty is to render the spectrum purely discrete by enclosing the 
system in a large box with walls which are either impenetrable, or where periodic 
boundary conditions are imposed. In that case, the various expansion and closure 
formulae remain the same as for the discrete case. The physical results obtained from 
the theory are independent of the size of the normalisation box, provided that it is 
large enough. The alternative is to ‘normalise’ the eigenfunctions corresponding to 
the continuous eigenvalues in terms of the Dirac delta functions, as we did for the 
plane waves in Section 4.2. 

Consider an observable A with a spectrum containing both discrete eigenvalues a,, 
and a continuous range of eigenvalues which we denote by a. The corresponding 
eigenfunctions are w, and w,, respectively. For the sake of simplicity we shall not 
display the degeneracy indices. Thus we have 


AWn = an Wns AWa = aa. (5.74) 


The continuous eigenvalues must clearly be real, as are the discrete ones. The discrete 
eigenfunctions will be taken to be orthonormal, as before. 

According to the ‘expansion’ Postulate 6, an arbitray wave function YW must be 
expandable in the complete set {w,,, We}, 


Y= > can + | c(a) Wada (5.75) 


where the integral runs over the whole range of values of a. Taking the case in 
which W is normalised to unity, the expectation value of the observable A is given 
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from (5.29) and (5.75) by 
(A) = (WIA|W) 


= OY chen mln) +f daciyc(a)(vmIAlve) 


+> fave erin + fda f da’e*(a')c(a)(We Alva) 


= Dds nena Yon) + YP | dacic(ayat Yl 


+> fw Ca" )Cnn (War |W) 


+ | da f da’c*(a'ye(aa( Yar Ie (5.76) 


where in writing the last two lines we have used (5.74). 

Now, in order to maintain the interpretation of the coefficients c, and c(a) as 
probability amplitudes, we demand that the generalisation of the basic results (5.66) 
should be, in the present case, 


A) = Yolen Par + | Ic(a)|°ada. (5.77) 


Comparing (5.76) with (5.77) and recollecting that (W,|Wn) = Smn, we deduce the 
following: 


(1) All the eigenfunctions belonging to the continuum spectrum must be orthogonal 
to all those belonging to the discrete spectrum: 


(Wn Wa) = 0. (5.78) 


(2) The eigenfunctions belonging to the continuum spectrum must satisfy the or- 
thonormality condition 


(Wa'|Wa) = d(a — a’). (5.79) 


Using these results, together with (5.75), we then find that the coefficients c,, and c(a) 
are given, respectively, by 


Cn = (nl), cla) = (Wal). (5.80) 


The closure relation (5.63a) for a one-particle system now reads 


Sve Wate) + f vse yvelrda = 8er =) (5.81a) 
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5.4 


and the corresponding result for a N-particle system is 


Wy Biers Ty) Wn, --- cen) + fui Ty) Walli,---,0nv)da 


= d(r, —r))...d6(tw — Py). (5.81b) 


If the box normalisation is employed (so that the entire spectrum becomes discrete) 
and we denote by yw; the normalised eigenfunction corresponding to the discrete 
eigenvalue a;(i = 1,2,...), the connection between the eigenfunction w; and the 
continuum eigenfunction yw, can be established as follows. Assuming the normal- 
isation box to be very large, the eigenvalues a; corresponding to the continuous 
spectrum are densely distributed, and for these eigenvalues the index i can be treated 
as a continuous variable. Hence, setting i = i(a) and introducing a density of states 


di 
p(a) = — (5.82) 
da 
which is equal to the number of discrete states within a unit range of a, we have 
avi Pawar = f ptaavida (5.83) 
Requiring that 
/ p(a)cj ida = | c(a) Wada (5.84) 
and also (from the closure relation and with }), > f p(a)da) 
: playin) Wi(r)da = | Vi) Valr)da (5.85) 
one can make the identifications 
Va = [play]? vi (5.86a) 
and 
c(a) = [p(a)]'"c; (5.86b) 


which allow one to ‘translate’ formulae written using the ‘box normalisation’ into 
those written using the delta function ‘normalisation’. 


Commuting observables, compatibility and the Heisenberg 
uncertainty relations 


We saw in Chapter 3 that the commutator of two operators A and B is defined as 


[A, B] = AB — BA. (5.87) 
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If the commutator vanishes when acting on any wave function, the two operators A 
and B are said to commute, AB = BA. The operators representing the ‘canonically 
conjugate’ position and momentum variables of a particle satisfy the fundamental 
commutation relations (see (3.77)) 


[x, Px] =Ly, py] = [z, pz] = 1h (5.88) 


with all other pairs of operators (for example y and p,) commuting. If a system 
contains several particles with position vectors r; and momenta p;(i = 1, 2,... , N), 
it is clear that all operators referring to one particle commute with all those refer- 
ring to another. The only pairs out of the operators (x;, y1, Z1), (%2, Y2, Z2),.--; 
and (Pix, Ply, Piz), (P2x, P2y, P2z),---, which do not commute are the canonically 
conjugate pairs (x;, Pix), (Vi, Piy) and (z;, pi:) for which, in conformity with (5.88) 


[x;, Pix) = Lyi. Piy| = [z, Piz) = 1h (i= D2 kena giv) (5.89) 


Commuting observables 


Let us suppose that A and B are two observables. If there exists a complete set of 
functions yw, such that each function is simultaneously an eigenfunction of A and of 
B, the observables A and B are said to be compatible. If the eigenvalues of A and B 
corresponding to the eigenfunction y, are denoted by a,, and b,,, respectively, then 


AWn = AnWn, BWn = baWn. (5.90) 


In a state described by w,,, a measurement of A must produce the precise result a, 
and a measurement of B the precise result b,,, with no limit on the precision with which 
A and B can be measured simultaneously. Examples of such compatible observables 
are the Cartesian components x, y and z of the position vector r of a particle, and 
others are the Cartesian components p,;, py and p, of its momentum p. In contrast, x 
and p, are not compatible, since, by the uncertainty relations, both of these quantities 
cannot be measured simultaneously to arbitrary precision. More generally, several 
observables A, B,C, ..., are said to be compatible if they possess a common set of 
eigenfunctions. In this case, all these observables can be measured simultaneously 
to arbitrary precision. 

If A and B are two compatible observables, and w,, 1s a common eigenfunction, 
we have 


ABWn = AnbnWn 
bnAnWn 
= BAW. (5.91) 
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Since any wave function VY can be expanded in the complete set of eigenfunctions y,, 
according to (5.60)*, we find, using (5.91), 


(AB — BA)W = Y cn(AB — BA)W, = 0 (5.92) 
so that 
[A, B]}=0 (5.93) 


and two compatible observables commute. 

The converse of this result, that two operators which commute possess a complete 
set of common eigenfunctions, will now be proved. First, consider the case for which 
A has non-degenerate eigenvalues a,. Then if A and B commute, 


A(Byn) — BAY, = An(BWn) (5.94) 


and therefore (By,,) is an eigenfunction of A belonging to the eigenvalue a,,. Since 
An 1s non-degenerate, (By,,) can only differ from yw, by a multiplicative constant 
which we call b,, 


BY = biWn- (5.95) 


Thus we see that w, 1s simultaneously an eigenfunction of the operators A and B 
belonging to the eigenvalues a, and b,,, respectively. 

Now consider the case in which a, is a degenerate eigenvalue of A, of degree a, 
with corresponding linearly independent eigenfunctions y,,,(r = 1, 2,... ,a@). Since 
A and B commute, (By,,) 1s an eigenfunction of A belonging to the degenerate 
eigenvalue a,. It follows that (By,,) can be expanded in terms of the @ linearly 
independent functions Wn1, Wn2,--- » Waa 


Qa 


BWrr = ye Crs Wns (5.96) 


s=] 


where c,; are the expansion coefficients. Let us form a linear combination of the 
functions y,, with a constants d,, so that 


BY 4 War = DY arCrs Uns: (5.97) 
r=] r=1 s=1 
Therefore, )\, d, Wnr is an eigenfunction of B belonging to an eigenvalue b,, provided 
that 
Seen: BEN Praag (5.98) 
r=1 


3 For notational simplicity we only treat here the case of a discrete spectrum. 
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This is a system of a homogeneous linear equations for the a constants d,. This 
system has a non-trivial solution if 


det |c,; — b,5,;| = O (5.99) 


where det means the determinant. This is an equation of order @ for b,, having a 
roots. Corresponding to each root, b, = b®), where k = 1,2,... ,a@, is a solution 
d of (5.98) and we see by construction that 


OO = dO Un (5.100) 
r=] 


is simultaneously an eigenfunction of A, belonging to the eigenvalue a,, and of B, 
belonging to the eigenvalue b“). The eigenvalue a, together with the eigenvalue b“? 
completely specify a particular simultaneous eigenfunction ¢“ of A and B, so that 
when both operators are considered together the degeneracy is removed. 

The foregoing analysis can be extended to show that if A, B,C,..., are a set 
of commuting observables, then a complete set of simultaneous eigenfunctions of 
these observables exists. The largest set of commuting observables which can be 
found (for a given system) is called a complete set of commuting observables. In this 
case the eigenvalues a,, by, Cy, ..., completely specify a simultaneous eigenfunction 
w, of A, B,C,... (apart from a multiplicative constant), so that the degeneracy 1s 
completely removed. 


Commutator algebra 


The following relations satisfied by commutators are useful and are readily proved 
(see Problem 5.6) 


[A, B] = —[B, A] (5.101a) 

[A,B +C]=[A, B]+[A, C] (5.101b) 

[A, BC] =[A, BIC + B[A, C] (5.101c) 
[A,[B, C]}+[B,[C, A]] +[C, [A, Bl] = 0 (5.101d) 


The Heisenberg uncertainty relations 


In Section 2.5 we discussed the Heisenberg uncertainty principle, and found the 
‘order of magnitude’ uncertainty relations (2.71) for the position and momentum 
of a particle. We shall now obtain a precise form of these uncertainty relations by 
adopting an accurate definition of the uncertainties Ax, Ap,,..., which appear in 
these relations. At the same time, we shall derive a more general expression of 
the Heisenberg uncertainty relations, which is valid for two canonically conjugate 
observables A and B, such that [A, B] = 1h. 

Let us consider two observables A and B. Let (A) = (W|A|W) be the expectation 
value of A in a given state Y (normalised to unity) and let (B) = (W|B|W) be the 
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expectation value of B in the state YW. We define the uncertainty AA to be 


AA = [((A — (A))?)]!” (5.102) 
so that 
(AA)? = ((A — (A))’) = (A*) — (AY? (5.103) 


is the mean-square deviation about the expectation value (A). Similarly, we define 
the uncertainty AB to be 


AB = [((B — (B))*)}'”. (5.104) 

We shall now prove that 

AAAB > MIA, B))|. (5.105) 
To this end, we first introduce the linear Hermitian operators 

A=A-—(A), B= B-(B) (5.106) 
which are such that their expectation values vanish. In terms of these operators, we 
have 

(AA)? = (A’), (AB)? = (B?) (5.107) 


and we also note that 

[A, B] =[A — (A), B—(B)] =[A, B]. (5.108) 
Next, we consider the linear (but not Hermitian) operator 

C=A+idB (5.109) 


where A is a real constant. The adjoint of C is the operator C' = A — iAB and we 
note that the expectation value of CC’ is real and non-negative, since 


(CC') = (WICC |W) = (C'WIC'W) > 0. (5.110) 
From (5.109) and (5.110) it follows that the expectation value 
((A +iAB)(A —iAB)) = (A? +. A7B? — id[A, B]) (5.111) 
is real and non-negative. Using (5.111), (5.107) and (5.108), we see that the function 
f(A) = (A*) + A°(B?) — id([A, B]) 
= (AA)? +A7(AB)? — iA([A, B]) (5.112) 


is also real and non-negative, which implies that ([A, B]) is purely imaginary. Now, 
the function f(A) has a minimum for 
_ i (fA, B)) 

2 (AB) 


0 (5.113) 
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and the value of f(A) at the minimum is 


— aay? 4 LA, BI)? 
PO) AAR (ABy? (5.114) 


Since this value is non-negative, we must have 
| 
(AA)"(AB)* > —7((LA, B]))” (5.115) 


and the property (5.105) follows by remembering that ([A, B]) is purely imaginary. 
For two observables which are canonically conjugate, so that [A, B] = 1h we have 
([A, B]) = iA and we therefore deduce from (5.115) that 


h 
AAAB 2 5 (5.116) 


In particular, for the pairs of canonically conjugate variables (x, p,), (y, py) and 
(z, pz), We can state the position—momentum uncertainty relations in the precise 
form 


h h h 
Ax Ap. = 2° AyApy 2 7” AzAp-:- 2 7 (5.117) 
with 
Ax = [((x — (x))?)]'*, Ap, = M(py — (px))*) 1? (5.118) 


and similar definitions for Ay, Ap,, Az and Ap.-. 


The minimum uncertainty wave packet 


It is clear that the equality sign in (5.105), giving the minimum uncertainty product, 
holds when A = Ay and C’W = 0 (see (5.110) and (5.114)) so that 


(A —idApB)V = 0. (5.119) 


This equation can be used to find the wave function W such that the product AAAB 
takes its minimum value. 

As an example, let us consider the motion of a particle in one dimension. Setting 
A = x and B = p,, the minimum value of the uncertainty product Ax Ap, at a 
definite instant of time (say t = 0) is given by 


A 

= 

Writing W(x) = W(x, t = 0), and using (5.119) with A = x — (x), B = p, — (p,) 
and Ao = i([x, pr])/[2(Apy)*] = —A/[2(Ap,)?], we find that 


Ax Ap, = (5.120) 


2i(Ap,)? 


Re (5.121) 


(-ine = (px) We = 
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5.5 


This first order differential equation is readily integrated to give the minimum uncer- 
tainty wave function 


a ” 
(Ap,)*(x — (x)) (5.122) 


hi 
where C is a normalisation constant. This wave function is seen to be a Gaussian 
wave packet. 


Wix)=C exp( 5 (rs)x) exp| — 


Unitary transformations 


We shall now show that by acting with a unitary operator on the wave function 
describing a state of a system, one obtains a new wave function which provides a 
completely equivalent description of this state. The application of a unitary operator 
to every wave function associated with a system is called a unitary transformation. 
Let and X be two functions and let A be a linear, Hermitian operator such that 


AW = X. (5.123) 


Let us apply the unitary transformation U, so that 


Ww = UW, X' = UX. (5.124) 
Writing 

AW’ = Xx’ (5.125) 
we have 

AUWV =UX=UAW (5.126) 
so that 

AU =UA. (5.127) 


Since UU" = UU = I (see (5.45b)), it follows at once from (5.127) that 
A’=UAU', A=U'A'U. (5.128) 
A number of results will now be proved. 


(1) If A is Hermitian, then A’ is also Hermitian. 
From (5.128) we have 


A” =(UAU')' =UA‘'U' (5.129) 
and since A = A’, we find that 


A" = UAU' =A’. (5.130) 
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(2) Operator equations remain unchanged in form. 


(3 


(4 


) 


Nee 


Consider for example the operator equation 
A=c,;B+coCD (5.131) 


where c; and c7 are complex constants and B, C, D are operators. Using again 
the fact that UU’ = U‘U = 1, we have 


UAU* =c,\UBU' +oUCU'UDU' (5.132) 
Or 
A’=c,B'+oC'D’ (5.133) 


where A’, B’, C’ and D’ are the transforms of A, B, C and D, respectively. 
We also note that if A and B are two operators such that [A, B] = c, where c 1s 
a complex number, and A’ and B’ are their transforms, then 


[A, B)=[A’, B]=c. (5.134) 


It follows that the fundamental commutation relations (5.88) remain unchanged 
under unitary transformations. 


The eigenvalues of A’ are the same as those of A. 
Indeed, we can rewrite the eigenvalue equation (5.21) as 


AU UW, = a,nU'UWn. (5.135) 
Operating from the left throughout with U, we obtain 

(UAU")(U rn) = an(UU")\(U Yin) (5.136) 
so that 

A’, =aw, (5.137) 


with yw’ = Uw,. Hence A’ = U AU‘ has the same eigenvalues as A. 


The quantities (X|A|) are unchanged by a unitary transformation. 
The proof 1s as follows: 


(X|A|W) = (X|U'UAUTU |W) 
((UX)|UAUT|(UW)) 
= (X'|A'|W’) (5.138) 


where in the second line we have used (5.30). A corollary of (5.138) is that 
expectation values remain unchanged under unitary transformations: 


(PIAL) = (WA W’). (5.139) 
By choosing A = / in (5.138), we also see that 
(X|W) = (X’"|W’) (5.140) 
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so that the scalar product is invariant under unitary transformations. Conse- 
quently, the normalisation is also preserved in such transformations, since 


QB) = (Ww )w’), (5.141) 


From the above results we see that physical quantities such as eigenvalues and 
expectation values can be equally well calculated from the transformed wave functions 
Ww’, xX’, ..., and operators A’, B’,..., aS from the original ones. This raises the 
possibility that a dynamical problem may be easier to solve by finding a suitable 
unitary transformation leading to a new set of wave functions and operators. It is 
also worth noting that each different unitary transformation leads to a new form or 
‘representation’ of the operators associated with the basic dynamical variables x, y, z 
and px, Py, p:, while the fundamental commutation relations (5.88) remain invariant. 
This suggests that an alternative formulation of quantum mechanics can be developed 
by considering the commutation relations (5.88) as one of the basic postulates of the 
theory’. 

As an example, consider a particle moving in one dimension, for which the 
wave function in the position representation is V(x, ft), the position and momentum 
operators being given in that representation by xo) = x and (px)op = —ihd/dx, 
respectively. The Fourier transform (2.43) of W(x, t) defines the momentum space 
wave function ®(p,, ft), and this transformation is unitary. Indeed, we can write 


P(p,,t) = UV(x, Pr) 


+00 
(2nh)~\/? | eo P/A Wy t)dx, (5.142) 


Oo 


the inverse transformation (2.42) being 


W(x, t) = U-'®(p,, t) 
+00 
- nny"? | el? /2@(p,, t)dpy 
= U'®(p,;, t). (5.143) 
Thus 
U'UW (x, t) = U'®(p,, t) = V(x, £) (5.144a) 
and also 
UU' ®(p,, t) = UV (x, t) = ®(p,, t) (5.144b) 


4 See Dirac (1958). 
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from which we see that U'U = UU* = IT, so that the integral operator U defined 
by (5.142) is unitary. By Parseval’s theorem (see equation (A.43) of Appendix A) 


+00 +00 
| |x, t)|7?dx = | ID(p,, t)|7?dp, (5.145) 


oo 


which is just a particular case of (5.141). 

As we saw in Table 3.2, in the momentum representation the position and mo- 
mentum operators are given by Xo) = ihd/dp, and (px )op = Px, respectively. It is 
straightforward to verify that in both the position and momentum representations the 
commutation relation [Xop, (Px)op] = 1/ Is satisfied, which illustrates the invariance 
of the basic commutation relations (5.88) under unitary transformations. 


Infinitesimal unitary transformations 


If the unitary operator U is very close to the unit operator /, the unitary transformation 
is said to be infinitesimal. We may then write 


U=I+ieF (5.146) 


where ¢€ is a real, arbitrary small parameter, and F is an operator which must be 
Hermitian. Indeed, from (5.45) and (5.146) we deduce that to first order in € 


1=U'U =(1-—ieF')(1 +ieF) ~ 1 —ieF' +ieF (5.147) 
from which e(F — F*) = O and 
F=F'. (5.148) 


The operator F is called the generator of the infinitesimal unitary transformation. We 
remark that if an infinitesimal unitary transformation is performed, the transformed 
wave functions are given by 


W=W4+5W =(/ +ieF)v (5.149) 
so that 
OW =1ieFV (5.150) 


while from (5.128), (5.146) and (5.148) the transformed operators are 
'=A+6A = (Il +i€F)A( — ieF) 
A+ieFA—ieAF + O(e’) 
= A+ie[F, A] + Ole’) (5.151) 


and therefore, to first order in é€, 


dA =18[F, A]. (5.152) 
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5.6 


Matrix representations of wave functions and operators 


Let us consider a complete set of orthonormal functions {y,,}. To simplify the notation 
we shall assume that the index n is discrete. Any physical wave function W can be 
expanded in terms of this set according to equation (5.60), where the coefficients c,, 
are determined by c, = (wW,|) (see (5.61)). For a given set of functions {y,}, the 
numbers c, specify the wave function Y completely. The coefficients c, are said to 
represent V in the basis (or representation) {w,}. We can think of the set of functions 
{w,} as being analogous to a set of orthogonal axes and the numbers c, as being 
analogous to the components of a ‘vector’ W along each of these axes. 

The action of a linear and Hermitian operator A on a wave function produces 
another wave function 


X = AW. (5.153) 
The wave function X can also be expanded in terms of the basis {y,,} as 


X= > din Wm (5.154) 


where the coefficients of the expansion are given by d, = (W,|X). Using (5.153) 
and (5.60), we have 


dm = (Wm|X) 
= (Wm| Al) 


= Do (mlAlWn)Cn. (5.155) 


The quantities 


are called the matrix elements of the operator A in the basis {w,,}. The equation (5.155) 
can thus be written as 


da, = > Are. (5.157) 


It relates the coefficients c, which uniquely define to the coefficients d,, which 
uniquely define X, and is completely equivalent to the operator equation (5.153). 
Thus the set of matrix elements A,,,, completely specifies the operator A within the 
basis {w,}. We remark that equation (5.157) can be written as a matrix equation 


d= Ac (5.158) 
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Or 


d\ Ai; Ajy2...\ [cy 
dy | — | Az; Az... | Jo (5.159) 


where d and ¢ are column vectors and A is a square matrix. If the basis {y,,} contains 
a finite number of functions, the matrix A is of finite dimension; otherwise A is 
of infinite dimension. Clearly there are as many different representations of wave 
functions and operators as there are basis sets of functions {y, }. 

Using (5.64) and the fact that c, = (Y,|) and d? = (X|y,,), the scalar product 
(X|W) can be expressed as 


(X|W) = }o d*c, = d'.c (5.160) 
an 
where c is a column vector with elements c, and d’ is a row vector with elements d*. 
Thus (5.160) can be displayed as 


C} 


(X|W) = (dt di...) | 2]. (5.161) 


Matrix properties and definitions 


Two matrices A and B can be added when they have the same number of rows and 
the same number of columns. Addition is commutative 


A+B=B+A (5.162) 
and if C = A + Bis the matrix sum, then 

Cre = Ann +> Baw (5.163) 

If C = AB denotes the product of two matrices A and B, then 

Ci) AgeBes (5.164) 

k 

which requires that the number of rows of B must be equal to the number of columns 
of A. It follows from (5.163) and (5.164) that multiplications 1s distributive 

A(B + C) = AB+ AC (5.165) 
and associative 

A(BC) = (AB)C. (5.166) 


It is also apparent from (5.164) that, in general, AB is not equal to BA. If AB = BA, 
the two matrices A and B are said to commute. 
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The inverse A~! of a matrix A is such that 
AA'=A'A=I (5.167) 


where I is the unit matrix, having elements J,,, = 5mn. A matrix which possesses an 
inverse 1s said to be non-singular. 
The matrix A! is the transpose of A if 


(Ane SA (5.168) 
and A’ is the adjoint of A if 

(Ann = Aim: (5.169) 

A matrix is Hermitian if it is equal to its adjoint: 

A=A' (5.170) 
so that 

Ane Ae (5.171) 


If the inverse of a matrix is equal to its adjoint, this matrix is said to be unitary. 
Hence, for a unitary matrix U, 


US = (5.172a) 
or 

UU =UU=L. (5.172b) 

The trace of a matrix is the sum of its diagonal elements: 

TrA = 0 Am. (5.173) 

Using these definitions, it is easy to prove (see Problem 5.10) that a Hermitian 
operator is represented by a Hermitian matrix, a unitary operator by a unitary matrix, 
the operator sum A + B by the matrix sum A + B, and the operator product C = AB 
by the matrix product C = AB, so that the algebraic properties of operators are 


mirrored by their matrix representations. For example, consider the operator product 
C = AB. We have 


Cnn = (Wm|AB|Wn) 


= Do mlAlWe) (al BLY) 
k 


= S Amt Bin (5.174) 
k 


where in the second line the closure relation (5.65) has been used. Looking back 
at (5.164), it follows that the matrix C is equal to the matrix product of A and B. 
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A square matrix A is said to be diagonal if it has non-vanishing elements A,,,, only 
when m = n. If the complete set of orthonormal eigenfunctions {w,,} of an observable 
A 1s used as a basis, then the matrix A representing A in this basis is diagonal, the 
diagonal elements being the eigenvalues a, of A. Indeed, since Aw, = a, Wp, the 
matrix elements of A in the basis {w,,} are 


= An(Wm|Wn) 
=A Onin (5.175) 


Let A be the matrix representing the observable A in a given basis. The eigenvalue 
equation Aw, = a, W, for the operator A becomes, in that representation, the matrix 
eigenvalue equation 


Au,, = 4,U, (5.176) 


where u,, is called an eigenvector of the matrix A, belonging to the eigenvalue a,. 
It is often convenient to use the Dirac ket notation and to write the eigenvector u,, 
belonging to the eigenvalue a, as the eigenket |a,,). Correspondingly, the row vector 
u’ will be written as the bra (a,|. More generally, a simultaneous eigenvector of the 
matrices A, B, C, ..., corresponding to eigenvalues a,, b,, cj, ..., will be denoted 
by |an, Dm, Cj, +++). 

The eigenvalues a, of the matrix equation (5.176) are real since A is Hermitian; 
they are solutions of the ‘secular’ equation 


det |A — a,I| = 0. (5.177) 


The properties of the eigenfunctions w,, of A are mirrored by those of the eigenvectors 
u, of A. In particular, two eigenvectors belonging to different eigenvalues are 
orthogonal (see (5.55)). Also, by using the Schmidt orthogonalisation procedure, it is 
possible to ensure that linearly independent eigenvectors u;, belonging to degenerate 
eigenvalues a; are mutually orthogonal. All eigenvectors can also be normalised to 
unity. Thus we have (compare with (5.57)) 


ul .uj; = 55s (5.178) 


where the indices r and s refer to the degeneracy. Finally, we remark that in the 
basis {¥,} of the eigenfunctions of A, in which the matrix A assumes the diagonal 
form (5.175), all the elements of the normalised eigenvector u, are equal to zero, 
except the nth element, which ts unity. 


Change of representation and unitary transformations 


We have already shown that different representations of quantum mechanical op- 
erators and wave functions can be obtained through unitary transformations. In 
the particular case of transformations between different matrix representations, the 
transforming operators are unitary matrices, as we shall now see. Suppose that {y,} 
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and {@,,} are two different orthonormal bases. Each member of the set {w,,} can be 
expanded in the basis {@,,,} as 


Wn = > UmnQPm (5.179) 


where the expansion coefficients U,,,, are obtained by taking the scalar product of 
both sides of (5.179) with ¢,,, and are given by 


We shall! now prove that the set of numbers U,,,, are the elements of a unitary matrix. 
Indeed, 


(UU) mn = Y= Umk(U* din 
k 
= yes 
k 


= (bm We) (Wildn) 


k 


= (dmlon) = bmn (5.181a) 
where we have used the closure relation (5.65). Similarly 
(UU) mn = Sn (5.181b) 


so that UU" = U'U = I, and U is a unitary matrix. 

Suppose now that a wave function W is represented in the basis {y,,} by the 
coefficients c, (forming a column vector c) and in the basis {@,,} by the coefficients 
c,, (forming a column vector c’). That is 


Y= > can = Dob (5.182a) 
with 
Ch = (Wal), Cn = (Om|P). (5.182b) 


Using the closure relation (5.65) and equation (5.180), we have 
C. a (Pm|Y) 
= 0 bmlvn) (Wal¥) 


Ue, (5.183) 


a result which can be written in matrix form as 


ce = Uc. (5.184) 
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Similarly, if A is a matrix representing the operator A in the basis {w,,} and A’ the 
matrix representing that operator in the basis {¢,,}, then 


Avan = (Om|Albn) 
= S> bmi ve) Wel Ald) ilbn) 
k l 


= So Unk AU" )in (5.185) 
k 


so that 
A’ = UAU' and A=U'A'U. (5.186) 


We saw earlier that if two Hermitian operators are connected by a unitary trans- 
formation they have the same eigenvalues. This property is mirrored for Hermitian 
matrices, so that the problem of solving the matrix eigenvalue equationn (5.176) can be 
viewed as that of finding a unitary transformation which converts the Hermitian matrix 
A into a matrix A’ = UAU' which is diagonal. It is a fundamental theorem of matrix 
algebra that any Hermitian matrix can be diagonalised by a unitary transformation. 
Another important theorem states that in order that two Hermitian matrices A and B 
can be diagonalised by the same unitary transformation, it 1s necessary and sufficient 
that they commute (AB = BA). 

Finally, an important property of unitary transformations is that they leave the trace 
of a matrix unaltered. Indeed, if the matrices A and A’ are connected by a unitary 
transformation, so that A’ = UAU", we have 


TA =) Ap. 
= EEE tht 
= 2D LOU An 


- ys Ay. = Tr A. (5.187) 
k 


It follows from (5.187), and the fundamental diagonalisation theorem, that the trace 
of a Hermitian matrix 1s equal to the sum of its eigenvalues. 


The state vector 


By now we have seen that the wave functions and operators which appear in quantum 
mechanics can be represented in many ways, all connected by unitary transformations. 
This fact led Dirac to suggest that the state of a system could be described by 
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a more abstract quantity called a state vector, denoted by a ket |W). With each 
State vector 1s associated a conjugate quantity or bra (W| such that (W|W) is a 
real number representing the square of the ‘length’ or norm of |W). The various 
representations we have studied correspond to specifying the ‘components’ of |W) 
along different directions in the abstract space, just as ordinary three-dimensional 
vectors can be represented by components along any three independent directions. 
The linear Hermitian operators, corresponding to dynamical variables, act on the 
abstract state vectors, converting one into another. In Dirac’s formulation of quantum 
theory the fundamental commutation relations play a central role, since these are 
independent of the choice of basis. Indeed, the superposition principle, together with 
the commutation relations for the basic operators (x, y, z) and (p,, py, p:) can be 
used to determine the physical quantities, such as expectation values or eigenvalues, 
without introducing a specific basis. In what follows we shall illustrate Dirac’s 
approach by obtaining the energy levels of a linear harmonic oscillator. 


The linear harmonic oscillator revisited 


Let us consider a one-dimensional harmonic oscillator, the Hamiltonian of which is 


2 2 
I | 


(5.188) 
2m 2 2m 2 


with w = (k/m)'/. In Section 4.7 we obtained the eigenvalues and eigenfunctions 
of this Hamiltonian by working in the position representation. We shall now find the 
eigenvalues of H by using a method due to Dirac, which does not make reference to 
any particular representation. 

Let us introduce the operators 


| mw \ '/* _ py 
a+ = | (37) X + ie | (5.189) 


Since x and p, are Hermitian operators, a, and a_ are adjoints of each other: a, = a” 
anda_ = a\,. Using the basic commutation relation [x, p,] = 1h, itis readily verified 
(Problem 5.12) that a, and a_ satisfy the commutation relation 


fa, @.|e 1 (5.190) 


In terms of the operators a; and a_, the Hamiltonian (5.188) can be rewritten in either 
of the forms 


H= ne (aay + a,a_)= ho(a_a, = 5) = hw(a,a_ Bs x) == ha(N 7 2) 
(5.191) 


where 


N=ay,a_. (5.192) 
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Furthermore, we have (Problem 5.12) 
[H, az] = thway,. (5.193) 
If |E) is an eigenvector (eigenket) of H belonging to the eigenvalue E, so that 
H|\E) = E|E) (5.194) 
we have from (5.193) that 
Haxz|E) = (ag H t hwa.)|E) 
= (E thw)a+|E). (5.195) 


It follows that the kets a+|E) are also eigenvectors of H, belonging to the eigenvalues 
E+hw. Asa, raises and a_ lowers the value of E, the operators a, and a_ are called 
raising and lowering operators, respectively. Since H only contains the squares of 
the operators p, and x, the expectation value of H in any state cannot be negative, 
and hence the eigenvalues of H must be non-negative. Let Eo be the smallest of these 
eigenvalues, and | Eo) be the corresponding eigenket. We must have 


a_|Eo) =0 (5.196) 


for otherwise a_|Eo) would be an eigenket corresponding to the eigenvalue Ep — ha, 
contrary to the hypothesis that Eo is the lowest eigenvalue. Operating on (5.196) with 
hwa,, and using (5.191) and (5.192), we have 


hwa,a—|Eo) = haN|Eo) = (H — $hw)|Eo) = 0 (5.197) 


from which we deduce that the lowest eigenvalue Ep is given by Ej = fiw/2. 
Using (5.195) we see that by operating repeatedly with a, on the eigenket | Eo), 
we obtain the sequence of (unnormalised) eigenkets 


|Eo), 44|Eo), @.|Eo), ---, (5.198) 
the eigenket a‘, | Eo) corresponding to the eigenvalue 
E, = (n+ $)ha, n=0,1,2,... (5.199) 


Let | E,,) be the normalised eigenket corresponding to the eigenvalue E,, and | E,,41) 
be that corresponding to the eigenvalue E,4,,. From (5.198), we have 


| En4i) = Cn4144|En) (5.200) 
where C,,,; 1S a normalisation coefficient. Since (E,4;|En41) = 1 anda_ = an we 
find that 

ICnsil? (Enla—a4|En) = 1. (5.201) 


Now, since a_a, = (H/hw)+ 1/2, and H|E,) = E,|E,), with E, = (n+ 1/2)ho, 
and remembering that (E,,|E,) = 1, we have 


Coup =(nt1)'" (5.202) 
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where we have taken C,,,; to be real. From (5.200) and (5.201) we see that 
a4|En) = (n + 1)'*|En41)- (5.203) 


By starting from n = 0 and using repeatedly the relation (5.203), all the eigenvectors 
|E,) can be obtained from | Eo): 


|En) = (n!)~"" a", | Eo) (5.204) 


Let |E,-;) be the normalised eigenket corresponding to the eigenvalue E,,_. 
From (5.200) and (5.202), we have 


|En) = Cnaz|En-1) (5.205) 
with C,, = n~'/*. Operating on both sides of this equation with a_, we find that 

a_|E,) =n"? a_as|En-1) (5.206) 
Since a_a, = (H/hw) + 1/2 and A|E,_;) = (n — 1/2)h@|E,_;), we obtain 

a_|E,) = n'"|En-1) (5.207) 


The operators a, and a_ can be used to calculate any property of the system. As 
an example, let us evaluate the expectation value of x* in the ground state | Eo) of the 
linear harmonic oscillator. From (5.189), we have 


x= (=) (a4 + a_) (5.208) 
and therefore 
2 
(Eo|x*| Eo) = —. (Eo|a‘, + a, a_ + a’ a_a, + aa 


4m? 
+a,a_a‘, + a,a_a,a_ + 47 d4 ae a4a> 
+a_a + a_a’.a_ + A€_a,a_a4y + a_a,a* 
+a’ a’, + a” a,a_ + aa, + a‘*|Eo). (5.209) 
We now observe that since a_|Eo) = 0, and also (Eola, = (Eola. = (a_Eo| = 0, 
(5.209) reduces to 
9 
4 _ =o 3 232 3 
(Eo|x"|Eo) = 7-5 (Eola_ay + a_aya_a, + a“a‘, +a ~a,|Eo). (5.210) 
Am*w 
Since we are evaluating a diagonal matrix element, we must also exclude all terms in 
which the number of operators a, is not equal to the number of operators a_. Hence 


Zz 


E,|x*|Eo) = ——— 
(Eolx"|Eo) = 7 


(Eo|a_a,a_a, +a*a‘,|Ep). (5.211) 
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Using the relations (5.203) and (5.207), we have 


a_a,a_a,|Eo) = a_a,a_|E}) 


= a_a,|Eo) 
= a_|EF}) 
= |Eo). (5.212) 
Similarly, 
a’ a‘, |Eo) = a’ a,\E;) 
= a V2|Ep) 
= a_2|E;) 
= 2|Eo) (5.213) 
and hence 
(Eo|x*|Eo) = = (5.214) 


Matrix representation in the {|E,,) } basis 


In terms of the orthonormal set {|E,,)} withn = 0, 1, 2,..., the matrix representation 
of H is adiagonal matrix with elements FE, = (n + 1/2)fa, and that of the operator 
N is adiagonal matrix with elements n. That is 


500... 000... 
020... 010... 
H = hw 003 ; N=1002 ; (5.215) 


From (5.200) and the orthogonality of eigenvectors corresponding to different 
eigenvalues, we have 


(Ex | En41) == Cre (Ex |a+|En) = Ok.n+! (5.216) 


where the indices k and n can take the values 0, 1, 2,.... Hence, the matrix elements 
of a, in the {|E,,)} representation are, using (5.202), 


(a4)en = (n+ 1)! 8e nat (5.217) 


and we see that a, is a real matrix whose only non-zero elements are those of the 
diagonal immediately below the main diagonal. Moreover, since a_ = a, and a, is 
a real matrix, we find that the matrix elements of a_ are 


(a_)en = (k +1) 8p 4.1.0 (5.218) 
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so that a_ is a real matrix whose only non-zero elements lie on the diagonal imme- 
diately above the main diagonal. Explicitly, 


cote e 0/1 0 O 
J1 0 O 
SE 6 00 720... 
a, = 0 aaa tae a_ = 00 0 Ae) : (5.219) 
00 VW ike 


The matrix elements of x and p, can be found immediately by using (5.189) (see 
Problem 5.14). 


Transition from the {|E,,) } to the position representation 


We shall now show how the linear harmonic oscillator eigenfunctions, given 
by (4.168) in the position representation, can be found by using the operators a, and 
a_. We first recall that in the position representation the operator x is represented by 
ordinary multiplication by x, while the operator p, is represented by —1/0/0x (with 
d/dx = d/dx in the present case). Hence, the operators a, introduced in (5.189) 


become 
1 [/mo\'” 1 d 
= —| | — —___... 5.220 
“ al( h 7 ha ves 
or, in terms of the variable € = (mw/h)'/*x = ax 
: (s _ ; (5.221) 
he — }. : 
Sa Ge 
Thus, in the position representation, the equation (5.196) becomes 
d 
E+ < ) vol )=0. (5.222) 
dé 
This equation has the solution 
Wo(E) = Noe” (5.223) 
where No is a constant. Hence 
Wo(x) = Noe? * ”?. (5.224) 
If No is chosen to be real and such that yo(x) is normalised to unity, we have 
1/2 
No = =) (5.225) 
0 Jt : 


All the other eigenfunctions can be found by using equation (5.204), which in the 
position representation becomes 


Wn(&) = (nt? ae pos Wo) (5.226) 
V2" dé 
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Using (4.154b), (5.223) and (5.225), we obtain 


1/2 
Wn(E) = (=a) e§/*H,(E) (5.227) 


where H,,(&) is the Hermite polynomial of order n. Upon returning to the variable x, 
we see that (5.227) is identical to (4.168). 


The Schrédinger equation and the time evolution of a system 


The next postulate of quantum mechanics concerns the time evolution of a quantum 
system and may be formulated as follows. 


Postulate 7 
~The time evolution of the wave function of a system is determined by the time- 
dependent Schrédinger equation 


in wit) = HV(t) (5.228) 


where H is the Hamiltonian, or total energy operator of the system. 


Assuming that the system has a classical analogue, its Hamiltonian operator can 
be obtained by applying the substitution rule (5.19) in the position representation, 
or (5.20) in the momentum representation, and carrying out the Hermitisation proce- 
dure described in Section 3.3, if necessary. 

As a first example, let us consider a system of N spinless particles having 
masses m;, position coordinates r;, momenta p;, and such that its potential 
energy V(r;,...,¥©y,¢) depends only on the positions r; and the time rt. The 
(non-relativistic) Hamiltonian operator of this system is given by 


N 
H=) —) +V(r,...,tw.t) (5.229) 


where p; = —i/V; if one is working in the position representation. 

As a second example, consider a particle of mass m and charge g moving in an 
electromagnetic field described by a vector potential A(r, ¢) and a scalar potential 
g(r, t). Its (non-relativistic) classical Hamiltonian can be obtained (Goldstein 1980) 
by starting from the field free expression E = p*/2m between the energy and the 
momentum of the particle, and making in it the substitutions 


E> E-q¢, p-p-a@A. (5.230) 
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The resulting Hamiltonian 


I 
H=>-@- gA) + q¢ (5.231a) 
m 


becomes the (non-relativistic) quantum mechanical Hamiltonian operator by 
replacing the generalised momentum p by the corresponding momentum operator 
(Pop = —1hV in the position representation). Applying the ‘Hermitisation’ 
procedure discussed in Section 3.3 to the term —(q/m)A.p, this Hamiltonian 
operator can be written in the form 

p? 


2 
Poo. hppa 2k 46 (5.231b) 
2m 2m 2m 


where we have omitted the subscript on the momentum operator in order to simplify 
the notation. 


The evolution operator 


Since the Schrédinger equation (5.228) is a first-order differential equation in time, 
the state vector Y(t) is determined for all ¢ once it is specified at any given time fo. 
We may therefore introduce an evolution operator U (t, to) such that 


W(t) = U(t, to) V (to) (5.232) 
with 

U (to, to) = I. (5.233) 
Applying twice the definition (5.232), we also have 

U(t, to) = U(t, )U(t', to) (5.234) 
and 

U-'(t, to) = U(to, t) (5.235) 


so that the evolution operator exhibits the group property. 
Substituting (5.232) into the Schrédinger equation (5.228), we see that the evolution 
operator U (t, fo) satisfies the equation 


) 
ha U(t,to) = HU(t, to) (5.236) 


subject to the initial condition (5.233). We remark that the differential 
equation (5.236) together with the initial condition (5.233) can be replaced by the 
integral equation 


* t 
U(t,t) =1- ; | HU (t’, to)dt’. (5.237) 


lo 


Conservation of probability requires that 


(W(t)[H(t)) = (W(t0)|¥ (t0)). (5.238) 
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However, from (5.232) 
(W(t)|W(t)) = (UCL, to) ¥ (to) |U (FZ, to) V (to)) 
= (W(to)|U'(t, to)U(t, to) | (to)) (5.239) 
from which 
U'(t, to)U(t, to) = 1. (5.240a) 
Likewise, starting from (W(to)| (to)), we obtain 
U(t, t)U'(t, ) =1 (5.240b) 


so that from these two equations we conclude that U (f, fo) 1s a unitary operator. 
The unitary character of the evolution operator is clearly connected to the Hermitic- 

ity of the Hamiltonian. We can display the connection by studying the change in the 

evolution operator induced after an arbitrary small time 6¢. We first have from (5.236) 


1A[U (to + dt, to.) — U (to, tc-)) = HU (to + St, to) dt. (5.241) 


Hence, to first order in 6¢, and using the initial condition (5.233), we have 
U (to + t,o) =1— ~ Har. (5.242) 


The Hamiltonian H is therefore the generator of an infinitesimal unitary transfor- 
mation (see (5.146)) — in fact, an infinitesimal time translation — described by the 
evolution operator U (ft) + dt, t). 

Let us consider the particular case for which the Hamiltonian H is 
time-independent. A solution of (5.236) satisfying the initial condition (5.233) is 
then given by 


U(t,to) = exp| — 7 HU — 0| (5.243) 


as is readily checked by recollecting that a function of an operator can be defined by 
its series expansion (see (5.38)) so that 


exp] 7 HU — 0)| = » —(-;) HA" (t — to)”. (5.244) 
n=0 ~~ 


Thus a formal solution of the time-dependent Schrédinger equation for a time- 
independent Hamiltonian H is given by 


W(t) = exp) 7 HU — 0)| W (to). (5.245) 


As an example, suppose that we are dealing with the motion of a structureless 
particle in a time-independent potential V(r). From (5.245) we may write the wave 
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function W(r, rf) as 


Wir,f) = exp] — 7 HC — o) |wer to) 


[eo|-7 He — for —r’)W(r'’, fo)dr’. (5.246) 
Now, according to the closure relation satisfied by the energy eigenfunctions, we have 


SVE) Wer) = 5-4’) (5.247) 
E 

so that we can recast (5.246) in the form 

W(r,t) = B | exp| — 7 HU _ ) VEO verve to)dr’. (5.248) 
Since Hwe = Ewe, it follows that 

Wir, ft) = >| / Wer wr’, oer | exp[—1E(t — to) /A)We(r) (5.249) 

E 

in agreement with the result (3.155) obtained in Chapter 3. 


Time variation of expectation values 


Let us consider an observable A. The expectation value (A) of this observable in 
the state Y, normalised to unity, is given by (W|A|W). The rate of change of this 
expectation value is therefore 


f(A) = Sua) 
dt dt 
= (Siar) + (w]e v) + (was) 
or or or 
“pI dA “pl 
= —(ih) cHruiaiy) +(w|2*]w) + any (WI|AH|W) (5.250) 


where in writing the last line we have used the Schrédinger equation (5.228) and 
its complex conjugate. Since H is Hermitian, the first matrix element on the right 
of (5.250) may be written as (Y|H A|W) so that 


o (A) = GAYA, HY a) (5.251 
i + (2 =n 
where 

((A, H]) = (WI[A, HY) = (WAH — HAI) (5.252) 
and 

(a) =(¥ dA ) ee 

ne Balad hi (5.253) 
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In particular, if the operator A does not depend explicitly on time (that is, if 
dA/dt = 0) equation (5.251) reduces to 


< (A) = (ih) '([A, H)). (5.254) 


Hence, if dA/dt = Oand the operator A commutes with H, its expectation value does 
not vary in time, and we can say that the observable A is a constant of the motion. 


Time-independent Hamiltonian 


As an example of the preceding discussion, consider a system for which the Hamil- 
tonian 1s time-independent (0H /dt = 0). Using (5.254) with A = H, we see that 


<(H) = (ih) ' (LH, H]) =0 (5.255) 


so that the total energy is a constant of the motion. This is the analogue of energy 
conservation for conservative system in classical mechanics. 

Let We be an eigenfunction of the time-independent Hamiltonian H 
corresponding to the eigenenergy EF. For a stationary state Ve = We exp(—iEt/h) 
and a time-independent operator A it is clear that the expectation value 
(We|A|VWe) = (We|AlW_e) does not depend on the time. Hence in this case (5.254) 
reduces to 


(Well[A, H]|We) = 0. (5.256) 


The virial theorem 


We now apply the above result to the particular case of a particle of mass m moving 
in a potential V(r), so that the corresponding Hamiltonian is 
p? 
H = —_+4+V(r). (5.257) 
2m 


Moreover, we choose A to be the time-independent operator r.p. We then have 
from (5.256) 


(Wellr-p, H]|We) = 0. (5.258) 
Using the algebraic properties (5.101) of the commutators, together with the 
fundamental commutation relations (5.88) and the fact that p = —14 V in the position 


representation, we find that 


[r.p, fH] 


op, + yPy + 2P2), 5 (Px + Py + P2) + V(x, Y, 2] 


Dp? + p? + p?) n( eres + 
—_—_— ; . — xXxX-— ———— Ls 
a Cees me Ox Dy OZ 


— 2ihT — ih(r.VV) (5.259) 


aV =) 
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where T = p?/2m = —(h? /2m)V? is the kinetic energy operator. From (5.258) 
and (5.259) we therefore deduce that, for a stationary State 


2(T) = (r. VV) (5.260) 


which is known as the virial theorem>. We remark that the result (5.260) may also be 
obtained by choosing the operator A to be p.r instead of r.p. Indeed, the difference 
between r.p and p.r is a constant, and hence commutes with H. We also note that if 
the interaction potential V is spherically symmetric and proportional to r°, one has 
for a stationary state 


aV 
2) = (} 


s(V). (5.261) 


The generalisation of the virial theorem (5.260) to a system of N particles is the 
subject of Problem 5.16. 


The Schrédinger equation for a two-body system 


As an example of the time evolution of a system we shall consider the case of two 
particles, of masses m, and my, interacting via a time-independent potential V (r; —r2) 
which depends only upon the relative coordinate r; — rz. The classical Hamiltonian 
of the system is therefore given by 


py p2 
|; ee ee ee V(r; —1r). (5.262) 
2m, 2m) 


Making the substitutions p) — —1i4V,, and pp > —14iV,,, we obtain the quantum 


mechanical Hamiltonian operator, and the corresponding time-dependent Schrédinger 
equation reads in configuration space 


2 


0 hi 
ih—W ’ ot SN ae 
aes (r1,¥2,¢) 


2m 


h2 
V;. — ere + V(r, — ro) fen, r,t). (5.263) 


> In classical mechanics the virial of a particle is defined as the quantity —(1/2)F.r, where F is the force 
acting on the particle and the bar denotes a time average. If the motion is periodic (or even if the motion is 
not periodic, but the coordinates and velocity of the particle remain finite) and T denotes the time average 
of the kinetic energy of the particle, one has 


and this relation is known as the virial theorem. If the force is derivable from a potential V the virial 
theorem becomes 


2T =r.VV 


which is the classical analogue of (5.260). 
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This is a seven-dimensional partial-differential equation. However, just as in clas- 
sical mechanics, the problem can be reduced by introducing the relative coordinate 


r=r,; -rrM (5.264) 


and the vector 
R= LAE aso (5.265) 
m,; +m? 
which determines the position of the centre of mass (CM) of the system. Changing 
variables from the coordinates (r,, rz) to the new coordinates (r, R), we find after a 
straightforward calculation (Problem 5.18) that 


h° h? h? h? 
—~—_ V2 ~ ——V7 =-—Vi- —V? (5.266) 
2m, ' 2m ° 2M 2 
where 
M=m,+m) (5.267) 
is the total mass of the system and 
Se ee (5.268) 
m, +m) 


is the reduced mass of the two particles. The Schrédinger equation (5.263) therefore 
becomes 
in wR rf) = = Leon vin ]wR r,t). (5.269) 
or ve 2M 1 ae - 
This equation can also be obtained by introducing the relative momentum 


p= Madi D2 (5.270) 
m,; +m) 


together with the total momentum 


P= p; + p2. (5.271) 
Since 
2 2 p2 2 
BN he ee ee (5.272) 
2m, 2m 2M od 
the classical Hamiltonian (5.262) can be written as 
P2 p’ 
H = —+—4Vi(r). 5.273 
aM + 7 + V(r) ( ) 


Performing the substitutions P > —iiVR and p > —ihV, in (5.273), we then 
obtain the quantum mechanical Hamiltonian operator 


eee ee un 2 
H = V V2 + Vir) (5.274) 
iv 


leading to the Schrédinger equation (5.269). 
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Two separations of the equation (5.269) can now be made. The time dependence 
can first be separated as in Section 3.5 since the potential V(r) is independent of 
time. Second, the spatial part of the wave function V(R, r, ¢) can be separated into a 
product of functions of the centre of mass coordinate R and of the relative coordinate 
r. Thus the Schrédinger equation (5.269) admits solutions of the form 


W(R, r,t) = ®(R)W(r) exp[—1(Ecm + E)t/h] (5.275) 
where the functions ®(R) and w(r) satisfy, respectively, the equations 
hi 
—~——V2(R) = Ecm®(R 5.276 
VAL: (R) cm®(R) ( ) 
and 
hi 
—v + vin) |v = Eywi(r). (5.277) 
pL 


We see that the equation (5.276) is a time-independent Schrédinger equation describ- 
ing the centre of mass as a free particle of mass M and energy Ecy. The second 
time-independent Schrédinger equation (5.277) describes the relative motion of the 
two particles; it is the same as the equation corresponding to the motion of a particle 
having the reduced mass uy in the potential V(r). The total energy of the system is 
clearly 


Ewr = Ecm + E. (5.278) 


We have therefore ‘decoupled’ the original two-body problem into two one-body 
problems: that of a free particle (the centre of mass) and that of a single particle 
of reduced mass y in the potential V(r). We remark that if we elect to work in the 
centre-of-mass system of the two particles, we need not be concerned with the motion 
of the centre of mass, the coordinates of which are eliminated. 


The Schrédinger and Heisenberg pictures 


Although there are many representations of wave functions and observables connected 
by unitary transformations, it is useful to distinguish certain classes of representations, 
called pictures, which differ in the way the time evolution of the system is treated. 
The Schrédinger picture, which we have used until now, is one in which the 
operators (either in differential or matrix form) representing the position and mo- 
mentum variables r; and p;, are time-independent. The time evolution of a system 
is determined in this picture by a time-dependent wave function W(t) satisfying the 
Schrédinger equation (5.228). According to (5.232), the wave function W (fr) is related 
to its value at time fo by performing the unitary transformation W(t) = U(t, to) V (to), 
where U (tf, fg) is the evolution operator. The time dependence of the expectation 
values of the basic time-independent operators r; and p; is given by (5.254). On 
the other hand, the rate of change of the expectation value of an operator which 
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depends explicitly on time (such as a time-dependent potential V(r, f)) is determined 
by equation (5.251). 

The Heisenberg picture is obtained from the Schrédinger picture by applying to 
the Schrédinger wave function W(t) the unitary operator U'(t, t9) = U(to, t). The 
resulting wave function is the Heisenberg wave function (or state function) Yy such 
that 


Wy = U'(t, to) W(t) = U(to, t) W(t) = V(t). (5.279) 


Hence, in the Heisenberg picture, the wave function Vy, 1s time-independent and 
coincides at some particular fixed time fo with the Schrédinger wave function (fg). 
Using (5.279) and (5.128) we see that if A is an operator in the Schrédinger picture 
and A, is the corresponding operator in the Heisenberg picture, we have 


An(t) = U'(t, to) AU(E, to) 
= U(to, t) AU (to, t) (5.280) 
and we note that Ay (t) is time-dependent even if A does not depend on time. 


The time variation of A(t) can be determined as follows. Writing U = U (fg, £), 
we first have from (5.280) 


d dU dA au! 
—Ay(t) = —AU* +U—U' + UA—_. 5.281 
po ge ge oar 
Using (5.236) and the facts that H is Hermitian and U is unitary, we then find that 
d guiss ; a) a 
q fH) = (ih) (-—UHAU Te) TA ae 
2 \—] t i t t dA. 
= (ih) “(-UHU'UAU’ +UAU Ne ENE es ; (5.282) 
Defining the Heisenberg operators 
Hy =UHU' (5.283) 
and 
dA dA 
(=) —- U—U' (5.284) 
Ot Jy Ot 
we obtain 
d aay 0A 
—Ay(t) = Gh) [An, Hy) + | — (5.285) 
dt Ot Jn 


which is the Heisenberg equation of motion for the operator Aj. 

As an example, let us consider the case of the x-components of the position and 
momentum of a particle, x and p,. Since these operators are time-independent in the 
Schr6édinger picture (0x /dt = dp, /dt = 0), we see from (5.284) and (5.285) that 

H 


te es 
ae = (if) [xH, Ay| (5.286a) 
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and 
d(px)u 
dt 


Using the fact that the basic commutation relations (5.88) are unchanged by unitary 
transformations, together with the results of Problem 5.7, one has 


= (ih) "[(px) un, Ay). (5.286b) 


dx 0H 
oe t (5.287a) 
dt O(px)H 
and 
d(px)H _— 0Hy (5.287b) 
dt OxH ; 


which are formally identical to Hamilton’s canonical equations in classical mechanics. 
Thus we see that the Heisenberg picture corresponds to a formulation of quantum 
dynamics which is formally close to classical mechanics. 

It is clear that since the Schrodinger and Heisenberg pictures are related by a unitary 
transformation, all physical quantities such as eigenvalues and expectation values of 
observables are identical when calculated in either picture. 

We also remark that if the Hamiltonian operator H in the Schrédinger picture is 
time-independent, the evolution operator in that picture is given by (5.243). The 
Heisenberg wave function Wj is then related to the Schrédinger wave function by 


Wy = V(to) = exp] > HC — o|we (5.288) 


and we see from (5.283) that Hy = H. 

It is sometimes useful to define other pictures in which a unitary transformation is 
applied to the Schrédinger wave function Y(t) using not the full Hamiltonian H as 
in (5.288), but part of it. Such pictures are called interaction pictures. 


Path integrals 


As we saw in Section 3.1, the Schrédinger equation can be obtained from the 
classical Hamiltonian function by replacing the coordinates and momenta by the 
appropriate operators. An alternative formulation of quantum mechanics, developed 
by R. P. Feynman, is closely related to the classical Lagrangian function, and provides 
new insights into the structure of quantum mechanics and its classical limit. It has 
also provided a very useful framework in which a large variety of problems occurring 
in high-energy and statistical physics can be studied. To avoid a complicated notation 
Feynman’s formulation, based on path integrals, will be discussed for the motion in 
one dimension of a particle of mass m moving in a time-independent potential V (x). 
The classical Lagrangian function for this system is 


L=T—V(x) (5.289) 
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where T 1s the kinetic energy 
| 2 


T = =mx 


(5.290) 


and the dot denotes a derivative with respect to time. The equation of motion written 
in terms of L, is the Euler-Lagrange equation® 


d /0L OL 
Sof. b= = = (5.291) 
dt \ ox Ox 

and the solution of this second order equation, with boundary conditions x(fo) = a, 
X(t) = b, determines the classical path 


x =x(t). (5.292) 


The equation of motion (5.291) follows from Hamilton’s principle which states that 
the motion of the system from time fo to f; 1s such that the action I is stationary, where 
I is defined as 


I(t), to) = | | L(x(t), x(t))dt, (5.293) 


fo 


and the integral is taken along the classical path (5.292). 
The stationary condition means that if the line integral (5.293) is taken along a 
neighbouring path to (5.292) so that 


x = x(t) +en(t) (5.294) 
where € is a small quantity and 7(f) is an arbitary function such that 
n(to) = nit) = 0, (5.295) 


then the change in / is of the order €?. 
The Schrédinger wave function (x, t,) satisfies the equation (3.157), which for 
one-dimensional motion is 


virn) = | K (x,t): x’, to) U(x’, to) dx’. (5.296) 


Feynman showed that the propagator K could be expressed as 


K(x, ty; x',t) = > Wp explilp(ti, to)/h] (5.297) 
P 


where [,,(t), fo) is the classical action (5.293), in which the integration is taken along 
a path x = x,(t), the sum over p is over all paths x,(t) which connect x(t,) with 
X(to), and W, is a weighting factor (see Fig. 5.1). Since there is a continuum of such 
paths the sum over p represents a kind of integral called a path integral, which will 
be defined later. 


© See for example Goldstein (1980) or Kibble and Berkshire (1996). 
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X(t) 


0 lo ty t 


Figure 5.1 Different paths pj), p2... linking the end points A and B for motion in one dimension 
between times t and t,. The classical path is marked as py. 


For a particle with a wavelength which is short compared with the range of the 
potential, //f isa very large quantity. The change in / between neighbouring paths is 
also large, so that the exponential in (5.297) oscillates rapidly with the consequence 
that the sum over paths averages to zero. The exceptional! case 1s when / is stationary, 
so that the change in 7 is zero between neighbouring paths and a finite contribution 
to the sum results. This only occurs for the classical path p., which is the only 
significant path for a macroscopic system. In contrast, for a microscopic particle, 
such as an electron moving in a potential of atomic dimensions, //f is not large, 
so that many paths contribute to the propagator and the classical path is no longer 
dominant. 

To derive equation (5.297), we write the propagator K in the form 


K (x,t); x',t) = exp(— 5 HU — o) ats — x’) (5.298) 
which is obtained by comparing (5.245) and (5.296). In the present case the Hamil- 
tonian #7 is 

py 

H=—+V(x). (5.299) 

2m 


The time interval (t; — fo) can be divided into N equal segments of width Ar = 
(t; — to)/N, so that the evolution operator exp[—iH (t; — to)/A] can be expressed as 
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a product of N terms: 


exp(—FH(n — 0?) — exp(— 7 HNAr] 
; N 
fexp(—; Har) 
exp(—; Har) exp(—5 Hr] a exp(— Hr). 


(5.300) 


Using this expression in (5.298) and inserting a delta function between each factor of 
exp(—iH At/h), the propagator K can be put in the form 


OO o, @) i 
K (xn, ti; Xo, fo) = / dx). | dxy—} exp(— 7H At atx — Xn-1) 
x exp(— FH At )a(aw- — Xny_2)... 


x d(x2 — X}) exp(— FH Ar ata — Xo) (5.301) 


where we have set x = xy and x’ = xo for notational convenience. 

By taking N to be large so that At is small and (At)? < At, it can be seen 
using (5.244) that 

HAL Bia Var (5.302) 
exp{ —— ~ exp| --— exp{ —— : 
a oD Pl 2m ae ale 

This relation is correct up to terms of order (At)? and is exact in the limit N — ov, 
that is At — 0. Each of the delta functions in (5.301) can be expressed by the 
relation (A.18) of appendix A in the form 


By — tn) = On)! f dk explik(x, —Xn—-1)], n=1,2,...N (5.303) 


Since the plane wave exp[ik(x, — xn-1)] is an eigenfunction of the kinetic energy 
operator p?/2m belonging to the eigenvalue i*k?/2m, we have from (5.302) that in 
the limit of small At 


exp(— 5 HAt ia — Xn—-1) 
ee Ak? 
= (27) dk exp gre + 1k(Xn aa Xe) 
ay m 


x exp(— FV Ur-1040 (5.304) 
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Using the integral (2.48), which holds for imaginary values of a and £, we find with 
a = 1hAt/(2m) and B = i(xp) — X,_1) that 


exp(— FH Ar atx — Xn_1) 


Mh im(Xn — Xn-1)° i 
) exp) | exp) FV 140 (5.305) 


es m 
— \ OnihAr 


It should be noted that when V = 0, this expression reduces to the free particle 
propagator which expresses V (x,,, (9 + Af) interms of Y(x,_1, f9) (see Problem 3.11). 

From (5.301), (5.304) and (5.305) and taking the limit N — ov, we obtain an exact 
expression for the propagator K 


i N/2 x oe) 
K (xn, t13 Xo, to) = Jim) sa | | dx af | dey 
= —oo —0o 


mM(Xn — Xn 1)? 
x exp + At ee (Ary? — Vern) | (5.306) 


The point x, is the value of x at time f9 + nAr and the set of points x,, 
n = 1,2,3,...N defines a path between the end points (Xo, fo) and (xy, ty) as 
shown in Fig. 5.2. The integrals over x;, x2...xy_—, result in a sum over all paths 
and in the limit N — oo define a path integral. In this limit 


> (%(1))’ (5.307) 


N 
At 2 = | dr (5.308) 


N>o hh 4= 2(Ar)? 
1s al m(%(t)2 — v(xte) fa 
= =H (t,t). (5.309) 


If the infinitely dimensional integral in (5.306) is written symbolically as 


N/2 
D(x (t)) = = Jim fa | [. dx; . ok. dxy_] (5.310) 


5.10 
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Figure 5.2 A path between A(X, to) and B(xw, tn) is defined by a series of points x, at times 
th = 9 + nAt. By integrating over x1, x2...xXN_1 a sum over all paths is obtained. 


the path integral form of K can be written as 


K (xn, t)3 Xo, fo) = [ Peenero( 5100.10). (5.311) 


Although it is convenient to express the sum over all paths by an integral symbol, 
it must not be forgotten that the path integral is defined as the limit N — oo of the 
discretised expression (5.306). 

In this discussion the propagator, and hence the wave function, have been expressed 
in path integral form by using the evolution operator (5.243) which was in turn 
derived from the Schrédinger equation. Alternatively it is possible to postulate the 
expression (5.311) where / is the classical action, and to develop quantum mechanics 
from it. 

With the exception of a few potentials, including the harmonic oscillator, the 
propagator K cannot be evaluated exactly starting from (5.311), so that the path 
integral expression has a limited use in practical calculations. However, path integral 
methods can lead to an understanding of physical effects both in non-relativistic 
quantum mechanics and in its generalisation to relativistic quantum field theory (see 
for example Huang, 1998). 


Symmetry principles and conservation laws 


In this section we shall discuss the connection between symmetry principles and 
conservation laws. The symmetry operations with which we are concerned are trans- 
formations of the dynamical variables that leave the time-independent Hamiltonian 
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operator of an isolated system invariant. We shall show that for each operation that 
leaves the Hamiltonian invariant there is a corresponding dynamical variable that is 
a constant of the motion and 1s conserved. 


Spatial translations and conservation of momentum 


Let us begin by analysing the connection between the translational properties of a 
system and the conservation of momentum. We shall make the basic assumption 
that the physical properties of an isolated physical system cannot be altered by a 
translation of the system by an arbitrary amount a. Such a translation has of course 
the same effect as one in which the system is undisturbed, but the origin of coordinates 
is displaced’ by an amount —a. Thus the new position vector of a point, r’, is related 
to the old one, r, by 


r =T(ajr=r+a (5.312) 


where T (a) is the operator effecting the transformation. The inverse translation 
T ~'(a) is then defined by 


r=T7 '(a)r =r —a. (5.313) 


Let us now consider the simple case of a system consisting of a single structureless 
particle described at a given time by the spatial wave function w(r). Let the system 
after being translated by an amount a be described by the wave function w’(r). The 
two wave functions y(r) and w’(r) can be connected by an operator U;(a) defined 
so that 


w'(r) = Ur(a)y(r). (5.314) 


Since this active translation of the system by the amount a is equivalent to shifting 
the coordinate origin by —a, it is clear that 


wi(r+a) = (Tr) 
= W(r) (5.315) 


or, alternatively, 


w'(r) = Us(a)v(r) = W(T"'r) 


= w(r — a). (5.316) 


Because the physical properties of the system cannot be altered by this transforma- 
tion, U;(a) must be a unitary operator (see Section 5.5). The explicit form of Uy(a) 


’ Transformations in which the system is moved relative to a particular coordinate system are said to 
be ‘active’ transformations. If, on the other hand, the system is considered to be fixed and the coordinate 
system is moved the transformations are said to be ‘passive’. 
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can be determined by considering first the effect of an infinitesimal translation 6a on 
the wave function. Using (5.316) and keeping terms to first order in 6a, we have 


w'(r) = y(r — 4a) 


dw (r) 5 dy (r) dy (r) 
oes ay ay ar i 


= (I —da.V)y(r). (5.317) 


= wir) — da, 


Comparing (5.317) with (5.314), we see that the infinitesimal unitary translation 
operator Is 


U;(da) = I —da.V 


p= = 58.Pop (5.318) 


where Pop = —ihV is the momentum operator of the particle in the position rep- 
resentation. Thus we see that the momentum operator Pop is the generator of the 
infinitesimal translations. 

A finite translation can be obtained by performing successive infinitesimal trans- 
lations in steps of da. Let us write 6a = a/n, where n is an integer, and take the limit 
n — oo. We then have 


Uy(a) = lim (1 = a 


n—>0o h on 


exp(—Fa-Pon) (5.319) 


If the wave function y(r) is an eigenstate of the momentum operator Pop corre- 
sponding to an eigenvalue p 


PopW = pw (5.320) 
it follows that 
Ur(ayy = exp(— pap) (5.321) 


Thus the action of Uy(a) is to alter w by a phase factor, which clearly does not change 
the state of the system. Conversely, we see that if the state of a system is unaltered 
by a translation, it is an eigenstate of the momentum operator. 

These results can be immediately generalised to a system of N particles. In this 
case, the infinitesimal unitary translation operator is given by 


Uy($a) = I — -5a-Pop (5.322) 


where the generator of the transformation, Pop, is the total momentum operator 


Pop — (p Jop + (P2)op pee (Pw )op- (5.323) 
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Likewise, the unitary operator corresponding to a finite translation is given for an 
N-particle system by 


Uy(a) = exp(—F.a.Pon) (5.324) 


Since the Hamiltonian H of an isolated system is invariant under any translation, 
it follows that 


H' = Uy(a)HU; (a) = H. (5.325) 


In particular, for an infinitesimal translation we have from (5.322), to order da 
U;($a)HUs (8a) = H — 5a-[Pop, H] (5.326) 


and therefore, upon comparison of (5.326) with (5.325), we find that 
[Pop, H] = 0 (5.327) 


so that the total momentum is a constant of the motion (see (5.254)). Thus we see 
that the conservation of the total momentum of an isolated system results from the 
invariance of its Hamiltonian under translations. 


Conservation laws and continuous symmetry transformations 


The foregoing discussion can readily be generalised to any continuous symmetry 
transformation. Let the Hamiltonian A of an isolated system be invariant under a 
symmetry transformation S. If Us is the unitary operator effecting this transformation, 
its action on the wave function V of the system is given by 


Ww = Us. (5.328) 


Let A be an observable and A’ its transform by the symmetry operation. Because the 
expectation value of measurements of A’ made on the system in the dynamical state 
’ must be equal to the expectation value of measurements of A made on the system 
in the dynamical state Y, we must have 


(PIAL) = (WA |’) 
= (UsW|A’|Us¥) (5.329) 


so that 
A’=UsAU., A=UA'Us. (5.330) 


In particular, since the Hamiltonian H is invariant under the symmetry operation 
S, 


‘= UsHU, = H. (5.331) 
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If the symmetry transformation is a continuous one, any operator Us can be expressed 
as a product of operators Uss5 corresponding to infinitesimal symmetry transforma- 
tions, such that 


Uss(e) = 1+ 1€Fs (5.332) 


where € is areal, arbitrarily small parameter and Fs, the generator of the infinitesimal 
unitary transformation, is an Hermitian operator. To first order in ¢, 


H’ = Uss(e)HU;,(€) = H + ie[Fs, H1. (5.333) 
Comparing (5.333) with (5.331), we see that 
[Fs, H|]=0 (5.334) 


and it follows from (5.254) that if F's 1s time-independent its expectation value (Fs) 
will not vary in time, so that F's 1s a constant of the motion. 

Equation (5.334) generalises to any continuous symmetry transformation the re- 
sult (5.327) derived for spatial translations. In Chapter 6 we shall examine the case of 
rotations, and shall show that the conservation of the angular momentum of an isolated 
system is the consequence of the invariance of its Hamiltonian under rotations. Here 
we consider briefly time translations, which, as we have seen in Section 5.7, are 
effected for a time-independent Hamiltonian by the evolution operator 


U(t,to) = exp] — > HU — 0}. (5.335) 


The generator of the corresponding infinitesimal transformation 1s the Hamiltonian 
H,andas H commutes with itself, it follows that if H is time-independent the energy 
is conserved. Thus, the conservation of energy of an isolated system is a consequence 
of the invariance of its Hamiltonian with respect to time translations. 


Space reflection and parity conservation 


Until now we have discussed continuous symmetry transformations. We now turn 
our attention to a discrete symmetry transformation: the reflection through the origin 
0 of the coordinate system. This operation is also known as an inversion or parity 
operation. Corresponding to such an operation, there is a unitary operator, usually 
denoted by P, and called the parity operator. It is such that, for a single particle 
(spatial) wave function y(r), 


Pwi(r) = w(-r) (5.336a) 
and for several particles 


Pwir,,%,-...,lv) = w(-r), —h,... , —Iy). (5.336b) 
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The parity operator P is Hermitian (P* = P) since, for any two wave functions 
w(r) and @(r), we have 


| ¢*(r)Pw(r)dr = | o* (r)w(—r)dr 
= | $"(—r)W (nde 


o | [Po ny} w(n)dr (5.337) 


and the generalisation to several-particle wave functions is obvious. 
It follows from the definition (5.336) that 


p- =] (5.338) 


so that the eigenvalues of P are +1 or —1, and the corresponding eigenstates are said 
to be even or odd. Thus, if w(r) is an even eigenstate of P and w_(r) is an odd 
eigenstate, we have 


Pwi(r) = vi(-r) = +) (5.339a) 
and 
Pw_(r) = v_(-1) = —W_(n). (5.339b) 


We note that 


/ wy (rn) w_(r)dr 


/ wi (—n)y_(-r)dr 


a | wi (r)w_(r)dr. (5.340) 
Hence 
/ yi (r)w_(r)dr = 0 (5.341) 


so that the eigenstates Ww (r) and W_(r) are orthogonal, in accordance with the fact 
that they belong to different eigenvalues of P. They also form a complete set, since 
any function can be written as 


Wir) = ¥+(r) + W_-@) (5.342) 
where 

wi(r) = 5[v(r) + v(-4)] (5.343) 
has even parity, while 

w_(r) = s[v(r) — w(-n)] (5.344) 


has odd parity. Again, the generalisation to systems of N particles is obvious. 
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The action of the parity operator P on the observables r and pop is given by 


ppt = —+ (5.345) 
and 
PPopP' = —Pop- (5.346) 


and we recall that P’ = P. 

The parity operation 1s equivalent to transforming a right-handed system of coordi- 
nates into a left-handed one. From our general discussion, we know that if the parity 
Operator commutes with the Hamiltonian of the system, then parity is conserved and 
simultaneous eigenstates of the Hamiltonian and the parity operator can be formed. If 
the weak interaction (which is responsible, for example, for the beta-decay of nuclei) 
is disregarded, the parity operator commutes with the Hamiltonians of atomic and 
nuclear systems 


[P, H}=0 (5.347) 


and parity is conserved. 


Time-reversal invariance 


A second important discrete transformation is one in which the time is reversed, 
t — —t. Before we examine the effect of this transformation in quantum mechanics, 
it is instructive to recall how time-reversal invariance occurs in classical mechanics. 
For this purpose, we start from Newton’s law of motion for a mass point, 
dr 
m——=F (5.348) 
and assume that the force F only depends explicitly on the position coordinates. 


Then, because Newton’s equations are of second order in ¢, we can associate to every 
solution r(t) of equation (5.348) another solution 


r(t) =r(—t). (5.349) 


The correspondence between the two solutions is illustrated by Fig. 5.3. We remark 
that the position of the particle at time fp in case (a) is the same as its position at time 
—tg in case (b), while the velocities (and hence the momenta) are reversed. Indeed, 


_ dr’(t) a dr(—r) a dr(t’) se fis 


Let us now investigate the effect of the time-reversal transformation tf — —t in 
quantum mechanics. We begin by considering the case of aspinless particle of mass m 
moving in areal time-independent potential V(r). The corresponding time-dependent 
Schr6dinger equation reads 


2 
ine wor. th= - sv" + vin) [ver t). (5.351) 
or 2m 
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(a) 


Figure 5.3 Two classical trajectories (a) and (b) which correspond by time reversal. 


Changing ¢ into —f, we obtain 
9 ar 
—ih—W(r, —t) = | -—V°+ Vir) |V¥(r, —1) (5.352) 
Ot 2m 


and we see that by taking the complex conjugate we can restore the form of the 
original equation (5.351): 


2 
Ge —t)= sv’ + ven) fore —f). (5.353) 
ot 2m 


It follows that if W(r,t) is a solution of the time-dependent Schrédinger equa- 
tion (5.351), so also is the ‘time-reversed’ wave function 


W'(r,t) = *(r, —2). (5.354) 


It should be noted that this result depends on our choice of representation. For 
example, if we write (see (2.60)) 


Wir, t) = (20h)? | e'P-T/" @(p, t)dp (5.355) 
and 
W'(r, t) = (2nh) >” | e'P-T/2 &'(p, t)dp (5.356) 


we see from (5.354) that the momentum space wave functions ®(p, r) and ®’(p, fr) 
are related by 


®'(p,t) = &*(—p, —r). (5.357) 


Thus in momentum space, as we change f into —f we must not only take the complex 
conjugate of the wave function, but also change p into —p. This last finding is 
consistent with the classical result (5.350). 
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Let us now consider a more general case, starting from the time-dependent 
Schrédinger equation 


in wet = HWV(t) (5.358) 


and assuming that the Hamiltonian H is time-independent. Changing ¢ into —?, and 
taking the complex conjugate, we obtain 


in we(—) = H*W*(-r). (5.359) 


Let us first assume that the Hamiltonian 7 is real (H* = AZ). Then, if V(r) ts 
a solution of the time-dependent Schrédinger equation, so is also the time-reversed 
state vector 


W(t) = U*(—t) = KW(—12). (5.360) 


Here K denotes the operator of complex conjugation. We remark that this operator 
is anti-unitary®, and such that K* = J or K = K‘. 

In general, however, H is not real. In this case we suppose that there exists a 
unitary” operator U,, such that 


U,H*U! = H. (5.361) 


This operator U, should obviously reduce to the unit operator / when 4 1s real. 
Operating on both sides of (5.359) with U, and using (5.361), we find that 


d 
ihe Ue (—1) = HU,Wv*(—2). (5.362) 


Hence, if Y(t) is a solution of the time-dependent Schrédinger equation, so also is 
W(t) = U,W*(-t) = U, KV (-2) 
= TW(-tr) (5.363) 
where 
TE AUER (5.364) 


is the time-reversal operator. In analogy with our foregoing discussion we call ’(r) 
the time-reversed state vector corresponding to W(t). We remark that since K is 
anti-unitary and U, is unitary the time-reversal operator 7 is anti-unitary. 


8 An operator B is said to be anti-linear if 
B(cy By +022) = c)(BY¥)) +5 (BY?) 


where ; and > are two functions and c,; and cz are complex constants. An anti-unitary operator V is 
anti-linear and, in addition, satisfies the relation 


VVi=VivVel. 


? The condition that U, be a unitary operator is imposed by the requirement of preserving the 
normalisation of the state vector. 
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We have seen above that when the Hamiltonian 4 1s real the operator U, reduces to 
the unit operator, so that in this case the time-reversal operator 7 is just the operator 
K of complex conjugation. When H* ¥ H it is usually a simple matter to obtain the 
appropriate operator U;, (and hence 7 ) by using the following considerations. First 
of all, we require that the position operator r be left unchanged under time reversal: 


r=TrT' =r. (5.365) 


Hence, if we work in the position representation (where r is a purely real operator), 
we must have 


TrT' = U,KrK'U! =U,rU; =r (5.366) 


so that U; must commute with r. We also require that the momentum operator shall 
change sign under the time-reversal operation 


Pop = TPopT’ = —Pop. (5.367) 
Since Pop = —iAV is a purely imaginary operator in the position representation, we 
have in that representation 

TPopT' = U,K(-ihV)K'U! = U,GAV)U; = —pop = ih V (5.368) 
which implies that U; must also commute with pop = —ihV. 


Let us now return once more to the time-dependent Schrédinger equation (5.358). 
Changing ¢ into —r and inserting J'7 (= /) between H and W, we obtain 


0 é 

i) = HT'TW(-tr) (5.369) 

and therefore 
0 ri 

eee) = THT'TW(-t). (5.370) 

Now, using (5.363) and (5.364), we have 
) ) ‘ 

Ser = =n = THT'W'(t) (5.371) 
or 

: d / TaWy/ 

ert (t) =TAT'WV(t) (5.372) 


and we want this equation to be identical with the original Schrédinger 
equation (5.358). Hence, provided that a unitary operator U, satisfying (5.361) 
exists, we see that the requirement 


THT' =H (5.373) 
Or 


[(7,H])=0 (5.374) 
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is the necessary and sufficient condition for the time-reversal invariance of 
the Schrédinger equation. At one time it was supposed that all fundamental 
Hamiltonians satisfied the time-reversal invariance condition (5.374), but it is 
now known that the Hamiltonian corresponding to the weak interaction is not 
time-reversal invariant, as well as not being invariant under the parity operation. 


Galilean transformations 


Let us consider a frame of reference S specified by Cartesian axes OX, OY, OZ and 
a second frame S’ with Cartesian axes O'X, O'Y, O’Z such that the axes in the two 
frames are parallel, but the origin O’ moves with a constant velocity v with respect 
to O. If ris the position vector of a particle in S at time ¢ and r’ is the position vector 
of the same particle at the same time in S’, then 


r=r-v (5.375) 


where we have taken O and O’ to coincide at the time t = 0. The transforma- 
tion (5.375) is known as a Galilean transformation. In non-relativistic classical 
mechanics, if Newton’s laws of motion are obeyed in a frame S (an inertial frame), 
then they also hold in all frames S’ which can be obtained by a Galilean transformation 
from S. 

We shall now examine how the Schr6édinger equation for a single particle of mass 
m moving in a potential V(r, ¢) changes under the Galilean transformation (5.375). 
If (r, t) is the wave function in the frame S, it satisfies the Schrédinger equation 


0 hi? 
ih—W(r, t) = ->vi + V(r, 2) W(r, f) (5.376) 

Ot 2m 

To rewrite this equation in terms of r’ we note that 
Wir, ft) = V(r’ 4+ vr, 1) (5.377a) 
0 ) , 

apt re = ae +vt,t)—-v.V,pW(r 4+ vi, t) (5.377b) 
V;,W(r,t) = Ver + vt, 1) (5.377c) 


so that (5.376) can be written as 
‘) 
ih V(r +vi,t)—ihv.V,pV(r + vt, t) 
h2 
— (-¥ +V(r4+ve, n)ver + vt, t) (5.378) 
m 


This equation, although correct, is not in the form of a Schrédinger equation because 
of the term in v.V_- on the left-hand side. A wave function V’(r’, t) which satisfies 
a standard Schrédinger equation in the frame S’ can be introduced by making the 
unitary transformation 


W(r’ + vt, t) = exp[i(mv.r’ + mv7t/2)/A]W'(r', t) (5.379) 
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5.11 


The plane wave exponential factor takes account of the fact that a particle at rest in 
the frame S’ has a momentum mv and a kinetic energy mv’ /2 when viewed from the 
frame S. Inserting (5.379) into (5.378) it is found that (Problem 5.21) 


OW'(r’,t) ( h? 


ih r —Ve + V(r, ») W'(r’, t) (5.380) 


2m 


where the potential in the S’ frame, V’(r’, t), is defined as 
Var’, t) = Vir — vt, t) (5.381) 


It is seen that W’(r’, t) satisfies a normal Schrédinger equation. If the potential V 
is zero, so is the potential V’, with the consequence that both and W’ satisfy the 
same Schr6dinger equation for a free particle; that is, the free-particle Schrédinger 
equation is invariant under a Galilean transformation. 

We shall now show that the Schrodinger equation for an isolated system of particles 
is also invariant under a Galilean transformation. To see this, consider first the 
Schrédinger equation for an isolated two-body system which ts written in terms of the 
relative coordinate r and the centre of mass coordinate R in equation (5.269). There 
are no external interactions but the two particles interact by the potential V(r). Under 
a Galilean transformation the relative coordinate r is unchanged, but the position R’ 
of the centre of mass in S' is related to R by 


R’ =R-vi (5.382) 


In the frame S‘ the wave function W (R, r, t) becomes VY (R’+ vi, r, ¢) and introducing 
the unitary transformation 


W(R’ + vt, t) = exp[i(Mv.R’ + Mv7t/2)h]W'(R’, r, t) (5.383) 
it is found that Y’(R’, r, r) satisfies 

_ow’(R’r, 2) a 

h —————_- = | - — Vz, —- —-V- + V W'(R’ r,t 5.384 

| ar aM R 2 oa i (r) ( r ) ( ) 
where we recall that M = my, + my) is the total mass of the system and 


[LA = mym7/(m, +m?) 1s the reduced mass of the two particles. The equation (5.384) 
is identical in form to (5.269) so that the two-body Schrédinger equation for an 
isolated system is invariant under a Galilean transformation. Clearly this argument 
can be repeated for a many-body system in which there are no external interactions 
and the interactions between particles only depend on internal coordinates 
rj =r; —f;.- 


The classical limit 


The transition from quantum mechanics to classical mechanics was discussed briefly 
in Section 3.4. In this section, we shall examine this question in more detail. 
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The Ehrenfest theorem 


We begin by re-deriving the Ehrenfest theorem, using commutator algebra. Consider 
a particle of mass m moving in a potential V(r, rt), so that its Hamiltonian is given by 


p? 
+ V(r, ft) (5.385) 


2m 
Using equation (5.254) for the operator x, we find that 


H= 


a me CL eel 
qt) = GA (De, AD) 


2 
— cn -— + V(r, |} (5.386) 


Since x commutes with V(r, f) and also with p, and p-., we have 


d ; 
(x) = (Lx, py) 


dt 2mih 
| 
= = (LD, px | px + prix, Px}) (5.387) 
2mih 
But [x, p,] = 14 and therefore 
d (Pr) 
ky 5.388 
7 (x) - ( ) 
Proceeding in the same way with the expectation values of y and z, we obtain 
d (P) 
—(r) = — 5.389 
7 (r) = ( ) 
which is the first Ehrenfest relation. 
Using now equation (5.254) for the operator p,, we have 
d 
7 \Px) = 1h 7 > ial 
ir (Px) = GA) ([px, 1) 
p? 
= nfo. B+ veo) 
2m 
aV 
= (| (5.390) 
Ox 
where we have used the fact that [p,, p?] = 0 together with the equation 
OV 
[px, VJ = —-1h — (5.391) 
Ox 
Repeating the argument for p, and p-, we find that 
d 
ay (P? = —(VV(r, f)) (5.392) 


which is the second Ehrenfest relation. 
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The Ehrenfest relations do not imply that classical mechanics holds for the ex- 
pectation (average) values of r and p. For this to be true, we must have in addition 
that 


(VV(r, t)) = VV (ir), £). (5.393) 


This can only be approximately satisfied if the width of the position probability 
distribution is small compared with the distance over which the potential V varies 
appreciably. 

To examine this point further, let us consider the simple case of one-dimensional 
motion in a potential V(x). Expanding dV(x)/dx = V’(x) about the (time- 
dependent) expectation value (x), we have 


] 
V(x) = V(x) + = V(X) + 5 — (x))?V"((x)) + + (5.394) 
so that 
] 
(V'(x)) = V’({x)) + 5 (x (x))*)V"((x)) +e (5.395) 


where we have used the fact that (x — (x)) = 0. The quantity —V’((x)) is just the 
classical force at the point (x). Thus, if only the first term is retained on the right 
of (5.395), we obtain 


d / 
ra cs ean ((x)), (5.396) 


which shows that the expectation values (x) and (p,) obey Newton’s law. However, 
the condition that the second and higher terms in the expansion (5.395) are small is 
a necessary, but not sufficient, condition for the motion to be classical. For example, 
in the case of the harmonic oscillator, where V(x) is quadratic in x, the second and 
higher terms in (5.395) vanish, and yet the classical limit can only be recovered if the 
spacing between the discrete energy levels is small compared with the energy of the 
oscillator; this occurs in the limit of large quantum numbers. 

The Hamilton-Jacobi equation 

Let us consider the time-dependent Schrédinger equation for a particle of mass m in 
a potential V(r, r): 


d h? 
iA— W(r,t) = | -— V2 4+ Voir, 1) | W(t, 2) (5.397) 
Ot 2m 
and look for a solution of the form 
1 
Wir, tf) = exp| Wr, a} (5.398) 
Substituting (5.398) into (5.397), we find that the function W must satisfy the equation 


ih 
_ (YW) 4 Ve — VW a0 (5.399) 
2m 2m 
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which in the limit A — O reduces to 
] 
— + —(VW)*+V=0. (5.400) 
2m 


This is the Hamilton-Jacobi equation for Hamilton’s principal function W!°. It can 
also be written as 


aw 
5, + He. p.t) = 0 (5.401) 


where #7 is the classical Hamiltonian, r and p are the classical position and (canonical 
conjugate) momentum respectively, and 


p(t) = VWr, fr). (5.402) 


Thus, for the one-body problem we are considering, the Hamilton—Jacobi equation is 
a first-order partial differential equation in the four variables x, y, z and t. Classical 
trajectories r(t), which depend on the initial values (at t = f9) of the canonical 
variables r and p, can be determined from the knowledge of the principal function 
Wr, f). 

Let us now consider the case for which the potential V(r) is time-independent, 
so that the Schrédinger equation (5.397) has stationary solutions of the form 
Wir, t) = w(r)exp(—iEt/h). In that case, we can write 


Wir, t) = S(r) -— Et (5.403) 
so that 

y(n) = exp] 7 5(0)| (5.404) 
Substituting (5.403) into (5.399), we obtain for the function S$ the equation 

(VS) ~[E-V(r)]- — V5 =0 (5.405) 


In the limit i — 0, this equation reduces to 
l 
— (VS)? =E-V(r) (5.406) 
2m 


which is the equation determining Hamilton’s characteristic function S(r). For a time- 
independent potential V (r), it follows from (5.402) that the classical trajectories r(t) 
are orthogonal to the surfaces of constant W. In 1834, Hamilton observed that in 
analogy with optics (where the rays of geometrical optics are the normals to wave 
fronts of constant phase), we may interpret classical mechanics as the ‘geometrical 
optics’ limit of a wave motion, the classical orbits being orthogonal to the wave fronts 
W = constant. This idea was the starting point of the investigations of de Broglie 


'0 Tt can be shown quite generally for any classical system that the numerical value of the action integral 
I introduced in Section 5.9 is the same as that of the corresponding Hamilton principal function W (see 
Goldstein 1980). 
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Problems 


and Schrédinger, which led to the formulation of wave mechanics. In Section 8.4, we 
shall show how the semi-classical approximation method of Wentzel, Kramers and 
Brillouin can be based on these considerations. 


5.1 The operators A;(i = 1,... , 6) are defined as follows 
AiW(x) = [WI Agy(x) = x°p(x) 
d 
A2w(x) = a Asw (x) = sin[y(x)] 


Xx , d2 
Aix) =f Wir de’ Awa) = Fv) 
Which of the operators A; are linear operators? Which are Hermitian? 


5.2 Using the definition of Hermiticity (3.69) show, by expressing the wave 
function V in the form W = c, ¥;+c22, where Y,, VW» area pair of square-integrable 
functions and c), cz are complex constants, that 


[ viavede = [amy voce 


in conformity with the general definition of Hermiticity (5.22). 


5.3 If A and B are two Hermitian operators (a) show that AB and BA may not 
be Hermitian, but that (AB + BA) andi(AB — BA) are both Hermitian. (b) Prove 
that the expectation value of A’ is always real and non-negative. (c) If A* = 2, find 
the eigenvalues of A. 


5.4 Prove that (a) if A is a linear operator and c is a complex number then 
(cA)’ =c*A' 

(b) if A and B are linear operators then 
(A+ B)’=A'+B", and (AB)'=B'A’. 


5.5 Consider a free particle of mass m moving in one dimension so that its Hamil- 

tonian is H = p2/2m. Show that the eigenvalues of H are two-fold degenerate, and 
that the degeneracy can be removed by considering the simultaneous eigenfunctions 
of A and p,. 


5.6 Prove the relations (5.101) satisfied by commutators. 


5.7 (a) Prove by induction that 


[x", px] = ihnx"! 
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and that 


[x, p"] = ifinp"' 


where n is a positive integer. 


(b) Using these results show that if f(x) can be expanded in a polynomial in x and 
g(p,) can be expanded in a polynomial in p,, then 


Lf (x), pr] = ihdf/dx 


and 


5.8 If A and B are two operators such that [A, B] = A, where A is a complex 
number, and if jz 1s a second complex number, prove that 


exp[u(A + B)] = exp(wA) exp(wB) exp(—y7A/2). 


5.9 Show that for a one-dimensional harmonic oscillator the uncertainty product 

Ax Ap, is equal to (n + s)h in the energy eigenstate y,(x), where Ax and Ap, 
are defined by (5.118). Verify that the ground-state wave function has the form of a 
minimum uncertainty wave packet (5.122). 


5.10 Prove that a Hermitian operator is represented by a Hermitian matrix, aunitary 
operator by a unitary matrix, and the operator sum A + B by the matrix sum A + B. 


5.11 The Hamiltonian operator H for a certain physical system is represented by 
the matrix 


100 
H=fw|020 
002 


while two other observables A and B are represented by the matrices 


02 0 2u 0 0 
00 2a 0 » 0 


where A and yp are real (non-zero) numbers. 


(a) Find the eigenvalues and eigenvectors of A and B. 
(b) If the system 1s in a state described by the state vector 


U = CyU; + C2Un + C303 
where c), C2 and c3 are complex constants and 


l 0 0 
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(1) find the relationship between c;, cz and c3 such that u is normalised to 
unity; and 


(11) find the expectation values of H, A and B. 


(iii) What are the possible values of the energy that can be obtained in a 
measurement when the system is described by the state vector u? For 
each possible result find the wave function in the matrix representation 
immediately after the measurement. 


5.12 Prove the commutation relations (5.190) and (5.193). 


5.13 Calculate for a linear harmonic oscillator the matrix elements (x'),m, Where 
ee 


(a) by using matrix multiplication, starting from the expressions for x,, given 
by (4.174); and 
(b) by using the raising and lowering operators a, and a_. 


5.14 Find the matrix elements of x and p, for the linear harmonic oscillator using 
(A+ )xn and (a_)xn given respectively by (5.217) and (5.218). 


5.15 Consider a particle of mass m moving in a potential V(r, t), so that its 
Hamiltonian is given by 


p? 
H = —+4Vv«r, fr). 
2m 
Using the result (5.254) and commutator algebra, prove that 
d 
dt 
5.16 Generalise the virial theorem (5.260) to a system of N particles, having a 
Hamiltonian of the form (5.229). 


One 
= Px) + (pxx)). 
m 


5.17. Consider a one-particle system, of which the Hamiltonian does not depend 
on x. Using (5.254), show that the x-component of the momentum is then a constant 
of the motion. 


5.18 Prove equation (5.266). 


5.19 Show that for a one-dimensional harmonic oscillator described in the Heisen- 
berg picture by the Hamiltonian 


1 1 
Ay = a PH a 5k xn) 


where py = (px), the general solution of equations (5.287) is 


| 
XH(t) = xy (O) cos wt + — py (0) sinat, 
mw 


Pul(t) = —mw xy (0) sinwt + py (0) cosat 
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where w = (k/m)!/?. 
Is the Hamiltonian H;, time-independent? 


5.20 Consider the one-dimensional motion of a free particle and the three operators 
H = p*/2m, p, and P (the parity operator). Do these operators all mutually com- 


mute? If not, show that one can construct two different complete sets of commuting 
observables from these three operators. 


5.21 Show that the wave function W’(r’, t) defined by the unitary transformation 
(5.379) satisfies the time-dependent Schrédinger equation (5.380). 
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One of the most important concepts in classical mechanics 1s that of angular momen- 
tum. All isolated systems possess the fundamental invariance property that their total 
angular momentum is conserved. This property provides a powerful aid in studying 
a number of problems such as the dynamics of rigid bodies and the motion of planets. 
In this respect the angular momentum can be compared with the total energy and the 
total linear momentum, which are also conserved quantities for isolated systems. 
The role of angular momentum in quantum mechanics is also of paramount im- 
portance. In this chapter, the necessary formalism for the description of angular 
momentum in quantum theory will be developed and some illustrative applications 
will be discussed. We shall see that the main differences from classical mechanics 
arise from the fact that in quantum physics the angular momentum is not an ordinary 
vector, but is a vector operator, whose three components do not commute with each 
other. We begin by considering the orbital angular momentum, and establish its 
relationship with rotations. Then, after analysing the general properties of angular 
momentum, we will study the important case of the spin (or intrinsic) angular 
momentum. Finally, we shall treat the problem of the addition of angular momenta. 
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6.1 


Orbital angular momentum 


Let us consider a particle of mass m. We denote by p its momentum and by r its 
position vector with respect to a fixed origin 0. In classical mechanics the orbital 
angular momentum of this particle with respect to O is defined as a vector L, such that 


L=rxp (6.1) 


This vector points in a direction at right angles to the plane containing r and p, and 
is of magnitude L = rp sina, where @ is the angle between r and p. The Cartesian 
components of L are 


Ly = yp: — Zpy (6.2a) 
Ly = Zpx — xp; (6.2b) 
L, = Xpy — ypx. (6.2c) 


The corresponding operators representing L,, L, and L, in quantum mechanics 
are obtained by replacing x, y, z and p,, py, p, by the appropriate operators obeying 
the fundamental commutation relations (5.88). Using the position representation of 
wave mechanics, such that x9 = Xx, Yop = Ys Zop = Z and (py)op = —ihd/dx, 
(Py)op = —1hd/dy, (pz)op = —1hd/dz, we find that the operators L,, L, and L- are 
given by 


0 0 
L, = -—ih{| y— -—z— 6.3 
(v5 | oo) 
L h 0 : (6.3b) 
1 — — x— g 
“ax Oz 
0 0 
L, = ~—ih| x— — y— }. (6.3c) 
dy Ox 


In other words the orbital angular momentum 1s represented in the position represen- 
tation of wave mechanics by the vector operator 


L= —-ih(r x V) (6.4) 


whose Cartesian components are the differential operators given by (6.3). It is easy 
to verify (Problem 6.1) that L is Hermitian. 

Using the rules (5.101) of commutator algebra and the basic commutation rela- 
tions (5.88), one readily obtains the commutation relations satisfied by the operators 
L,, Ly and L.. For example, we have 


[L., Ly) = [(ypz — zpy), (zpx — xpz)] 
= [ypz, zpx] + [zpy, xp-) — Lyp-, xp-] — [zpy, zpx}. (6.5) 


The first commutator on the right of this equation is 


Lypz, 2px) = ypzZPx — ZPxYPz- (6.6) 
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Since y and p, commute with each other and with z and p,, we can write 


[yp:, ZPx) = ypx[Dp:z, Zz] 
—ihyp,. (6.7) 


Similarly, the second commutator on the right of (6.5) becomes 


[zpy, xp.) = zpyxpz — XPzZpPy 
= xpy[z, pz] 
= ihxp,. (6.8) 


The third commutator on the right of (6.5) vanishes because y, x and p, mutually 
commute, and so also does the last commutator, since z, p, and p, mutually commute. 
Thus we find that 


[Lx, Ly] = it(xpy — ypx) 
= ihL.. (6.9) 


Similarly, one obtains 


[L,, L.] = 1hAL, (6.9b) 
and 
[heey | San bs (6.9c) 


The three commutation relations (6.9) are readily shown (Problem 6.2) to be equivalent 
to the vector commutation relation 


Lx L= ih. (6.10) 


Note that the operator character of L is clearly exhibited by this equation, since the 
vector product L x L would vanish if L were an ordinary vector. 

It is apparent from equations (6.9) that the operators representing any two com- 
ponents of the orbital angular momentum do not commute. From the results of 
Section 5.4 it follows that they are not simultaneously measurable. As a result, it is, 
in general!, impossible to assign simultaneously definite values for all components 
of the orbital angular momentum. Thus, if the system is in an eigenstate of one 
orbital angular momentum component (so that a measurement of that component will 
produce a definite value), it will in general not be in an eigenstate of either of the two 
other components. 

The operator representing the square of the magnitude of the orbital angular 
momentum is defined as 


Pilea Dees ee oe Op (6.11) 
| The words ‘in general’ are required because we shall see shortly that functions which depend only on 


the magnitude r of the position vector r are simultaneous eigenstates of L,, L, and L- with eigenvalue 
zero. 
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Using the rules of commutator algebra and the commutation relations (6.9), it is easy 
to show that L* commutes with each of the three components of L. For example, let 
us look at the commutator 


2 2 2 2 
[L*, Lx] = [LU + Ly + L;, Ly’. (6.12) 
Since the commutator of L, with itself vanishes, we have [L2, L,) = 0 and 


[L?, Ly) = (22+ L?, Ly] 
= (Ly, Lx) + (LZ, Ly] 
L,[L,, Lx] +[Ly, LyJLy + L[L;z, Lx) + (Lz, Lx JL; 
~ih(L,L, + L,L,) + ih(L.L, + LyL-) 
=O: (6.13a) 


In the same way, we also find that 

[L’, L,] =[L’, L-] =0 (6.13b) 
and we may summarise the equations (6.13) by writing 

(L?, L] =0. (6.14) 


It follows that simultaneous eigenfunctions of L? and any one component of L can 
be found, so that both the magnitude of the orbital angular momentum and the value 
of any one of its components can be determined precisely. Furthermore, L? and that 
component of L (say for example L-) form a complete set for the specification of 
angular momentum states. 

In obtaining the eigenvalues and eigenfunctions of L” and of one of the components 
of L, which we shall carry out in Section 6.3, it is convenient to express the orbital 
angular momentum operators in spherical polar coordinates (r, 6, @) which are related 
to the Cartesian coordinates (x, y, z) of the vector r by 


x =rsinOcos¢ 
= rsinOsing (6.15) 
z= rcosé 


wthO<r<cw,0<cd0<7,0< ¢ & 2m (see Fig. 6.1). After some algebra 
(Problem 6.3) it is found that 


Ly = -in(- re — cot cos == ) (6.16a) 
00 dd 
Ly, = -in( cose — cotd sino | (6.16b) 
00 dd 
 @ 
L, = —ih— (6.16c) 


ap 
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Figure 6.1 The spherical polar coordinates (r, 4, ¢) of a point P. The position vector of P with 
respect to the origin is r. 


and 


1 a ) 1 0 
L? = —h? — | sind— }+ — |. 6.17 
= 90 (sin 55) sin? 6 a | Oo 
It should be noted that L,, Ly, L, and L” are purely angular operators, which do 


not operate on the radial coordinate r. Therefore these operators commute with any 
function of r 


[Ly, f(r)) = (Ly, f()] = (Lz, Ff) = (L’, f(r)] = 0. (6.18) 


From the expressions (6.16) and (6.17) it is also clear that if a function is independent 
of 6 and ¢ (and hence depends only on r), then it is simultaneously an eigenfunction 
of L,, L,, L- and L* corresponding in each case to the eigenvalue zero. This is the 
single exception to the rule that eigenfunctions of one component of L cannot be 
simultaneously eigenfunctions of either of the two other components. 

Thus far we have considered the three Cartesian components of the orbital angular 
momentum operator L, but in what follows we shall also need its component L,, 
along an arbitrary direction determined by the unit vector h = (n,, n,,n-). For this 
purpose we use the following definition. If V is a vector operator which has Cartesian 
components V,, V,, V., the component V,, of V along the unit vector n is 


V, =p.V =n, V, +nyV, + 0n.Vz. (6.19) 


In this way, one may define the three components V,, V,, V,, of V in any Cartesian 
frame whose axes are directed along the unit vectors U, V and W such that W = U x V. 
In particular, the three components of L along u, v and W are given respectively by 


L, = u.L, L, = V.L, Ly =w.L (6.20) 


and it 1s readily verified (Problem 6.5) that the three commutation relations (6.9) for 
L,, L, and L. imply analogous commutation relations for L,, Ly, and L,,, namely 


ogy | San Ly, [Lis Lig) = 1h Ly, ise | Han Ly, (6.21) 
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6.2 


Let us now consider an isolated system of N structureless particles. If r; and p; are 
respectively the position and momentum vectors of the /th particle, its orbital angular 
momentum is defined to be 


L; =r; x Pj (6.22) 


so that in the position representation L; 1s represented by the operator —1/(r; x V;) 
where V; is the gradient operator with respect to r;, having Cartesian components 
(0/dx;, 0/dy;, 0/0z;). The total orbital angular momentum L of the system is the 
vector sum of the orbital angular momenta of the N constituents: 


N 
L= > Ls (6.23) 


i=] 
Since the operators acting on different variables commute, all the components of L; 
commute with all the components of L;,(i 4 k), and we have 


LxL= (L,+1Io+-:-4+Ly) x (L} +1l.+---+ Ly) 
=L, xL,+L.xbLlo.+---4+Ly x Ly 
ACL; + Lo + ---+ Ly) =1h4L (6.24) 


so that the components of the total orbital angular momentum satisfy the commutation 
relations 


[Ly,Ly)=iAL,,  [Ly,L,)=iaL,, (Lz, Ly] =ihL, (6.25) 


as in the case of one particle. 


Orbital angular momentum and spatial rotations 


Considerable insight into the nature of the orbital angular momentum operator is 
obtained by analysing its connection with rotations in space. First of all, as in the 
case of the translations studied in Chapter 5, we must distinguish between the passive 
and active points of view in considering the effect of rotations on a physical system. 
According to the passive viewpoint, the coordinate axes are rotated while the system 
itself is untouched, while in the active viewpoint the axes are fixed and the system 
is rotated. The two viewpoints are equivalent in the sense that rotating the physical 
system about an axis or rotating the coordinate axes in the opposite direction amounts 
to the same thing. In what follows we shall adopt the active viewpoint and rotate the 
physical system. 

Let us assume that we are dealing with an isolated system. Since space is intrin- 
sically isotropic (i.e. all directions are equivalent), the physics of this system must 
be the same before and after a rotation is performed on it. Using the results of 
Section 5.10, it follows that under a rotation R the state vector W describing the 
system must transform as 


Ww’ = URV (6.26) 
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where Up is a unitary operator (such that Up Up = U; Ur = 1). The normalisation 
is then preserved 


(YW) = (Ugh |Ug¥) = (V|URUR|Y) = (YIP) (6.27) 


and the probability amplitude (X|W) that the system described by will be found in 
a State X is also unchanged by the rotation. 

Consider now a dynamical variable (observable) to which corresponds an operator 
A, and let A’ be the transform of A under the rotation R. Since the average value of 
A in a state VY must be equal to the average value of A’ in the state ¥’ = Ur, we 
must have 


(Y’]A'|W’) = (W[URA'UR|Y) = (PIA) (6.28) 
and hence 
A=U,A'UR or = A’ = URAU. (6.29) 


In particular, the Hamiltonian H of an isolated system must be invariant for spatial 
rotations. As a result, we have 


H’ = UrpHU, = H (6.30) 
so that Ur H = HUp and 
(Ur, H]=0. (6.31) 


In order to obtain an explicit form for the unitary rotation operator Ur, we begin 
by considering the case of a single structureless particle, whose wave function at a 
given time is w(r). Under a rotation R the point r is moved to r’ = Rr. Except for 
a phase factor, which may be chosen equal to unity” the wave function yw’ describing 
the rotated state at r’ must be equal to the original wave function yw at the point r, 
namely 


wir) = vr). (6.32) 
According to (6.26) we want to relate y and yw’ by a unitary operator Ur such that 
w'(r) = Urp(r). (6.33) 


Now, from (6.32) we have w’(r’) = W(R7'r’), and since this relation is valid for 
all points in space, it follows that y’(r) = w(R7'r). We therefore obtain for the 
determination of Up the relation 


w'(r) = Urw(r) = W(R7'8) (6.34) 


which specifies the one-to-one correspondence (6.26) in the position representation. 
As a first example, let us consider an infinitesimal rotation by an angle da in 
the positive (right-handed) sense about the z-axis, and let us denote by U.(5q@) the 


2 This point is discussed in detail by A. Messiah (1968), Chapter 15. 
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corresponding rotation operator Ur. To first order in da, the coordinates (x’, y’, z’) 
of r’ = Rr are given by 


x’ = x—-— yba 


y =xda+y 
a (6.35) 


and those of R~'r are obtained by changing 5a into —da@. Using (6.33), we have 


y'(r) = U-(ba) (0) = W(Ro'n) = W(x + yda, y — x8qr, z) (6.36) 
and retaining only first-order terms in da, we find that 
oy ay 
U.(da)W(r) = wx, y,z) + yba— — xda— 
Ox dy 
=|/-—6 aa )] (r) 
= [1 8e(s55 - 7a) He 
= [ ~ peat: |yen (6.37) 


where we have used (6.3c). Hence we obtain the important relation 
UG =i = =a. (6.38) 


between the infinitesimal rotation operator U.(da@) and the z-component of the orbital 
angular momentum. Note that since U,(6q) is an infinitesimal unitary transformation 
it follows from the discussion of Section 5.5 that L- must be Hermitian. 

Relations similar to (6.38) are readily derived for infinitesimal rotations about the 
x- and y-axes. As expected, they involve respectively the x- and y-components of L, 


U, (Sa) = 1 - = Sa, U, (Sa) = 1 — Sarl. (6.39) 


More generally, let us consider an infinitesimal rotation by an angle da in the positive 
sense about an axis oriented along an arbitrary unit vector n, so that 


r = Rr=r+déanxr. (6.40) 
Denoting by U;,(dq) the corresponding infinitesimal rotation operator, we have 
U, (da) (r) = W(R 'r) = W(r — ban x r). (6.41) 
Keeping terms to first order in da, we find that 
Ualda)y(r) = w(r) — (dan x r). Vy (r) 
= [/ — dan.(r x V)]v(r) 


= [ = oe L | He (6.42) 
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where we have used the definition (6.4) of the operator L, and we recall that n.L is 
the component of L along n. Hence 


Gays ie ari. L (6.43) 


so that the orbital angular momentum operator L may be called the generator of 
infinitesimal rotations. 

Except when they are performed about the same axis, rotations do not in general 
commute. Looking at (6.43), we therefore expect that the commutation relations (6.9) 
obeyed by the components of the orbital angular momentum operator could be re- 
derived by considering two successive infinitesimal rotations about different coordi- 
nate axes in opposite orders. To see this, let us perform an infinitesimal rotation R, 
of angle da about the x-axis, followed by an infinitesimal rotation R, of angle da 
about the y-axis. Let the corresponding infinitesimal rotation operators be U, (da) 
and U,(dq@), respectively. According to (6.41) we then have (remembering that the 
order of the operations reads from right to left), 


U,(Sa)U, (ba) W(r) = W[(RyRy) '8] 


= ~[R,'Ry'r] 
= W[R7'(r— bay x v)] 
= w[r — day x r— bax x (r— day x r)] (6.44) 


where x and y are unit vectors about the x- and y-axis, respectively. Similarly, if we 
perform first the infinitesimal rotation R, about the y-axis, and then the infinitesimal 
rotation R, about the x-axis, we obtain 


U,.(da)U, (da) y(r) = wir — dak x r— day x (r— bax x r)]. (6.45) 


Subtracting (6.44) from (6.45), we find that the commutator of the two operators 
U, (da) and U,(da@), acting on y(r), gives 


[U, (Sa), U, (Sa) ]W(r) = wir — ba(& + §) x r+ (Sa)°F x (KX D)] 
—w[r — da(¥ +X) x r+ (da)?K x (¥ x r)] 
= ($a)"[¥ x (Kx r) -—& x (¥ x DI). V(r) 
(Sa)*[yk — xy]. Vv(r 
—(Sa)?(z x r). V(r) 
—(5a)*[z.(r x V)]v(r) 


~(80)* LW) (6.46) 


where we have kept terms to leading order (Sa)? on the right-hand side. On the other 
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hand, it follows from (6.39) that 


-(1 Z ;oeL, ) (1 = oat.) Joie 


a 


[U, (da), Uy (da) }y(r) 


[Lx, Ly Jw) (6.47) 


and therefore, upon comparison of iad and (6.47) we find that [L,, L,] = iAL,, 
which is the commutation relation (6.9a). The commutation relations (6.9b) and (6.9c) 
may clearly be obtained in a similar way. The non-commutativity of different compo- 
nents of the orbital angular momentum operator L is therefore a direct consequence 
of the non-commutativity of spatial rotations about different axes. Notice that, to the 
extend that (Sa)* can be neglected, infinitesimal rotations do, in fact, commute. 

Let us now consider rotations through finite angles. Any such finite rotation about 
an axis oriented along an arbitrary unit vector n can be built up by a succession of 
infinitesimal rotations about that axis. If Ug;(q@) is the unitary operator corresponding 
to a finite rotation of angle a, we may therefore write 


U;(a + 6a) = Us, (a) Ua(@) 


= (1 — ;éea.L ) U,(a) (6.48) 
where we have used (6.43). Thus 
dU;(a@) = Ua(a + da) — Ua(a) = (- 808. ) Ua(a) (6.49) 
so that 
a = (-;a4) Us (a) (6.50) 


and upon integration, we find that 
U;(a) = exp( aa. (6.51) 


where the meaning of the operator exp(—ian.L/h) is (see (5.38)) 


exp(— aii L) = = “(- lon: x) | (6.52) 


n= 


The above considerations are readily extended to an isolated system of N struc- 
tureless particles. In particular, replacing the vector coordinate r by the set of vector 
coordinates (r,,m,...,©ry) of the N particles, one finds (Problem 6.6) that the 
unitary rotation operators Up are still given by equations (6.43) (for infinitesimal 


6.3 
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rotations) and (6.51) (for finite rotations), where L now denotes the total orbital 
angular momentum (6.23). 

Let us now return to the important equation (6.31), which expresses the invariance of 
the Hamiltonian H of anisolated system for spatial rotations. Because any rotation can 
be expressed as a product of infinitesimal rotations, and since the total orbital angular 
momentum is the generator of infinitesimal rotations (see (6.43)), it follows that the 
invariance of H under rotations implies that, for an isolated system of structureless 
particles, 


[L, H] =0 (6.53) 


so that the rotal orbital angular momentum is conserved. Conversely, if the Hamil- 
tonian H of a system of structureless particles commutes with the total orbital 
angular momentum operator L, then H is invariant under rotations. It also follows 
from (6.53) and (6.14) that the operators H, L? and L. mutually commute. Thus, the 
eigenfunctions of H can be found among those common to L? and L., so that the 
eigenvalue problem of H considerably simplifies. 


The eigenvalues and eigenfunctions of L” and L, 


Let us consider a single particle, for which the orbital angular momentum operator 
L is given by (6.4). In Section 6.1 we learned that the operator L? commutes 
with any component of L, but that two components of L cannot accurately be 
known simultaneously. Thus simultaneous eigenfunction of L? and of one of its 
components can be found, and we shall obtain them in this section, using spherical 
polar coordinates. Since we have seen in Section 6.! that the components of L as 
well as L? are purely angular operators, we only need to consider the polar angles 
(9,@). Moreover, because the expression (6.16c) for L- is simpler than those for 
L, and L, in spherical polar coordinates, it is convenient to look for simultaneous 
eigenfunctions of L? and of the component L.. 


Eigenfunctions and eigenvalues of L, 


We begin by finding the eigenvalues and eigenfunctions of the operator L. alone. 
Denoting the eigenvalues of L, by mh, and the corresponding eigenfunctions by 
®,,(@), we have 


L.®,,(o) = mh®,,(¢) (6.54) 

Or 
ue (6) = m® 6.55 
a6 m(~@) =m m(@) (6. ) 


where we have used (6.16c). The solutions of this equation are 


®n(b) = (207) '/7e"? (6.56) 
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where (27r)~!/* is a normalisation constant. The equation (6.55) is then satisfied for 


any value of m. However, for the wave function to be single-valued? , we must require 
that D,,(27) = ®,,(0), or 


eltmm 7. (6.57) 


This relation is satisfied if m is restricted to positive or negative integers, or zero. 
Hence the eigenvalues of the operator L, are equal to mh, where 


Wie OE ees (6.58) 


and a measurement of the z-component of the orbital angular momentum can only 
yield the values 0, tf, +2h,... Because the z-axis can be chosen along an arbitrary 
direction, we see that the component of the orbital angular momentum about any axis 
is quantised. The quantum number m is usually called the magnetic quantum number, 
a name which, as we shall see later, is justified by its prominent role in the study of 
charged particles in magnetic fields. 

The eigenfunctions ®,,(¢) given by (6.56) are orthonormal over the range 
O<@<2z, 


2n 
| Di (G) Pm (p) dp = Omm’ (6.59) 
0 


which means that they are normalised to unity and that eigenfunctions belonging to 
different eigenvalues (m 4 m’) are orthogonal. The eigenfunctions (6.56) also form 
a complete set, so that any function f(@) defined on the interval 0 < @ < 27 can be 
expanded as 


+oc 


£6) = Y> anPm(). (6.60) 
m=—CO 
The coefficients a,, are found by multiplying both sides of (6.60) by O* ,(@), inte- 
grating over @ from O to 27 and using (6.59). This gives 


20 
Am = | @ 7, (b) f ()dd. (6.61) 
0 


Inserting this expression of a,, (in which we change the name of the integration 
variable from ¢ to ¢’) into (6.60) and using the property (A.26) of the delta function, 
we See that the eigenfunctions ®,,(@) satisfy the closure relation 


+00 
Y> O5(P')On(p) = 5H - #’). (6.62) 


m=—O 


3 It should be stressed that the requirement for single-valuedness of the wave function only applies to 
its spatial part. As we shall see in Section 6.9, certain wave functions depending on internal degrees of 
freedom may be double-valued; in particular, this 1s the case for spin wave functions corresponding to 
particles having half-odd integer spin (see (6.268)). 
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Simultaneous eigenfunctions of L” and L, 


We now turn to the problem of obtaining the common eigenfunctions Y),,(6, @) of 
the operators L’ and L., satisfying the two eigenvalue equations 


L?¥im(0,¢) =1 + Ih? ¥im O, &) (6.63) 
and 
LzYim(O, &) = MhY in (9, 0) (6.64) 


where the eigenvalues of L* have been written as /(/ + 1)4*. From our study of the 
eigenfunctions of L., we see that equation (6.64) implies that the functions Y,,,(0, d) 
must be of the form 


Yim(9, 6) = Oim(P) Pm) (6.65) 


where the functions ®,,(@) are given by (6.56), with m = 0, £1, £2,... 
Let us now turn to equation (6.63). Using the expression (6.17) of L* in spherical 
polar coordinates, we have 


sam F 0) ar (0,6) = —I(L + 1)¥in(9.¢). (6.66) 
a5 35 (0 00 7G Oe? im(9, @) = Im\@, P). ‘ 


Substituting (6.65) into (6.66) and making use of (6.56), we obtain for ©),,(@) the 
differential equation 


Ferac aS +n - IIe (6) =0 6.67 
sind do \> o)t sink of) en 


Our task is to find physically acceptable solutions of this equation over the range 
0 <0 <7. Forthis purpose, it is convenient to introduce the new variable w = cos 0 
and the new function 


Fim(w) = Om (8) (6.68) 
so that (6.67) reads 
d? d m? 
1 — w*)—~ —2w— +101 + 1) — Fim(w) = 0 , 
[ We a —d 1m (Ww) (6.69) 


with—-lIl<w<l. 


The case m = 0 
It is easiest to start with the case m = 0, for which (6.69) reduces to 
d2 


t — ws — 2w +10 + 1 [Fou =-0; (6.70) 
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This differential equation is known as the Legendre equation. Since the point w = 0 
is an ordinary (non-singular) point of this equation, we can try a power series solution 
of the form 


Fio(w) = > c.w'*. (6.71) 
k=0 


Inserting (6.71) into (6.70) and setting 4 = /(/ + 1), we find that 


SoTk(k = Dcgwh? — k(k = Dexw* — 2kexw* + Aegw*] = 0 (6.72) 
k=0 

Or 
SK + IK + 2ensa +14 — K(k + D)celw* = 0. (6.73) 
k=0 


This equation will be satisfied if the coefficient of each power of w vanishes. We 
therefore obtain for the coefficients c;, the recursion relation 


k(k+1)-—A 


C SO eee 6.74) 
2 = yk at ( 
so that the general power series solution of (6.70) is given by 
Fio(w) ; A 5 23-Ad ars 
= ates no eas —W eee 
ral ae "AAR, 
L245. 34 AI2Z Sh. 2 
vee 6.75 
va E v 9g as oa Ou) 


where co and c; are arbitrary constants. Note that the first power series, which 
multiplies co on the right of (6.75), contains only even powers of w, while the second 
power series (multiplying c,) contains only odd powers of w. The occurrence of 
particular solutions which are either even functions of w (when c; = O) or odd 
functions of w (when co = Q) is to be expected, since equation (6.70) is invariant 
when —w is substituted for w. 

We see from (6.74) that if the series on the right of (6.75) do not terminate at some 
fixed values of k, then for large k we have cy42/c, = k/(k +2), a behaviour which is 
similar to the divergent series Xk~!, where k is even or odd. As a result, both series on 
the right of (6.75) diverge for w? = 1, i.e. for w = +1, and inconsequence do not yield 
an acceptable wave function*. Thus, in order to be satisfactory, the expression (6.75) 
for Fj9(w) must contain only a finite number of terms. Using (6.74) and remembering 
that A = /(/ + 1), we see that by choosing / to be a positive integer to zero, 


PS Oy Ie Does. (6.76) 


4 This is not surprising, since w = +1 are (regular) singular points of the Legendre equation (6.70). 
See, for example, Mathews and Walker (1973). 
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either the even or odd series in (6.75) can be terminated at the finite value k = /. The 
other series can be made to vanish by choosing c; = 0 (for even /) or co = 0 (for odd 
!). The quantum number /, whose allowed values are given by (6.76), is called the 
orbital angular momentum quantum number. 

The physically acceptable solutions of the Legendre equation (6.70), which exist 
only for! = 0, 1, 2,..., are thus polynomials of degree /, called Legendre polynomi- 
als, and denoted by P;(w). From the above discussion it is clear that they are uniquely 
defined, apart from an arbitrary multiplicative constant. By convention this constant 
is chosen so that 


P,Q) = 1. (6.77) 


Since the Legendre polynomial P;(w) is in even or odd powers of w, depending on 
whether / is even or odd, we have 


P)(—w) = (-1)' P;(w). (6.78) 


An equivalent definition of the Legendre polynomials is 


l 
P(w) = 2) (7! tw’ ay (6.79) 


which is known as the Rodrigues formula. It is readily verified that the Legendre poly- 
nomials given by (6.79) satisfy the Legendre equation (6.70) and the relation (6.77). 
The Rodrigues formula can be used to prove various important properties of the 
Legendre polynomials. In particular, by performing integrations by parts, one finds 
that (Problem 6.7) 


+1 
[ Pi(w) Pr(w)dw = aa (6.80) 
so that the Legendre polynomials are orthogonal for / + lI’ over the range 
—1 <w <1, but they are not normalised to unity. Of course, physically acceptable 
solutions of the Legendre equation (6.70) which are orthogonal for / + 1’ and 
normalised to unity are easily constructed. From (6.80) we see that apart from a 
phase factor exp(ia) of modulus one they are given by 


se \" 
Foww) = (=S*) Pi(w). (6.81) 


Another equivalent definition of the Legendre polynomials may be given in terms 
of a generating function, by 


T(w,s) = (1 —2ws ee 
=) P(w)s', — |s| <1. (6.82) 
!=0 
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By differentiating this generating function with respect to w and s one can show 
(Problem 6.8) that the Legendre polynomials satisfy the recurrence relations 


(+ 1) Pig, (w) = (21 + IwP)(w) — 1 Pi_i(w) (6.83a) 
and 
5, AP; 
(l-—w es = —lwP(w) +1 Pi_\(w). (6.83b) 


The lowest-order differential equation for P; which can be constructed from these 
two recurrence relations is then seen to be the Legendre equation (6.70). Note that 
from (6.82) we immediately have P;(1) = 1. 
The Legendre polynomials P;(w) form a complete set on the interval —1 < w < 1, 
so that any function f(w), defined on this interval, can be expanded as 
Oo 
f(w) = > a; P;(w) (6.84) 
1=0 
and by using (6.80) we have 


+1 ft! 
a, = —— P,(w) f (w)dw. (6.85) 


Inserting this expression of a into (6.84) and using (6.80), we also find that the 
Legendre polynomials satisfy the closure relation 


| oO 
5 Yl + DPi(w') Pi(w) = 8(w — w'). (6.86) 
1=0 
The first few Legendre polynomials are 
Po(w) = | 
P, (w) = W 


P)(w) = 33w* — 1) 

P3(w) = $(5w° — 3w) 

Py(w) = 4(35w* — 30w* + 3) 

Ps(w) = 3(63w° — 70w? + 15w). (6.87) 


The general case 


Having solved the Legendre equation (6.70) we shall now obtain the physically 
acceptable solutions of equation (6.69), for which m is not necessarily equal to zero. 
Since (6.69) is independent of the sign of m, the solutions of this equation can be 
characterised by / and |m|. Let us define the associated Legendre function pe (w) 
of degree /(J = 0, 1, 2, ...) and order |m| < | by the relation 


oa qi 
Pw) = - wo yin? Pw). \m| =0,1,2,... (6.88) 
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We note that for m = 0 we have PP(w) = P;(w). Upon differentiating |m| times the 
Legendre equation (6.70) satisfied by P;(w), we obtain 


». alml+2 qiml+i 
qi 
—|m|(\m| + Drm |e) = 0. (6.89) 
W 


Using (6.88) we then find that pi" (w) satisfies the equation 


t —w’) 


which is the same as (6.69). part from an arbitrary multiplicative constant, the 
associated Legendre functions pin (w) are the only physically acceptable solutions 
of (6.69). We emphasise that the orbital angular momentum quantum number / is 
restricted to one of the values / = 0,1,2,... Regarding the magnetic quantum 
number m, we note from (6.88) that since P;(w) is a polynomial of degree, /, its |m|th 
derivative, and hence Pw), will vanish if |m| > 7. Hence for a fixed value of / 
there are (2/ + 1) allowed values of m given by 


d? d 
2w— +1(1+ 1) - 


du2 dw c 3 [Fimew) =0 (6.90) 


i ee ee al eee 2 (6.91) 


This result can readily be understood as follows. Since L* = L? + L* + L?, the 
expectation value of L? in a given state W is 


(L’) = (LZ) + (L¢) + (LS). (6.92) 
Now, since L, and L, are Hermitian, (L*) > 0 and (L%) > 0, so that 


(L?)> (L). (6.93) 


a 


Taking to be such that its angular part is an eigenfunction Y;,,(9, @) common to L? 
and L., we have from (6.63), (6.64) and (6.93) 


Ki +1)>m? (6.94) 


and as / and m can only take the values / = 0,1, 2,...,andm =0,+1,+2,..., we 
see that m is restricted for a given / to the (2/ + 1) values given by (6.91). 

We note from (6.88) that the associated Legendre function Pp (w) is the product 
of the quantity (1 — w)!"!/? and of a polynomial of degree |! — |m|. Using (6.78) 
and (6.88) it is straightforward to show that (Problem 6.9) 


PI"! —w) = (-1) Pw). (6.95) 


A generating function for the pi can be obtained by differentiating (6.82) |m| times 
with respect to w and multiplying by (1 — w?)!"!/? as required by (6.88). We obtain 
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in this way 
(2|m|)!(1 — w2ylml/2 ster 
2'™I(|m|)!(1 — 2ws + s*)lnl+l/ 
oe hes (6.96) 
l=|m| 


We also remark that the functions Pp satisfy the recurrence relations (Prob- 


lem 6.10) 
(20 + Iw Pl""(w) = (LU |m| + 1 Pw) + CF |) P| (w) (6.97a) 
(20+ 1) — wy! Pll wy = PI (w) — PI (w) (6.97b) 
> dP Im \m| 
(l-—w Laat =-—lwP, (w)+ (+ |m|)P,_,(w) 
= (+ lwP”"(w) — C+ 1 = [mp Pw) (6.97¢) 


|m| 


dP , - 
( 20-3 = (1 — wy! Pl! wy = |m|w Pl!) 


= —(1— wy! + fm = || +1) PI"! (w) + [mw Pw) 


(6.97d) 
and the orthogonality relations 
= 2 (+ |ml)! 
P| (w) Pl" (w)dw = —— ——— 3p. 6.98 

[ ] (w) 1] (w)dw +1(—\m)! ll ( ) 
Finally, it can be shown that the pin form a complete set. 

The first few associated Legendre functions are given explicitly by 

Pi(w) = (—w’)!” 

P}(w) = 3(1 — w’)!*w 

P}(w) = 3(1— w’) 

P3(w) = 3(1 — w*)'/*(Sw* — 1) 

P3}(w) = 15w(1 — w’) 

P3(w) = 15(1 — w*)?? (6.99) 


It should be noted from (6.98) that the functions pe (w) are not normalised to unity. 
However, by multiplying pi (w) by an appropriate normalisation factor, physically 
acceptable solutions F/,,(w) of equation (6.69) which are normalised to unity can be 
determined to within an arbitrary phase factor of modulus one. We shall not quote 
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these, but instead we write down the corresponding physically admissible solutions 
©im(@) of equation (6.67), normalised so that 


| Onn (8)©im (8) sinddé = Oy’ (6.100) 
0 


These functions are given in terms of the associated Legendre functions by 
(21 + 1) — m)! 
2(1 +m)! 
= (—1)"Ojjmj(9), am <O (6.101) 


1/2 
On(8) = yn P;" (cos 6), m>0 


where the choice of the phase factor is a conventional one. 


Spherical harmonics 


The eigenfunctions Y;,,(0,@), common to the operators L* and L- (see (6.63) 
and (6.64)) and normalised to unity on the unit sphere, are called spherical 
harmonics. Using (6.65), (6.56) and (6.101), we see that they are given for 
non-negative values of m by 


(21 +1) —m)! 


1/2 | 
4n(I +m)! | Pim(cospje™*, — m 20 (6.102a) 
Uv Mm). 


Yim (8, @) = (—1)” 
and for negative values of m we have 
Yim(@, 6) = (—-1)" Y7"_,, (6, d) (6.102b) 


where the phase convention adopted here is a frequently used one. We recall that the 
quantum number / can only take the values / = 0, 1, 2, ..., (See (6.76)) and that for 
a fixed value of / the allowed values of m arem = —/,—-1+1,... ,1 (see (6.91)). 

From (6.65), (6.56) and (6.101) we also note that the spherical harmonics satisfy 
the orthonormality relations 


2n Ww 
| Yim (8, O) Yim (8, b)dQ = | de : 6 sin OY i (8, b) Yim (8, ) 
0 0 


= 611 bm’ (6.103) 


where we have written dQ = sin 9d0d@ and the symbol { dQ means that we integrate 
over the full range of the angular variables (0, @), namely 


20 XN 
| dQ = | do | d6 sin 0. (6.104) 
0 0 


It can also be proved that the Y,,, form a complete set, so that a function f (6, @) can 
be expanded in terms of them as 


lo OnE =| 


£O.6)= > Yo aimYim(9. 9) (6.105) 


1=0 m=-l 
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By using the orthonormality relation (6.103), the coefficients of the expansion are 
seen to be given by 


aim = | ¥1,(0, d) £0, dQ. (6.106) 
Substituting (6.106) into (6.105) and using (6.103) we obtain the closure relation 
oo | 
Y> >> VF’. b')¥im(O, 6) = (2 — Q’), 
!=0 m=-l 
56(0 — 0’)5(b — d’ 
§(Q — 2’) = OO LOO G) (6.107) 


sin 0 
It is clear from (6.102) and our study of associated Legendre functions that Y;,,(0, @) 
is the product of exp(im@) sin'’”! @ times a polynomial in cos @ of degree (J — |m|). 
In particular, for m = 0 and m = I, we have, respectively, 


172 
Oe (=) P,(cos 8) (6.108) 


and 

2i+1 (21)! 
An PAN? 
The behaviour of the spherical harmonics under the parity operation r > —r 


is of special interest. Under this operation the spherical polar coordinates (r, 6, d) 
transform as 


1/2 
Y; (0, o) = | sin’ bel’? (6.109) 


r—>yr, d>1n-8, g>ot+n. (6.110) 
Thus, if P is the parity operator defined in (5.336), we have 

PlYim (0, 6)) = Yimn(x — 0,647). (6.111) 
Now, from (6.95) we have 

P."'[cos( — 0)] = P"'(— cos) = (—1)!~""! P!"(cos 0) (6.112) 
while from (6.56) we deduce that 

®,,(@ + 1) = (-1)"®,,(@). (6.113) 
Hence 

Yim( — 8,9 +2) = (-1)' Yim, ) (6.114) 


so that Y;,, has the parity of / (even for even /, odd for odd /). 
Following a notation originally introduced in spectroscopy, it is customary to 


designate the states corresponding to the values / = 0, 1, 2,3, 4,5, ..., of the orbital 
angular momentum quantum number / of a particle by the symbols s, p, d, f, g, h, ... 
When there is more than one particle, capital letters S, PR, D, F G, H,... , are used for 


the total orbital angular momentum. The first few spherical harmonics, corresponding 
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Table 6.1 Low-order spherical harmonics. 


/ m Spherical harmonic Yim(6, ¢) 
0 0 ape 
1/2 
1 0 Yi0= (; cosé 
1/2 . 
+1 Yi 41 =+(=] sinde*"” 
IT 
5 \ 1/2 
2 0 Yoo= (72) (3cos? 6 — 1) 
IW 
15\ 1/2 . 
+1 Yo +1 =(=| sin @ cos de*"? 
15: \ 7 : 
ee Y242= (==) sin? get+2'¢ 
4 
7 \1/2 
3 0 Y39= (Gz) (5 cos? 9 — 3cos@) 
rf 
21 \V2 . 
+1 Y341= +(Z-) sin (5 cos* 6 — 1)et'* 
1/2 . 
+2 Y342 = (se) sin? 9 cos de+2? 
W 
35 \1/2 . 
+3 Y3 43 = +( a) sin? get3i¢ 


to the s, p, d and f states are listed in Table 6.1, and polar plots of the corresponding 
probability distributions 


\Yim(, @)|? = (277) '|©im (8) |? (6.115) 


are shown in Fig. 6.2. 
It is also interesting to study the effect of the operators L, and L, on Y;,,. For this 
purpose, it is convenient to introduce the two operators 


LS ily. Te Sais (6.116) 


We note that these operators are not Hermitian, but are mutually adjoint, since 
Li = L,—iL, = L_andL' = L, +iL, = Ly. Because L, and L, commute 
with L?, we have 


[L7, Li] = 0. (6.117) 
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Figure 6.2 Polar plots of the probability distributions |Yim(9, ¢)|2 = (27)~'|@jm(0)|2. 


It is also readily verified from the commutation relations (6.9) that (Problem 6.11) 


Eybos= Ll? = LoL, (6.118a) 
[by ba 2h: (6.118b) 
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and 

[Lobe S=Sn Le. (6.118c) 
Acting on both sides of (6.64) with L. and using (6.118c), we find that 

Le(L4£Yim) = (m £ 1I)A(L4 Yim). (6.119) 


Also, if we act on both sides of (6.63) with Ls and use the fact that L? commutes 
with Li, we have 


L7 (Ls. Yim) = UL + WD) A7 (Ls Yim)- (6.120) 


Thus the operator L., acting on a simultaneous eigenfunction Y),, of L? and L- gen- 
erates a new common eigenfunction of these two operators, for which the eigenvalue 
of L? remains equal to /(/ + 1)’, while the eigenvalue of L- is increased by one unit 
of fh to become (m + 1). Similarly, (L_Y;,,) is a simultaneous eigenfunction of L? 
and L, with eigenvalues given, respectively, by /(/ + 1)A? and (m — 1)h. Hence 


Ls Yim, 6) = GY i.m+i1(, ) (6.121) 


where c. are constants. With regard to the eigenvalue equation (6.64) the operators 


L., and L_ are therefore respectively raising and lowering operators; we see that they 
play arole similar to that of the ladder operators a, and a_ introduced in Section 5.6 
to study the spectrum of the linear harmonic oscillator. 

In order to obtain the constants G. of (6.121), we use the expressions (6.16a) 
and (6.16b) of the operators L, and L, to write L+ in spherical polar coordinates. 
The result is 


; ) e) 
Li = he*'?| +— + icoto— |. 6.122 
ed e 50 +1co =| ( ) 
From (6.64) and (6.16c) we know that by acting with 0/d@ on Y),,(6, @), one obtains 
(im) Yim(@, @). The action of 0/00 on Y;,(0, @) may be studied by using (6.102) 
and the recurrence relations (6.97d) satisfied by the associated Legendre functions 
(in which one sets w = cos@). In this way it is found that 


Li Yim, @) = AU +1) — mm £1]! Yi ma 9, @) (6.123a) 
or 
La|lm) = ALI +1) — mim + 1)]'?|1m + 1) (6.123b) 


where in the last line we have used the Dirac ket notation, the ket |/m) being 
represented in the position representation by the spherical harmonic Y,,,(6, ). 
From (6.123) and the fact that 


Ly=5(L4+L-), Ly = 5 (Ly ~L_) (6.124) 
: 1 


the result of the action of the operators L, and L, on Y},, (or |/m)) is then immediately 
obtained. 
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Let us now consider a particle which is in the orbital angular momentum state 
|/m), so that the angular part of its wave function Y (which we assume to be 
normalised to unity) is given by Yi,(0, 6). Thus we have L2\Im) =1(+ 1)A7|Im) 
and L,|Im) = mf|lm). Although we have seen that two components of the orbital 
angular momentum cannot in general be assigned precise values simultaneously, it 
is nevertheless possible to say something about the components L, and L,.. Indeed, 
from (6.123) and (6.124) the expectation value of L, in the state |/m) is given by 


(Ly) = (Im|Ly|lm) = 5 (Im|L4 + L_|Im). (6.125) 
Now, from (6.123b) we have 
(Im|La\lm) = ALL +1) —m(m£1)]'7 (im|lm + 1) 
— 0 (6.126) 


where we have used the fact that the spherical harmonics satisfy the orthonormality 
relations (6.103) so that (/m|l’m’) = 8,7 5m’. Thus 


(Ly) =0 (6.127a) 
and similarly 
(E.)= 0, (6.127b) 


On the other hand, from (6.124), (6.118a) and (6.126) we obtain 


(L2) = (L2) = 5(L? — L?) 
= [I+ 1) — mh’. (6.128) 
Note that when m = +/ or m = -—l, so that the orbital angular momentum is 


respectively ‘parallel’ or ‘anti-parallel’ to the z-axis, its x- and y-components are still 
not zero, although the average values of L, and L, always vanish. It is convenient 
to visualise these results in terms of a vector model (see Fig. 6.3). According to this 
model, the orbital angular momentum vector L, of length //7(/ + 1)A, precesses about 
the z-axis, the (2/ + 1) allowed projections of L on this axis being given by mh, with 
m = —l,—I1+1,...,-+/. Thus the vector L may be viewed as lying on the surface 
of a cone with altitude mh which has the z-axis as its symmetry axis, all orientations 
of L on the surface of the cone being equally likely. 

We conclude this section by mentioning an important property of the Y),, called 
the addition theorem of the spherical harmonics. Let r; and rz be two vectors having 
polar angles (6), @;) and (2, @2), respectively, and let 0 be the angle between them. 
The addition theorem states that 


4n St! 
Pi(cos8) = = Zs Y* (01, 61) Yim (02, $2). (6.129) 
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Figure 6.3 The vector model of angular momentum, illustrated here for the orbital angular 
momentum L when / = 2. The vector L, of length //(/+1)h, precesses about the axis 
of quantisation, the (2/ + 1) allowed projections of L on this axis being given by mh, with 
m=-I,l41,....44. 


Note that since the Y),, satisfy (6.102b) and the summation runs over the entire set 
m= -—I,-—Il+1,...,+4+/, of allowed values of m, the complex-conjugate sign can 
be put either on Y;,,(6;, @;) or on Yi, (02, G2). 


Particle on a sphere and the rigid rotator 


In this section we shall illustrate the results obtained above on a simple example. 
Let us consider a particle of mass yz and let p = —1/V be its momentum operator 
in the position representation of wave mechanics. The kinetic energy operator of 
the particle is therefore given in this representation by T = p*/2u = —(A7/2p)V?. 
Expressing the Laplacian operator V7 in spherical polar coordinates’, we may also 


> See, for example, Byron and Fuller (1969). 
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write forr 4 0 


; nef la/,a go ea OY i 1 0 (6.130a) 
= —-—|——[r°— — { sind — ——_- -—= 130a 
Qulr2ar\ ar) r2sin@ a0 a0)" r2sin26 a¢2 


Or 


hf la/,a L? 
= 2 E or ¢ =) za | ele) 
where we have used the expression (6.17) of the operator L’. 

Let us now assume that the particle 1s constrained to move on the surface of a sphere 
of radius a. Taking the centre of the sphere as the origin of coordinates, r has the 
fixed value r = a. Hence the first term in the square brackets on the right of (6.130b) 
does not occur, and the kinetic energy operator of the particle reduces to 

L? 


a 6.131 
2uaz 2] ( ) 


where / = ja’ is the moment of inertia of the particle with respect to the origin. 
Moreover, its potential energy V is clearly independent of r. If we suppose that V is 
also time-independent, the Hamiltonian of the particle is given by 


L2 
H= aT +V(0,¢) (6.132) 
and the time-independent Schr6dinger equation reads 
L2 
E + VO, |v. p) = Ew, >). (6.133) 


Rigid rotator 


We now focus our attention on the simple case in which the particle is free (except 
for being constrained to move on the sphere) so that V = O and we are dealing with 
a rigid rotator. In this case the Hamiltonian (6.132) reduces to 


L2 
—— 6.134 
7; (6.134) 
and the Schrodinger equation (6.133) becomes 
L2 
5p VG: @) = EW, >). (6.135) 


Since the eigenfunctions of L” are the spherical harmonics Y),,(6, ¢), and its eigen- 
values are given by /(/ + 1)A? (with / = 0, 1, 2,...) we see that the eigenfunctions 
of the rigid-rotator Hamiltonian (6.134) are also the Y),,, the corresponding energy 
eigenvalues being 
hi 
E= SIU +0, PSO 2 ce: (6.136) 
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It is worth stressing that these energy eigenvalues are independent of the quantum 
number m. Thus, the (2/ + 1) eigenfunctions Y),,(0, 6) withm = —1,-l14+1,...,1, 
correspond to the same energy, so that the energy level E; 1s (2/ + 1)-fold degenerate. 
This degeneracy arises from the fact that the Hamiltonian (6.134) of the rigid rotator 
commutes with the orbital angular momentum operator L (see (6.14)) and is therefore 
invariant under rotations. Hence for this system all directions of space are physically 
equivalent. Now we have seen in Section 6.3 that mf measures the projection of the 
orbital angular momentum L on the z-axis, and thus is determined by the orientation 
of L. The (2/ + 1)-fold degeneracy with respect to the quantum number m therefore 
results from the fact that the Hamiltonian (6.134) is independent of this orientation, 
so that its energy levels cannot depend on the magnitude of the component of L in 
any particular direction. 


Rotational energy levels of a diatomic molecule 


The result (6.136) giving the eigenvalues of the ngid-rotator Hamiltonian can be used 
to obtain an approximation for the rotational energy levels of a diatomic molecule. 
As far as its rotational motion is concerned, a diatomic molecule can be considered 
(in first approximation) as a rigid ‘dumb-bell’ with the nuclei of the two atoms A and 
B held a fixed distance Ro apart (see Fig. 6.4). Classically the (kinetic) energy of 
rotation 1s 


(6.137) 


where w is the angular frequency of rotation, / is the moment of inertia and L = Iw 
is the magnitude of the angular momentum of the molecule with respect to the axis 
of rotation, which is perpendicular to the symmetry axis of the molecule (i.e. the line 
joining the two nuclei) and passes through the centre of mass. Denoting respectively 
by Ma and Mg the masses of the nuclei A and B, and by Ra and Rg their distances 
from the centre of mass, we have (see Fig. 6.4) 


I = MaR? + MpRa = LRG (6.138) 


where 1 = MaMp/(Ma + Mg) is the reduced mass. In obtaining the above result 
we have used the relations MaRa = MpRp and Ro = Ra + Rp. Since there is 
no potential energy, the Hamiltonian of the system is just H = L*/21/, so that the 
energy eigenvalues are given by (6.136), as in the case of the rigid rotator. The only 
difference is that the quantity 42 which appears in the moment of inertia (6.138) is 
now the reduced mass jp of the two nuclei. 

As an example, the constant A*/2/ has the value 1.3 x 107? eV in the lowest 
electronic state of the molecule HCl. Transitions between rotational states which 
differ in the quantum number / give rise to a series of closely spaced lines, called a 
band spectrum because it appears as a band when the structure due to the lines is not 
resolved. Pure rotational spectra of this kind lie in the far infrared and microwave 
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B 


Figure 6.4 Rotation of a diatomic molecule considered as a rigid ‘dumb-bell’, the nuclei of the 
two atoms A and B being a distance Ro apart. The rotation is about an axis Oz perpendicular to 
the symmetry axis of the molecule and passing through the centre of mass. The classical energy 
of rotation is !w?/2, where | is the moment of inertia (6.138) and w is the angular frequency of 
rotation. 


regions°®. 


Thus far we have assumed that the molecule is completely rigid. In fact, the nuclei 
can vibrate about their equilibrium position, and we shall see in Chapter 10 that the 
spacing of the corresponding vibrational energy levels is of the order of 0.1 eV, i.e. is 
about one hundred times larger than typical spacings of rotational levels. Transitions 
in which both the vibrational and rotational quantum numbers change give rise to 
the vibration—rotation (also called rovibrational) spectra of molecules, which appear 
in the infrared part of the electromagnetic spectrum. Finally, electronic spectra 
of molecules are observed when changes occur in the electronic as well as in the 
vibrational and rotational states of the molecule. As we shall show in Chapter 10, 
typical energy separations between low-lying electronic levels of molecules are of the 
order of a few eV, so that the corresponding electronic spectra appear in the ultraviolet 
and visible regions. 


General angular momentum. The spectrum of J? and J, 


In Chapter | we saw that experiments demonstrate that particles can be assigned 
an intrinsic angular momentum, the spin S, and a spin quantum number s. For 
example, the electron has a spin quantum number s = 1/2, so that the component 
of its spin angular momentum S in a given direction can only take the values +//2. 


© See Bransden and Joachain (1983), Chapter 10. 
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Such values are excluded for the component of the orbital angular momentum L in 
a given direction, which can only take the values mf, wherem = —1,—-1+1,... ,1, 
is either zero or a positive or negative integer (see (6.76) and (6.91)). This arises 
from the condition that the wave function should have a unique value at each point 
in space. Since the spin angular momentum of a particle is not associated with 
the spatial dependence of the wave function, this restriction need not apply for the 
spin. The theory developed so far for the orbital angular momentum is therefore not 
comprehensive enough to include also the spin angular momentum. 

Because the commutation relations play a fundamental role in quantum mechanics, 
the way forward is to adopt the following general definition of angular momentum: a 
vector operator J is an angular momentum if its components are Hermitian operators 
satisfying the commutation relations 


[J, Jy] = ihJ,, [J,, J] = Ad, [J-, Jy] = Jy (6.139) 
which are equivalent to the vector commutation relation 
JxJ=ihJ. (6.140) 


Moreover, using the commutation relations (6.139), and proceeding as in the cases 
of the orbital angular momentum (see (6.20) and (6.21)), one finds that if J,, J, and 
J, are, respectively, the components of J along the three orthogonal unit vectors U, 
Vv and W = U x V, then 


[us ta) Sh ys [Ju Jw) = hd, [Jw, Jud = Ady. (6.141) 


From the commutation relations (6.139), one also deduces that the square of the 
angular momentum operator, 


Past K+? (6.142) 
commutes with J,, J, and J., namely 
VJ d=, =, JJ =0. (6.143) 


The proof is entirely similar to that given in Section 6.1 for the orbital angular 
momentum (see (6.13)). We shall summarise the relations (6.143) by writing 


(7, J) =0. (6.144) 


Because J* commutes with each of the components of J, simultaneous eigenfunc- 
tions of J? and any component of J (for example J.) can be found. Starting with the 
definition of the angular momentum based on the commutation relations (6.139), and 
without adopting any specific representation, we shall now obtain the eigenvalues of 
J* and J., which will be seen to include both integer and half-odd-integer values of 
the angular momentum quantum numbers. 

The eigenvalues of J? and J, are real, since J? and J. are Hermitian operators. 
Moreover, the eigenvalues of J* must be either positive or zero. For later convenience 
we shall write the: eigenvalues of J* in the form j(j + 1)A? and those of J- in the 
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form’ mh, with j > 0. Denoting the simultaneous eigenvectors of J* and J. by | jm), 


we have 

J°\jm) = ji + IA*|jm) (6.145) 
and 

J,| jm) = mh|jm). (6.146) 


Because the expectation value of the square of a Hermitian operator must be positive 
(or zero), we have 


(BP) = (Se) + (Jy) + 2) 
> (J?) (6.147) 

and it follows that 

iG +1) 2m’. (6.148) 

We now introduce the raising and lowering operators (compare with (6.116)) 

J, = J, +1Jy, fe a (6.149) 
and we note that 

Kat, Sad. (6.150) 


As in the case of the orbital angular momentum (see (6.117) and (6.118)) we have 
the relations 


(J, Jz] =0 (6.151a) 

JaJzg =P -—JPHAI. (6.151b) 

[J,, J_] = 2A, (6.151c) 
and 

[J,, Jz] = HAJ. (6.151d) 


Using (6.151a) and (6.151d), we see that J.| jm) are simultaneous eigenvectors of J” 
and J, belonging, respectively, to the eigenvalues j(j + 1)A* and (m + 1)h. Indeed, 
since [J*, Ji] = 0 we have 


J (Ja|jm)) = JeV°| jm) = jG + DA? (VJalim)) (6.152) 
and from (6.151d) we find that 

J-(Jz|jm)) = Ja(J-|jm)) + hJa|jm) 
(m + 1)h(J+|jm)). (6.153) 


7 For notational simplicity we shall use here the symbol m for the ‘magnetic’ quantum number associated 
with the operator J,. Whenever it will be necessary, we shall add subscripts and write m;, m, or mj; to 
denote the magnetic quantum numbers associated with the operators L-, S, or J-. 


6.5 General angular momentum. The spectrum of J? and J, HM 295 


By operating repeatedly with J,, a sequence of eigenvectors of J, can be con- 
structed, with eigenvalues (m + 1)h, (m + 2)h, and so on, each of which being 
an eigenvector of J* corresponding to the eigenvalue j(j + 1)A?. Similarly, by 
repeated operation with J_, a sequence of eigenvectors of J, can be constructed, with 
eigenvalues (m — 1)h, (m — 2)h, etc., and again each of them is an eigenvector of J? 
with the same eigenvalue j(j + 1)4?. Now, in view of (6.148) for each j there must 
be a maximum (top) eigenvalue, say mh, and also a minimum (bottom) eigenvalue 
mph, so that the ladder of eigenvalues of J, cannot continue indefinitely in either 
direction. Therefore, the quantity m7 — mg must be a positive integer or zero 


m7 — mp =n, n=0O0,1,2,... (6.154) 
If J, is applied to the state | jm), the sequence terminates and 

Ji|jmr) = 0. (6.155) 
From the above result and from (6.151b), we have 


J_(J4limt)) = (J - J? — hJD\jmr) 
= [iG +l) — mp -— mylh? lim) 
— 0 (6.156) 


where we have used the fact that J,| jm-) = myh|jmr7). Thus 
iG+t)=mi+mr. (6.157) 

Similarly, if J_ is applied to the state | jg), the sequence terminates, so that 
J_|jmg) = 0. (6.158) 


From this relation and from (6.151b), we have in this case 


J,(J_|jmp)) = (VP — J2 + AJ.)\ jmp) 
= [ji + 1) — mg + mph’ | jmp) 
= 0 (6.159) 
since J,|J]mp) = mph| jmp). Hence 
iG +l) =m) — mg. (6.160) 
The two equations (6.157) and (6.160) require that 
m2. +my = m, — mB. (6.161) 


This equation has two solutions: 


my = —mMp, my = mBE_R- l. (6.162) 
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The second solution contradicts (6.154), so that we must have my = —mp, and hence 
also my > 0. Going back to (6.157) and using the fact that j is also non-negative, 
we find that the only acceptable solution of this equation 1s my = j. Thus 


My = ie mR = —j. (6.163) 


Now, as mr — mg 1S a positive integer or zero (see (6.154)), 27 must also be a positive 
integer or zero, so that the allowed values of the angular momentum quantum number 
j are 


j= 0,55 Ie 3 25 2s (6.164) 


Moreover, because the maximum value of the magnetic quantum number m is m7 = j 
and its minimum value is mg = — J, the allowed values of m, for a given /, are the 
(27 + 1) values 


2 5 Penn. (6.165) 


Our general definition of angular momentum, based on the commutation rela- 
tions (6.139), therefore leads to integer (including zero) and half-odd-integer values 
for j (and hence for m). As we have seen above, half-odd-integer values of j are 
excluded in the case of the orbital angular momentum, where 7 = / = 0, 1, 2, etc. On 
the other hand, in the case of the spin angular momentum the quantum number / has 
a fixed value s which is an integer (or zero) for some particles, and a half-odd-integer 
for others. For example, pions have spin zero (s = 0), photons have spin one (s = 1), 
electrons, protons and neutrons have spin 1/2, the 027 particle (a particle with a mass 
roughly 1.8 times that of the proton and a lifetime of about 10~!° s) has spin 3/2. 


Matrix representations of angular momentum operators 


Let us consider the simultaneous eigenvectors | jm) of J* and J-. These eigenvectors 
can be chosen to be normalised to unity, (jm|jm) = 1. Moreover, the eigenvectors 
of Hermitian operators belonging to different eigenvalues are orthogonal. We can 
therefore adopt the orthonormality conditions 


(j'm'|jm) = 6) ;binm’. (6.166) 


Using as a basis the eigenvectors | jm) of J* and J., it is easy to find a matrix 
representation of the angular momentum operators. First, we note that the matrices 
representating the operators J” and J. are diagonal, with elements 


(JS?) jm’ jm = (j'm'|J*| jm) 
= f(f t+ Ih78j 55mm’ (6.167) 
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and 
(J) jm’, jim as (j'm'|J.|jm) 
= MAb jjSmm’. (6.168) 


In order to find the matrix elements of J, and J,, it is convenient to obtain first 
those of the operators J, and J_. To this end, we remark that 


Js.|jm) = Na|jm + 1) (6.169) 
where Nx are normalisation factors. Since both |jm) and | jm + 1) are normalised 
to unity 

INa|? = (jm|Jz Js jm) 

= (jm|JzJz|jm) 
= [jG +) —m(m + I)’ (6.170) 


where we have used (6.150) in the second line and (6.151b) in the last line. Adopting 
the convention that N+ are real and positive, we have 


Ne =[)G +l) —m(m+41]'7A. (6.171) 
The matrix representation of J, follows. It 1s 


(4) jm’, jim = (j'm’'|J4|jm) 
= [iG + 12) — mm + 1)? 08 5b ma. (6.172) 


In the same way, we find that 
(J_)jmim = LiCi +L) = m(m — IPAS jb nm. (6.173) 


The matrix representations of J, and J, can be found at once from those of J, and 
J_ by using the relations (see (6.149)) 


Jie= (Us + J_), J, = (Us SJ). (6.174) 

It is clear from the above results that the matrices representing the angular mo- 
mentum operators J,, J,, J-, J,, J— and J* in the basis |jm) are diagonal in /. 
We therefore have an infinite number of representations for these matrices, each of 
them characterised by a given value of j(j = 0, 1/2, 1, 3/2, ...) and having 27 + 1 
columns and rows, labelled respectively by the values of m and m’. One may take 
all these representations together to form one single representation of infinite rank, 
or we may consider each of the representations of dimension 27 + | separately. The 
first three finite-dimensional representations, for j = 0, 1/2 and 1, are given below 
for the operators J,, J,, J, and J’. 


(1) For; =0 
J, = (0), J, = (0), J. = (0), F = (0) (6.175a) 


de 
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where (0) is the null matrix of unit rank. 
(2) For j = 1/2 


h (01 h (0 -i 
= 3 (10) 4=3(00) 


hf 0 » 3,,/10 
=s # A P= gh ‘ 1 (6.175b) 
(3) For] = 1 
010 0 -i 0 
h 
(ame eae ee Jy=—=|i O -i 
V2 \o010 2\o0 i oO 
10 0 100 
J-=h100 0 |, JF =2h7 1010]. (6.175c) 
00-1 001 


Since the orbital angular momentum L is a particular angular momentum for which 
the quantum number j (= /) 1s an integer or zero, one can use the matrix representa- 
tions with j = / = 0,1, 2,... for the orbital angular momentum operators. In fact, 
when / (= /) is an integer or zero, the basic results (6.167), (6.168), (6.172) and (6.173) 
can be obtained by using the properties of the spherical harmonics Y),,(0, @), which 
represent the kets |/m) in the position representation. Indeed, from (6.63), (6.64) and 
the orthonormality property (6.103) of the spherical harmonics, we have 


(LU?) im = | Vii (8, PL? Yim @, &)dQ 
= 11 + I)A7 81 bam’ (6.176) 
and 
(L2)im' im = | Yim (8, P)LzVim (8, G)dQ 


mhodwy dmm' (6.177) 


while from (6.123) we obtain the matrix representations of the operators L, and L_ 
(Ls)im'.im = | Yin 9, b)LsYim (0, p)d&2 


= [I +1) —m(m £ 1)]! Ady Sym 41- (6.178) 


The vector model introduced in Section 6.3 to visualise the orbital angular mo- 
mentum can readily be extended to all angular momenta. To see this, we first note 
from (6.172)—(6.174) that 


(J,) = (jm|J,| jm) = 0 (6.179a) 
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and similarly 

(Jy) = (jm|J,|jm) = 0. (6.179b) 
Also, from (6.174), (6.151b) and the fact that (jm|J+|jm) = 0, we have 

(J?) = (2) = 4h — J?) 


SG +) —m* jh’ (6.180) 


so that an angular momentum J can be viewed as a vector, of length /j(j + lA, 
precessing about the z-axis, the 2j + 1 allowed projections of J on this axis being 
given by mA, withm = —j,-j4+1,...,+/. 


Spin angular momentum 


In Chapter 1, we reviewed some of the evidence showing that ‘elementary’ particles 
possess an internal degree of freedom which behaves like an angular momentum and 
is termed spin. In what follows we shall use the symbol S to denote the spin angular 
momentum operator of a particle, rather than J which we used in the two previous 
sections to denote angular momentum in general. 

Since the spin operator S is an angular momentum, its Cartesian components S,, 
S, and S, are Hermitian operators satisfying the commutation relations (see (6.139)) 


[S,, Sy] = 1AS., [S,, S,] = ih S,, [S., S,] = 1hS, (6.181) 
which may also be rewritten as 
Sx S=ihS. (6.182) 


From the general theory of angular momentum discussed in Section 6.5, we know 
that the square of the spin angular momentum operator, 


S = S+ S548! (6.183) 


commutes with S,, S, and S.. Thus simultaneous eigenvectors of S? and S, can be 
found, corresponding to eigenvalues s(s + 1)A? and m,h, respectively. In the notation 
of Section 6.5 these eigenvectors, normalised to unity would be written |sm,). In what 
follows, however, it will be more convenient to denote them by the symbol x,.,.. We 
therefore have 


S?X5.m, = 5(S + IVA? Xs.m, (6.184) 
and 
SzXs,m, =msh Xs.m,° (6.185) 


It follows from the general discussion of Section 6.5 that the spin quantum number 
s (usually abbreviated as spin) can be an integer (including zero) or half an odd 
integer. Particles having integer spin (s = 0, 1, 2, ...) are called bosons while those 
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having half-odd-integer spin (s = 1/2, 3/2, ...) are called fermions. Regarding the 
quantum number m,, we know from the general theory developed in Section 6.5 that 


it has (2s + 1) allowed values, given by —s, —s+1,... , +s. Furthermore, from the 
orthonormality condition (6.166), we have 
(Xs.m’ \Xs.m,) = Om mn’ . (6.186) 


If the (2s + 1) eigenvectors x;,,, are used as a basis, the spin operators S,, S,, S: 
and S? are represented by (2s + 1) x (2s + 1) matrices, which are of course the same 
matrices as those appearing in the (2 + 1) dimensional representation of the general 
angular momentum operators J,, Jy, J, and J’, with j = s. The eigenvectors x; m. 
are then represented by column vectors with (2s + 1) components, all components 
being equal to zero except one, which is equal to unity. For example, in the case of 
spin one (s = 1) we see from (6.175c) that 


, [010 , (0-i 0 
Ss. = —|]101 S,=—= |i 0 -i 
V2 \0 10 V2\0 i 0 
10 0 100 
S.=h100 0 S* = 2h7 1010 (6.187) 
00-1 001 


and it is readily verified that the three spin eigenvectors 


| 0 0 
X11 = | 0 Xi0= {1 X1.-1 = | 0 (6.188) 
0 0 | 


correspond respectively to eigenvalues +f, 0 and —A of S- and to the eigenvalue 2/7 
of S*. We remark that in matrix notation the orthonormality relations (6.186) read 


one Xs.m, = Om,m’ (6.189) 


where xX, m> the Hermitian adjoint of x; m’, is a row vector. For example, the 
Hermitian adjoints of the spin-one eigenvectors (6.188) are 


xf, =(100), x3,=(010),  xf_, =(001) (6.190) 


and the orthonormality relations (6.189) can easily be checked by using the rules of 
matrix multiplication. For instance 


ce Ge = (1 0 0) 


oo 
| 


-“— Oo 
| 
2 


X11X190 = (1 0 0) (6.191) 
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In the position representation — in which r is diagonal — the state vector | (f)) 
of a spinless particle is represented by a wave function V(r, t) which is in general 
a function of the three dynamical variables x, y, z describing its position, and of the 
time ¢. From the foregoing discussion it 1s apparent that in the case of a particle 
having spin s the wave function must also depend on an additional spin variable 
describing the spin orientation of the particle. In a representation in which r and S- 
are diagonal, the state vector | (t)) will therefore be represented by a wave function 
W(r, t,o), in which the spin variable o, denoting the component of the spin along 
the z-axis, can only take on 2s + 1 values —sh, (—s + l)h, ... , sh corresponding to 
the 2s + 1 possible values of the quantum number m,. We emphasise that in contrast 
to the position variables x, y and z, which vary in a continuous way, the spin variable 
o can only take on discrete values; this variable has no classical analogue. 

We shall assume that the basic postulates of quantum mechanics discussed in 
Chapter 5 also apply to the new independent spin variable o. In particular, we may 
expand a general wave function V(r, t, 0) for a particle having spin in terms of the 
basic spin eigenfunctions x, ,. That is 


+s 
Wr, t,0) = SY Wn (Rt) X5m, (6.192) 


m,=—S 


so that a particle of spin s is described by a wave function V having 2s + 1 components 
Win (r,t), each of them corresponding to a particular value of the spin variable o. 
For example, in the case of spin one we may use the three spin eigenvectors (6.188) 
to write the wave function V as a column vector: 


| 0 0 
Wir,t,o) = YWy(r,t) 1 O} 4+ Yo(r.t) fF 1 | 4+ 8_1(r, 6) 0 
0 0 l 
W(r, t) 
= | Wo(r, rt) (6.193) 
W_i(r, rt) 


where the three components Y,, Yo and Y_, correspond respectively to the values 
+h, 0 and —A of the spin variable o. We note that the requirement that the wave 
function (6.192) be normalised to unity reads 


(W(W) = | (6.194a) 
where 


(|W) 


[ Veto Wet, 09a 


+s 
> / |Win (r,t) [7dr (6.194b) 


m,=-—S 
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and we have used (6.192) and (6.189). For instance, in the case of the spin-one wave 
function (6.193) we have 


W(r, f) 
(PW) = [ (ie Wo(r,t) ¥*,(r,t)) | Yor,t) | dr 
W_1(r, f) 
= five tl? + [Wo(r, 1)|? + |i (r, 1) |? dr. (6.195) 


Having expanded the wave function Y according to (6.192), we may interpret the 
quantity |W,,, (r, t)|?dr as the probability of finding the particle at time f in the volume 
element dr with the component of its spin along the z-axis equal to m,h, provided the 
wave function W is normalised to unity. The probability that the particle be found at 
time ¢ in the volume element dr, independently of its spin orientation, 1s equal to 


+s 


> Yn, r, )?dr (6.196) 


m,=—Ss 


and the integral 


| |Win, (r, t)|?dr (6.197) 


gives the probability that the component of the spin along the z-axis is equal to m;hi 
at the time t. We remark that if the particle is in an eigenstate of S, corresponding to 
a definite value m, of m,, its wave function has the form 


Wr, t,o) = Va (P, X58, (6.198) 


and hence all the components of are zero except the one corresponding to the value 
o =™m,h of the spin variable o. 
The expectation value of an operator A is given by the usual expression (see (5.28)) 
(A) = halla] (6.199) 
(|) 
where (|W) is given by (6.194b). Using (6.192) and (6.189), the matrix element 
(W|A|W) reads 


(WlAIW) = [ ¥e.10a¥e.1, oar 
+s +s 
= >> e | a (r, t)Am,m’ Vin’ (r,t)dr (6.200) 
where 
Am,m’ = (Xs.m, |A|Xs.m') (6.201) 


is the (2s + 1) x (2s + 1) matrix representing the operator A in ‘spin space’. 
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It is important to note that the position and time variables on the one hand, and 
the spin variable on the other, can be studied separately and can then be assembled 
by using (6.192). One can therefore focus the attention on the spin properties, and 
temporarily disregard the dependence of the wave function W on the position and 
time variable. The (spin) state of a particle of spin s is then determined by a wave 
function x, which is in general an arbitrary superposition of the (2s + 1) basic spin 
eigenstates x; m,, namely 


+s 


Xs = >> Am, Xs.m, (6.202) 


m,=-s 


where the a,,, are complex coefficients. If x, is normalised to unity, so that x’ x; = 1, 
then |am,|* is the probability of finding the particle in the basic spin state x; m., and 
from the orthonormality relations (6.189) we have 


+S 
> lam |? = 1. (6.203) 


m,=-—S 


It is also interesting to note from (6.184) and (6.202) that for an arbitrary spin 
function x, one has S*x, = s(s + 1h? x;. More generally, since the operator S* does 
not act on the variables r and ft, we can write the relation 


SW = s(s + LAW (6.204) 


for an arbitrary wave function (6.192) corresponding to a particle of spin s. The 
above relation means that in contrast to the case of the orbital angular momentum, 
the operator S? is a purely numerical one, which can be written as 


S* = s(s + 1)h?. (6.205) 


Finally, we remark that if spin-dependent interactions are negligible, so that the 
Hamiltonian H of the particle is spin-independent, the wave function W(r, t,o) of a 
particle of spin s will simply be the product 


Wir,t,o) = V(r, t)x;s (6.206) 


where W(r, ¢) is a (spinless) solution of the Schrédinger equation ihdW/dt = HW, 
and x; 1s the spin function of the particle. From (6.192) and (6.202) the 2s + 1 
components of the wave function are then given by 


Win, (Fr, t) = V(r, 1)am.. (6.207) 


Spin one-half 


In this section we shall now discuss in more detail the simplest non-trivial case of spin 
quantum mechanics, namely that of particles of spin s = 1/2. The non-relativistic 
theory of spin-1/2 particles was first developed by W. Pauli in 1927. It is a very 
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important case, since electrons and nucleons (protons and neutrons), the building 
blocks of atomic and nuclear physics, have spin 1/2. Moreover, it is also believed 
that all the hadrons (the strongly interacting particles), including the proton and the 
neutron, are made of more elementary constituents, the guarks, which also have spin 
1/2. 

Since for a particle of spin s = 1/2 the only possible values of m, arem, = +1/2, 
the spin variable o can only take the two values +//2 and —A/2, and there are only 
two independent normalised spin eigenfunctions x5 m,, namely X1/2,1/2 and X1/2,-1/2. 
We shall denote them by a and £, respectively. Thus 


@=X1 1, B=x1 1 (6.208) 
22 22 
and we see from (6.184) and (6.185) that 
f 3 5 2 3 
S‘a = —ha, S*B = —h*B (6.209) 
4 4 
and 
h h 
S= 5% SoS ae: (6.210) 


The two basic spin-1/2 eigenfunctions @ and £ are said to correspond respectively to 
‘spin-up’ (*) and ‘spin-down’ (|) states. They satisfy the orthonormality relations 
(see (6.186)) 


(ala) = (BIB) = | 

(a |B) = (Bla) = 0. (6.211) 
Introducing the raising and lowering operators 

S+ = S, £15, (6.212) 


and using the general relations (6.169) and (6.171) with 7 = 1/2 andm = +1/2, we 
find that 


Sia => 0, SB => ha, (6.213a) 
Sa=hB, S_B=0. (6.213b) 


From (6.210), (6.212) and (6.213) we can construct a table which tells us how the 
components of S act on @ and B. That is 


eas hs 5p = h 
a= 5B pS 5 
ih ih 
S,a = —B, S,B =—-ra (6.214) 
Z 2 
S : S-B np 
a= -—a, -—Bp=-- 
: 2 2 
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According to (6.192), a general wave function for a particle of spin 1/2 can be 
expanded in terms of the two basic spin states a and 6 as 


Wi(r,t,o0) = Wi 2(r, tha + W_12(r, t)B. (6.215) 


If we concentrate our attention on the spin variable only, we can, following (6.202), 
write a general spin-1/2 function as 


x =aa+bB (6.216) 


where in order to simplify the notation we have set x = xX1/2,@ = a/2 andb = a_j/72. 
If x 1s normalised to unity, so that (x|x) = 1, then using (6.211) we have 


ja\? + |b|? = 1. (6.217) 


The probability of finding the particle in the ‘spin-up’ state a (i.e. the probability that 
a measurement of S. will yield the value +//2) is given by |a|*, while |b|? is the 
probability of finding the particle in the ‘spin-down’ state B (i.e. the probability that 
the value —//2 will be found upon measuring S-). 
Using (6.204) with s = 1/2, we see that for an arbitrary spin-1/2 wave func- 
tion (6.215) we have S°W = (3/4)h?W, so that S* is the purely numerical operator 
3 


S* = rue (6.218) 


In addition, it follows from (6.214) that for any spin-1/2 wave function (6.215) one 
has 


hi 
Sy = ae (6.219) 
with a similar result for Ne and Se. We can therefore write 
hi 
Sp = Sy = Sl = 7. (6.220) 


Let us now explore in more detail the algebra of spin-1/2 operators. From (6.213) 
we deduce at once that Ss = 0 and hence, using (6.212) and (6.220), we find that 


0 = (S, £iS,)” = So — S¥ +i(S,Sy + SySy) 
= +i(S,S, + S, Sx) (6.221) 
so that 
S,Sy + SS, = 0. (6.222) 


It is easy to verify (Problem 6.15) that the same relation holds between any different 
pair of components. If we introduce the anticommutator [A, B|4 of two operators A 
and B, which is defined by the relation 


[A,B], = AB+BA (6.223) 
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we have 
[S., Sy J+ = 0, [S,, S.J4 = 0, [S., S.J4 = 0 (6.224) 


so that the operators S,, S, and S$, anticommute in pairs. Combining the above 

anticommutation relations with the basic commutation relations (6.181), we find that 
th 

SiS) = FS (6.225) 


where i, j,k = x, y or z, in cyclic order. This relation is very useful because when 
used together with (6.220) it allows one to reduce an arbitrary product of spin-1/2 
operators either to a spin-independent term or to a term linear in S,, S, and S,. For 


example 
iA h> (ih ih\ _ he (ih 
SSS Sy 5.5e = 5: S525, 5 Sy = S.SyS.7 5 ae 5 SF > 
h? (ih\ he (ih n° 
= a(s)e(3) iar (6.226a) 
and 


Sy SyS_SyS_S_ = SSySq s,( 


: S, = S,S.S ht (in 
Oe ii ei ae aa ee, 
ih\ _ fi? (ih ih ih \ A? (ih 
= §.(-~ }S.—(~)={(-~]5,(-~})-—(= 
2 4\2 2 2) 4\2 
= -—S,. (6.226b) 


As aresult, the most general spin-1/2 operator can be written in the form 


A = Apt AxS, + AyS\ + A;S; 
= Ay +A.S (6.227) 


where the operators Ao, Ax, Ay and A, are spin-independent. 

It follows from the general theory of angular momentum which was developed 
earlier in this chapter that one cannot ascribe any meaning to the statement that the 
spin vector S is ina given direction. Indeed, this would imply that its three components 
Sx, Sy and S. could be measured simultaneously with arbitrary precision, which is 
impossible since they do not commute. In particular, we see from (6.220) that when 
the particle is in the ‘spin-up’ state a or the ‘spin-down’ state 6 the expectation values 
of S? and S? are given by (S2) = (S*) = h*/4, so that the x- and y-components of the 
spin are not zero. However, one can speak of the average spin direction. For example, 
if the particle 1s in the ‘spin-up’ state aw, one finds from (6.211) and (6.214) that the 
average value of S- is given by (S,) = A/2, while (S,) = (S,) = 0. Similarly, if the 
particle is in the ‘spin-down’ state 8, one has (S,) = —fh/2 while (S,) = (S,) = 0. 
In what follows it 1s always in this average sense that a spin-1/2 particle will be said 
to have its spin ‘up’ or ‘down’. These results, which are particular cases of those 
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Figure 6.5 The vector model of the spin, for a particle of spin 1/2. The spin vector $, of length 
J 3/4h, precesses about the z-axis, the only allowed projections of $ on the z-axis being m;h, 


obtained in Section 6.6 for a general angular momentum (see (6.179) and (6.180)) can 
conveniently be visualised with the help of the vector model, as illustrated in Fig. 6.5. 

If the two basic spin- 1/2 eigenvectors a and £ are used as a basis, the spin operators 
are represented by 2 x 2 matrices. Thus, using our previous results (6.175b) with 
J =s = 1/2, we have 


h (0 1 h (0 —-i 
_ ASL 0 S510 
= 5 (; eA Ss = a" (; ) (6.228b) 
and from (6.172) and (6.173) we also deduce that 
0 1 00 
Si. =h ¢ 4 : 5h € 5) (6.229) 


The normalised spin-1/2 eigenvectors a and B are given by the two component 
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column vectors 


oe (5) B= (1) (6.230) 


and may be considered as the basis vectors of a two-dimensional ‘spin space’. The 
orthonormality relations (6.211) can then be written in the form 


ata = B'p=1 

a’B = B'a=0 (6.231) 
where the Hermitian adjoints a’ and f° are the row vectors 

af =(10), B=(01). (6.232) 


From (6.216) and (6.230), we see that a general spin-1/2 function x 1s now 
represented as 


x =a e +b (1) = (5) | (6.233) 


If x 1s normalised to unity, we have 
+ * p* a 
x'x = (a* b*) (5) =I (6.234) 


so that |a|* + |b|? = 1, in agreement with (6.217). More generally, if we take into 
account the position coordinates r of the particle and the time f, we can write a general 
wave function (6.215) for a particle of spin 1/2 in the form of a two-component wave 
function (also called a Pauli wave function) 


Wi 2(r, £) 4 + W_1/2(F, r) e 


_ Wi /2 (r, t) 
= bee tr ) (6.235) 


Wr, t,o) 


The Pauli spin matrices 


When working with the spin operators for spin 1/2, it is convenient to introduce the 
Pauli vector operator o by the relation 


S= so. (6.236) 
From the basic commutation relations (6.181) we deduce immediately that 

[ox, oy] = 2i0-, [o,,0,] = 210,, [o-,0,] = 210, (6.237) 
and by using (6.220) we infer that 


a, =o, =o. = (6.238) 
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We also note from (6.224) that o,, 0, and o, anticommute in pairs, so that we may 
write 


[o;, ojJ4 = 263; (i,j) =x, yor Z). (6.239) 
From (6.225) and (6.236) we also have 
0j0; = 10; (6.240) 


where i, j,k = x, y or z, in cyclic order. From (6.239) and (6.240) it also follows 
(Problem 6.16) that 


(o.A)(o.B) = A.B + io.(A x B) (6.241) 


where A and B are two vectors, or two vector operators whose components commute 
with those of o. In the latter case the order of A and B on both sides of (6.241) must 
be respected. For example 


(o.r)(o.p) = r.p+io.(r x p). (6.242) 


Using (6.236) and the matrix representation (6.228) of the spin-1/2 operators S,, 
S, and S,, we find that o,, 0, and o- are represented by the matrices 


01 O -1 1 0 
O.= ({ 4 , = ( ‘a t= e hy (6.243) 


which are known as the Pauli spin matrices. We see that the traces of all Pauli spin 
matrices vanish, 


Tro, = Tro, = Tro. = 0 (6.244) 
and that 
deto, = deto, = deto. = —|] (6.245) 


where det means the determinant. Moreover, the unit 2 x 2 matrix / and the three 
Pauli matrices (6.243) are four linearly independent matrices. They form a complete 
set of 2 x 2 matrices, in the sense that an arbitrary 2 x 2 matrix can always be expressed 
as a linear combination of J, o,, 0, and o-, with coefficients which can be complex. 


Eigenvalues and eigenfunctions of an arbitrary spin-1/2 component 


Let n be a unit vector with polar angles (9, @) as shown in Fig. 6.6. The component 
of the spin vector S along n is S, = n.S. In order to find the eigenvalues and 
eigenfunctions of S,, we must solve the eigenvalue equation 


SnX = vhx (6.246) 


where we have written the eigenvalue as vi for further convenience. Since the 
Cartesian components of ni are (sin@ cos ¢, sin@ sing, cos @), we find with the help 
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Figure 6.6 The unit vector n of the text, having spherical polar angles (0, @). 


of (6.228) that 
Sn = S,siné cos @ + Sy sind sing + 5S, cos 0 
h (cos@  sin@e—'? 
mo) & Ge'? —cosé } ; (6.247) 


3) we have 


Writing the spin function as x = ( 


a Aeaig 
x= 5 (Jcnoct bens) eae 
Hence (6.246) reduces to the set of two linear, homogeneous equations 
(cos@ — 2v)a + sinde?b = 0 (6.249a) 
sinde'?a — (cos@ +2v)b = 0 (6.249b) 
which have non-trivial solutions only if 
= —ip 
ee ee age 6.250 


The determinant on the left-hand side being equal to 4v? — 1, we must have v = +1/2. 
If v = +1/2, we see from (6.249) that 


b QO. 
— = tan xe". (6.251) 
a 


Hence, apart from an irrelevant phase factor common to a and b the corresponding 
spin function x;, normalised according to (6.234), may be written as 


COS g 
x= (6.252) 


in 2el¢ 
sin 5e 
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We note that the expectation values of the components of S in this state x; are 
(Problem 6.17) 


h 
(S.) = 5 cee 
ae 
(Sy) = 5 sind sing (6.253) 


S : 0 
(S:) = Roos 
so that the polar angles 6 and @ give the direction of (S). In this sense we shall say 
that the spin is ‘up’ in the direction of n. Using (6.233), we also remark that if the 
z-component of the spin of a particle in the state x, 1s measured, the probability of 
finding the spin ‘up’ is |a|? = cos*(@/2). As @ varies between 0 and z, |a|’ varies 
between | and 0. 
If v = —1/2, we have from (6.249), 


a cot =e" (6.254) 
a 


and the corresponding normalised spin function x; may be written (apart from an 
arbitrary phase factor common to a and Db) as 


sin 3 
— COs ze 


Upon calculating the expectation values of the components of S in the state x), it 
is readily verified (Problem 6.17) that the direction of (S) is now given by the polar 
angles (7 — 0, @ +7), and we shall say that the spin is ‘down’ in the n direction. 

It is a simple matter to check (Problem 6.18) that the two spin functions x, and x, 
form a complete orthonormal! set. We also remark that when @ = 0 the spin function 
X+ reduces to 


a=(). 


while the spin function x, reduces (apart from a phase factor) to 


as expected. 


Total angular momentum 


Let us conside a particle which possesses a spin angular momentum. If S denotes its 
spin angular momentum operator, and L its orbital angular momentum operator, the 
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total angular momentum operator of this particle is 
J=L+S. (6.256) 


Since the orbital angular momentum L and the spin angular momentum S operate on 
different variables (L operates on the angular variables and S on the spin variable), 
all the components of L commute with all those of S. As a result, the commutation 
relations for the components of J are the same as those for the components of L and 
those of S, and are given by (6.139). 

More generally, let us consider an isolated system of N particles. Its total angular 
momentum operator is the sum of the angular momentum operators of the individual 
particles, 


N 
t= a J (6.257) 
i=] 


where J;, the angular momentum operator of the ith particle, 1s the sum of its orbital 
angular momentum operator L; and of its spin angular momentum operator S; (if 
any) 


J, = 1; +S;. (6.258) 


Note that (6.257) may also be written in the form of equation (6.256), provided that 
L now denotes the total orbital angular momentum operator of the system, as defined 
by (6.23), and S is now the fotal spin operator 


N 
S= > S;. (6.259) 
i=] 


We observed at the end of Section 6.1 that because operators acting on different, 
independent variables commute, all the components of L; commute with all those of 
L, wheni + k, sothat the components of the total orbital angular momentum L obey 
the same basic commutation relations (6.25) as those obtained for the case of a single 
particle. Likewise, when: + k all the components of S; commute with all those of 
S;, and all the components of J; commute with all those of J,. As a consequence, the 
components of the total spin operator (6.259) and those of the total angular momentum 
operator (6.257) also obey the basic commutation relations (6.139) characteristic of 
angular momenta. 


Total angular momentum and rotations 


In Section 6.2 we considered the effect of spatial rotations on an isolated system of 
N spinless particles, and we found that the component of the total orbital angular 
momentum L along an axis 1s the generator of infinitesimal rotations about that axis 
(see (6.43)). The key properties of the generators L,, L, and L- corresponding respec- 
tively to infinitesimal rotations about the x-, y- and z-axes are the basic commutation 
relations (6.25). Similarly, the generators L, = u.L, L, = v.L and L,, = w.L 
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corresponding respectively to infinitesimal rotations about the three orthogonal unit 
vectors U, V and W = U x V satisfy the basic commutation relations (6.21). 

Likewise, in the case of a system of particles possessing both orbital angular 
momentum and spin, we can take the generators of infinitesimal rotations about the 
X-, y- and z-axes to be given respectively by the Cartesian components J,, J, and J- 
of the total angular momentum J of the system, which satisfy the basic commutation 
relations (6.139). In the same way, the generators of infinitesimal rotations about 
the three orthogonal unit vectors u, V and W = U x V can be taken, respectively, 
to be the components J, = u.J, J, = v.J and J, = w.J which also satisfy the 
basic commutation relations (see (6.141)). Thus, in analogy with (6.43), the unitary 
operator corresponding to an infinitesimal rotation by an angle da in the positive 
sense about an axis oriented along an arbitrary vector n is now given by 


U-Geyet = = Sati J (6.260) 


and we shall say that the total angular momentum J of the system is the generator 
of infinitesimal rotations in the combined space of spatial plus spin variables. The 
unitary operator corresponding to a finite rotation of angle a about n is 


U;(a) = exp(— a8.) (6.261) 


which is the direct generalisation of (6.51). From (6.26) and (6.261) the state vector 
describing the system must therefore transform under a rotation of angle a about n 
as 


Ww’ = U;(a)v 
= exp(— saat) (6.262) 


Since the Hamiltonian of an isolated system 1s invariant under rotations, and because 
J is the generator of infinitesimal rotations, it follows from (6.31) and (6.260) that for 
an isolated system 


J, H})=0 (6.263) 


so that the total angular momentum is conserved. Conversely, if the Hamiltonian 
H of a system of particles commutes with the total angular momentum operator 
J, then A is invariant under rotations. Equation (6.263) is the generalisation of 
equation (6.53) to particles or systems of particles which may possess a spin angular 
momentum. From (6.263) and (6.144) it follows that the operators H, J* and J- 
mutually commute, so that the eigenfunctions of H can be searched for among those 
common to J* and J., a fact which greatly simplifies the eigenvalue problem of H. 
If the eigenvalues of J* and J, are denoted respectively by j(j + 1)A* and mf, the 
energy eigenvalues corresponding to the same value of j but different values of m 
must be identical. This is because there is no preferred direction of space for an 
isolated system, so that the energy eigenvalues cannot depend on the projection of 
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the total angular momentum on the z-axis, and hence are independent of the quantum 
number m. 


Rotations in ‘spin space’ 


Let us return to the equation (6.262), which tells us how the state vector describing 
a system transforms under a rotation of angle a@ about the unit vector n. In what 
follows we shall concentrate on the transformation properties of spin functions under 
rotations. Since J = L+S and the orbital angular momentum L acts only on the 
angular variables, it follows from (6.262) that under a rotation of angle a about n, a 
spin function x, for a particle of spin s transforms into a new spin function x, such 
that 


xX, = exp( — 28S) Xs- (6.264) 


In particular, for a spin-1/2 particle we have (dropping the subscript 1/2) 


a, 
x exp( i.e) 


¢ COs > — iN.o sin 5 | % (6.265) 


where 7 denotes the unit 2 x 2 matrix and we have used the equations (6.236) 
and (6.241). For example, in the case of a rotation of angle a about the z-axis 


we have 
; i a . . @ 
= cos — — 1o- sin — 
eia/2 0 
Z G ver? | i (6.266) 


An object x with one column and two rows which transforms under spatial rotations 
according to (6.265) is called a spinor. We remark that if a full rotation of angle 
a = 27 1s made, we have x’ = — x. This change of sign of spinors under rotations 
should not deter us from using them, since all the matrix elements giving measurable 
quantities (such as expectation values) depend bi-linearly on the spinors. 

Let us now return to (6.264) giving the transformation property of a general spin 
function under rotations. For a rotation of angle a about the z-axis, we have 


x! = exp (- 525:] X¢. (6.267) 
Using (6.185) and (6.202), we see that for a rotation of angle a = 27 


x; = exp(—271m;) Xs 
= (-1)""x, = (-1)"*x; (6.268) 


6.10 
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where we have used the fact that 2s has the same parity as 2m,. Hence, when a full 
rotation of angle 27 is made, the wave functions corresponding to particles of integer 
spin return to their original values, while those corresponding to half-odd integer 
values of s(s = 1/2, 3/2, ...) change sign. 


The addition of angular momenta 


In many situations of physical interest we are dealing with systems whose Hamiltonian 
AZ is invariant under rotations, and hence commutes with the total angular momentum 
operator J (see (6.263)). We can then search for the eigenfunctions of H among the 
simultaneous eigenfunctions of J* and J-. Consequently, it is very important to 
determine the common eigenfunctions of J* and J-. 

Now, the total angular momentum operator J of a system is in general a sum of 
angular momentum operators referring either to distinct sets of dynamical variables of 
the system (such as the orbital angular momentum L and the spin angular momentum 
S of equation (6.256)) or to distinct sub-systems (such as the individual angular 
momenta J; of equation (6.257)). Since these ‘separate’ angular momenta whose sum 
gives J correspond to distinct, independent quantities, they all mutually commute 
(i.e. all the components of one of them commute with all the components of the 
others). In addition, the components of each separate angular momentum satisfy 
the basic commutation relations (6.139). As observed in Section 6.9, it follows that 
the components of J also satisfy the commutation relations (6.139) characteristic of 
angular momenta. Thus simultaneous eigenvectors of J* and J. can be found, which 
correspond to eigenvalues j(j+1)h? and mh, respectively. As usual, fora given value 
of j the quantum number m can take one of the 27 +1 values —j, —j+1,..., 7. Now, 
in general, we can obtain the eigenvectors and eigenvalues of the ‘separate’ angular 
momentum operators. The addition problem consists of determining the eigenvectors 
and eigenvalues of J* and J, in terms of those of the separate, independent angular 
momentum operators. 

In what follows we shall treat the simplest addition problem, namely that of adding 
two commuting angular momenta. Thus we have 


J=HK+d (6.269) 


where J; and Jz are any two angular momenta corresponding respectively to the 
independent sub-systems (or sets of dynamical variables) | and 2. 
Let | j;m,) be a normalised simultaneous eigenvector of J; and J;-, so that 


Flim) = fi + WA? Lj) (6.270) 
and 


Ji-|Jimy) = myhljym)). (6.271) 
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Similary, let | j22) be a normalised simultaneous eigenvector of AE and J>., whence 


Flim) = jor + WA? | joma) (6.272) 
and 
J2-|j2m2) = m2h| j2mz). (6.273) 


A normalised simultaneous eigenvector of J*, J3, J,, and J2, belonging respectively 
to the eigenvalues j;(j; + 1)A, j2(j2 + 1)h?, m)A and moh is therefore given by the 
‘direct product’ 


|jijzmym2) = |jymy)|j2m2). (6.274) 
For a fixed value of j;, m, can take one of the 27; +1 values —j,;, —j) +1,..., Ji, 
and for a fixed value of j2 the 2 j2 + 1 allowed values of m2 are — jo, —jat+1,..., jo. 


Hence, for given values of j; and jz there are (2j; + 1)(2j2 + 1) ‘direct prod- 
ucts’ (6.274) which form a complete orthonormal set, i.e. a basis in the ‘product 
space’ of the combined system (1 + 2). 

It is instructive to rewrite the direct products (6.274) in a more explicit way. 
Suppose that instead of using the abstract eigenvector | j;m,) we denote by Wj,m,(1) a 
normalised simultaneous eigenfunction of J? and J, corresponding respectively to the 
eigenvalues j;(J; + 1)h* and m,h. Likewise, instead of using the abstract eigenvector 
| j2m2) let us denote by ¥;,»,,(2) a normalised simultaneous eigenfunction of Js and 
Jy, belonging to the eigenvalues j2(j2 + 1)? and m2h, respectively. The normalised 
simultaneous eigenfunctions of J+, J, Ji, and J. corresponding respectively to the 
eigenvalues J;(J; + 1)h?, J2Uj2 + 1)h*, m,f and mh are then given by 


W jr jamym2 (1, 2) a W jrm, 1) W jm, (2). (6.275) 
We emphasise that when operating on Wj, ;,m,m,(1, 2) the components of J, only 
act on the variables denoted collectively by 1, while the components of J. only act 
on the variables denoted by 2. In particular, from (6.269) and (6.275) we have 
JV jy jomyms (1, 2) = (Ji. 3 S22) WV jm, (1) W jm (2) 
[JizW jm, (1) |W jm, (2) 2 Wim, (1)[J22.W jm, (2)] 
mAW jm, (1) W jam, (2) + mh jm, (1) Wim, (2) 
(m aa m2)h Wim, 2) (6.276) 


which means that Wj, j.m,m,(1, 2) 1s also an eigenfunction of J. corresponding to the 
eigenvalue (m; + m2)h. In terms of abstract eigenvectors we can write the above 
result as 


J2| ji jgmym2) = (m, + mz2)h | ji jamymz). (6.277) 


The fact that simultaneous eigenfunctions of J?, J3, J,, and J2- are also eigenfunctions 
of J, could have been anticipated by noting that J. = J,. + Jo, commutes with J’, 
es Ji, and Jp-. 


6.10 The addition of angular momenta M 317 


Let us now consider the operator J*. From (6.269) we have 
P= Oth) =H +5 + 25i-h. (6.278a) 


Because all the components of J; commute with all those of Jz, and since 
(J7, Ji) = (53, Jo) = 0 it follows that J? commutes with J; and J5. However, as 


Ji-J2 = Six Jax + Sty Jay + Siz J2z (6.278b) 


and since J;. does not commute with J|, or J),, we see that J’ does not commute 
with J,.; likewise J’ does not commute with J2.. Consequently, the simultaneous 
eigenfunctions of J? and J. are eigenfunctions of J? and J5, but not (in general) of J. 
and J,.. There are therefore two complete, but distinct descriptions of the system: 
either in terms of the eigenfunctions of J, J5, Jj. and J2., given by (6.275), or in 
terms of the eigenfunctions of J, J5, J? and J.. We shall denote the latter (normalised 


to unity) by oi” (1, 2). Thus we have in particular 


24,jm oe 2—,jm 

Poi” (1,2) = jj + 1)A74", (1, 2) (6.279) 
and 

J.” (1,2) = mh”. (1, 2). (6.280) 


Like the functions Wj, jm,m,(1, 2), the functions oi" (1, 2) form a complete orthonor- 
mal set, and hence are another basis in the ‘product space’ of the system (1 + 2). 
These two basis sets of orthonormal eigenfunctions can therefore be related by a 


unitary transformation 


O77, (1, 2) » (Ji J2mym2|JM)Wj, jomym. (1, 2) (6.281) 
m ym? 
where the summation must only be performed over m, and mp, since j; and j2 
are assumed to have fixed values. The coefficients (j; j2m,m2|jm) of that unitary 
transformation are called Clebsch-—Gordan or vector addition coefficients. In the 
Dirac notation we can write the unitary transformation (6.281) as 


ivjojim) = Y > (ji jomima| jm)| ji jomim2) (6.282) 


where |/; j27N1m2) 1s given by (6.274). 

In order to find out what are the allowed values of 7 for given j; and j» we proceed 
as follows. We first notice that since Wj, ;,n,m, 1S an eigenfunction of J. belonging to 
the eigenvalue (m, + m )h (see (6.276)) we must have 


eee (6.283) 


so that the double sum in (6.282) reduces to a single sum. In other words the Clebsch— 
Gordan coefficients must vanish unless m = m, + m): 


(Ji jzmym2|jm) = 0 if mAm,+mp). (6.284) 
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Moreover, because the maximum allowed values of m, and m2 are given respectively 
by j; and J, the relation (6.283) tells us that the maximum possible value of m is 
Ji + jz. Since m can only take on the 27 + 1 values —j, —j + 1,... , j, it follows 
that the maximum possible value of 7 1s j; + j2. We remark that for 7 = j; + j2 and 
m = Jj, + J2 there is only one term in the sum on the right of (6.282), namely that 
corresponding to m; = J; and m2 = jo. Thus 


oi P12) = (abi pli +i i+ LWppnad, 2 (6.285) 


and since the eigenfunctions pi” ji and Wj, j,m,m, are normalised to unity, we have 


ja 


Fi J2ai Jali + Jas Ji + J2)| = I. (6.286) 
Next, let us consider a state on for which m = j; + jz — 1. In this case there 
are two possibilities for the values of m, and m2: we can either have m,; = j; 
and m, = j2 — l orm, = j; — 1 and m) = jy. Thus a state oi a ' must be 


a linear combination of the two linearly independent eigenfunctions Wi Adejyjo—-1 and 
Wj, jj, -1j.- Moreover, there are two such linear combinations, one of them belonging 
to the set of eigenfunctions with j = Jj; + j2 while the other (orthogonal) combination 
must be a member of a set of eigenfunctions for which the maximum value of m is 
Ji + j2 — 1; this latter set must therefore be such that 7 = j; + jo — 1. Proceeding 
further to states eo” with m = j, + jo — 2, we see that three linearly independent 
states of this kind exist, corresponding to the values 7 = J; + Jo, J; + Jo — 1 and 
Ji + jo — 2, respectively. Repeating this argument successively, it is found that the 
minimum value of j is |j; — j2|, because when j reaches this smallest value all 
the combinations have been exhausted. This is readily checked by noting that there 
must be the same number of eigenfunctions in the basis set (o/".} as in the basis 
set {Wj, ;:m,m.}- AS we have shown above, the latter set contains (2j; + 1)(2j2 + 1) 
eigenfunctions. Now, for each value of j there are 27 + 1 values of m so that the total 


number of eigenfunctions or is given by 
th 
>» @+Y)=2At+ VAR +D. (6.287) 
J=li-J2l 
This is illustrated in Table 6.2 for the case j; = 1, j2 = 3/2, where the number of 
(m mz) and of (jm) combinations are both seen to be equal to 12. 


We have therefore obtained the following fundamental result: for given values of 
J; and Jz the allowed values of 7 are 


J St Sal Fr ey daca 2 (6.288) 


so that the three angular momentum quantum numbers /;, /2 and j must satisfy the 
triangular condition 


ln -~ pls + fe. (6.289) 


Moreover, for each value of j there are 2j + 1 eigenfunctions or , such that 
an en es 
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Table 6.2 Allowed values of (mm) and (jm) for fj; = 1 and j2 = 3/2. 


m m2 m J 
1 3/2 5/2 5/2 
0 3/2 3/2 5/2,3/2 
1 1/2 
—1 3/2 
0 1/2 1/2 5/2,3/2,1/2 
1 —1/2 
2H) 1/2 
—1/2 —1/2 5/2,3/2,1/2 
1 —3/2 
—1 —1/2 
0 ~3/2 —3/2 5/2,3/2 
—1 ~3/2 —5/2 5/2 
fitje2 
Total: (2j; +1)(2j2+1) =12 Total: > (2)+1)=12 


{=lf1—-ja2l 


The Clebsch—Gordan coefficients (J; j2™m,m2|jm) can be determined by applying 
the raising and lowering operators Jz = J, + iJ, to (6.281) (or (6.282)), so that 
recursion relations are obtained. First of all, it follows from the foregoing discussion 
that they must satisfy the selection rules (6.283) and (6.289). Furthermore, in 
order that this determination be unambiguous, the relative phases of the eigenvectors 
[71 jJ2m,mz) and |j; j2jm) must be specified. A frequently used convention, which 
we shall adopt here, 1s that of Condon and Shortely and of Wigner, namely 


()  Jalijoim) = (3G +1) — mim 4 1))]'PAl jim + 1) (6.290a) 
with similar relationships for | j;m ,) and | j2mz2) (see (6.169) and (6.171)); and 

(2) (fi goaiG — JDIJJ) 1s real and positive. (6.290b) 
With this phase convention, the Clebsch—-Gordan coefficients are real. It can also be 


proved? that they satisfy the orthogonality relations 


Y— irjomimg|jim) (ji jomymalj’m’) = 857mm’ 


mim) 


> (ir Jom mg| jm) (ju jomm)| im) = 8mm) Smam; (6.291) 


ym 


8 See, for example, Edmonds (1957). 
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Table 6.3 Clebsch—Gordan coefficients. 


(jr 5m ml jm) 


A a NS TOR! es PA 


A EY en ee 


j m =} m=-4 
ee! (Atmtay” Gees 
mee 2h +1 ae 
bath (fpmeay" (es) 
he 2h +1 2h +1 
(jf 1m m2| jm) 
J m=1 m2 =0 m =—1 


= dj [tence me) [iam heme DT [Samu me 
n (2)) + 12/1 +2) 2h +Dij+ (2); +12) +2) 


[hath me ny” | ni? \" [saeMh ome ny” 
n 2G +1 Gi +1 2G +1) 
oe E i {o sie) [etme Dh tmp 
n 2h +1) jh +) 22h +1) 


and the symmetry relations 
(ji jymym2|jm) = (—)"t274 (jo jymamy| jm) 


= (—)t2-I (jy jg — my — m2|j — m) 


(joj1 — m2 —m,|j — m) 


i (ORIN: : . 
(—)*' (55) (Jijm, — m|jJ2 — m2) 
2 


1/2 
=(-) Gear (jj2 — mmz|j; — m)). (6.292) 
Details concerning the explicit computation of the Clebsch—Gordan coefficients, 
together with tables, can be found for example in Edmonds (1957) or Rose (1957). 
In Table 6.3 the Clebsch—Gordan coefficients (j; j2m,m2|jm) are given for the cases 
J2 = 1/2 and jz = 1. By using the symmetry relations, all the coefficients with any 
one of j;, /2 or j equal to 1/2 or to | can be obtained. 


Addition of the orbital angular momentum and spin of a particle 


As a first example, let us consider a particle of spin s. Let L be its orbital angular 
momentum operator and S its spin angular momentum operator. The total angular 
momentum operator of the particle is therefore J = L +S. We shall denote by 
m,;, ms and m; the quantum numbers corresponding to the operators L, S. and J-, 
respectively. In the position representation the simultaneous eigenfunctions of the 
operators L” and L. are the spherical harmonics Y,,,,(9, @) with / = 0, 1, 2,..., and 
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m, = —l,—-l+1,...,/. The simultaneous eigenfunctions of the operators S* and 
S. are the spin functions x, m, (with m, = —s, —s + 1,...,5) which as we have 
seen in Section 6.7 can be represented by column vectors with (2s + 1) positions, 
having zeros in all positions except one. Hence the simultaneous eigenfunctions of 
the operators L?, S?, L. and S. are represented in the direct product ‘coordinate—spin’ 
space by the spin-angle functions 


Wismim, = Yim, (0, D)Xs.m,- (6.293) 


According to the fundamental result (6.288), the allowed values of the total angular 
momentum quantum number j of the particle are 


j= |L=S|, P= Slab yvce gd PS. (6.294) 


The simultaneous normalised eigenfunctions of the operators L’, S*, J? and J, (which 
are usually denoted by the symbol Y,,"”) are seen from (6.281) to be the spin-angle 
functions 


Ye = Y° Lsmims| jm j)Vismm, 


= Y_(Ismymg|jmj)¥im, (0.0) Xs.m,- (6.295) 


In particular, for a particle of spin s = 1/2 we see from (6.294) that for a given 
value of the orbital angular momentum quantum number! the total angular momentum 
quantum number / can take the two values 


jol-3,l+3 (6.296) 


except when / = 0 (s-state) in which case the only allowed value of j is 
j = 1/2. By using the Clebsch—Gordan coefficients displayed in Table 6.3 we find 
that (Problem 6.21) 


Itm,+4 ie 
+| ae | Y 16,4) 
my, 2 


i+4 ear 
yy = (6.297) 
oP [=m 44 ne 
ey) 
ed fires 


Addition of two spins 1/2 


As a second example, let us consider two particles whose spin operators are S; and 
S», respectively. The total spin angular momentum is thus 


S=S, +S. (6.298) 


If the two particles have spin 1/2, the direct-product spin space of the combined system 
(1 + 2) has four dimensions. The simultaneous eigenfunctions of the operators S? 
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and S,- for the first particle are the two basic spinors a(1) and B(1) corresponding 
respectively to ‘spin up’ (ms, = +1/2) and ‘spin down’ (m,, = —1/2) for that 
particle. Likewise, the simultaneous eigenfunctions of the operators S? and S$. for 
particle 2 are the two basic spinors a(2) and B(2) corresponding respectively to ‘spin 
up’ (ms, = +1/2) and ‘spin down’ (m;, = —1/2) for the second particle. The direct- 
product eigenfunctions Yj, jm,m,(1, 2) are therefore in the present case the four spin 
functions 


a(1)a(2), a(1)B(2), B(1)a(2), BCI)B(2) (6.299) 


which constitute a basis in the four-dimensional spin space of the combined system. If 
we denote by M,f the eigenvalues of the operator S-, we see that M, = m,, + ms,, SO 
that the four eigenfunctions (6.299) correspond respectively to the values M, = 1, 0, 0 
and —1. 

From the basic result (6.288), the allowed values of the total spin quantum number 
S are given by 


5S = 0, 1. (6.300) 


The simultaneous normalised eigenfunctions of S*, $3, S* and S., which we shall 
denote by xs5.y,, are readily obtained from (6.281), (6.299) and the Table 6.3 of 
Clebsch—Gordan coefficients. We find in this way that when S = 0 there is only one 
such eigenfunction, 


l 
X00 = poe? — B()a(2)] (6.301) 
which is called a singlet spin state. We note that it is an eigenstate of S- corresponding 
to the quantum number M, = 0 and that it is antisymmetric in the interchange of 
the spin coordinates of the two particles. When S = | we obtain three simultaneous 
normalised eigenfunctions of S?, S3, S? and S., namely 


a(1)a(2) 
| 

X1,0 V3 

X1,-1 = BU)B) 


Xi,1 


La(1)B(2) + BUL)a(2)] (6.302) 


which are said to form a spin triplet. These three states, which are symmetric in the 
interchange of the spin coordinates of the two particles, are respectively eigenstates 
of S, corresponding to the values M, = +1, 0, —1 of the quantum number M,. 

As an example, the lowest state of the helium atom (which contains two electrons) 
is a single state (S = 0), while excited states can be either singlet or triplet. Another 
example is the deuteron, the nucleus composed of one proton and one neutron, whose 
only bound state is a triplet spin state (S$ = 1). Both the helium atom and the deuteron 
will be studied in Chapter 10. 


Problems 
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6.1 Prove that the orbital angular momentum operator L is a Hermitian operator. 


6.2 Show that the three commutation relations (6.9) are equivalent to the vector 
commutation relation (6.10). 


6.3 Prove equations (6.16) and (6.17). 
6.4 Prove that 


(a) [Lj, xj] = ihe; jx xx Gi, Jsk = 1y2,3) 
where L; = L,, Lz = Ly, L3 = Lz and x; = x, x2 = y and x3 = z. The 
symbol ¢;;,, called the Levi—Civita antisymmetric symbol, is such that 


1, if ijk = 123, 231,312 
€jx = 4—1, ifiyk = 321, 213, 132 
0, otherwise. 


(b) [L;, pj) = hei jx pe, 

where p; = Px, P2 = Py, P3 = Pz- 
(c) Lr=Lp=0. 
6.5 Prove equations (6.21). 


6.6 Show that for a system of N structureless particles the rotation operators Up 
are given by (6.43) for infinitesimal rotations, and by (6.51) for finite rotations, where 
L is the total orbital angular momentum operator of the system. 


6.7 Prove equation (6.80) by using the Rodrigues formula. 
6.8 Prove the recurrence relations (6.83) for the Legendre polynomials. 
6.9 Prove equation (6.95). 


6.10 — Establish the recurrence relations (6.97) for the associated Legendre func- 
tions. 


6.11 Prove the relations (6.118) for L, and L_. 


6.12 Letnbea unit vector in a direction specified by the polar angles (6, #). 
Show that the component of the angular momentum in the direction Ni is 


L, = smé@cos@L, + sin@ singL, + coséL.- 
5 sind(e Ly +e?L_) + cosOL.. 


If the system is in simultaneous eigenstates of L? and L. belonging to the eigen- 
values /(/ + 1)A? and mh, 


(a) what are the possible results of a measurement of L,,? 
(b) what are the expectation values of L, and L?? 


324 HM Angular momentum 


6.13 | Consider a free particle of mass jz constrained to move on a ring of radius a. 
(a) Show that the Hamiltonian of this system is 
H =L*/2I 


where the z-axis is through the centre O of the ring and 1s perpendicular to its 
plane, and / is the moment of inertia of the particle with respect to the centre O. 

(b) Find the energy eigenfunctions for the system and write down a general expres- 
sion for the solution of the time-dependent Schrédinger equation. 


6.14 Using as a basis the eigenvectors |jm) of J* and J,, obtain the matrix 
representation of the angular momentum operators J,, J,, J, and J* for the case 
j=}. 

6.15 Verify the anticommutation relations (6.224). 

6.16 Prove equation (6.241). 


6.17. Calculate the expectation values of the components of S fora spin-3 particle 


(a) inthe state x, given by (6.252); and 
(b) inthe state x, given by (6.255). 


6.18 (a) Verify that the two eigenvectors x, and x, of the operator S, given 
respectively by (6.252) and (6.255) are orthogonal. 


oie () 


(b) By using a = ; 


0 as a basis, prove that x, and x, satisfy the 


closure relation 


xr (xl + lax) = 0. 


6.19 Obtain the eigenvalues and the corresponding normalised eigenfunctions 
of S, and S, fora spin-5 particle and check your results by referring to (6.252) 
and (6.255). 


6.20 Obtain the eigenvalues and corresponding normalised eigenvectors of 
Sn = n.S for a particle of spin 1, where n is a unit vector defined by the polar angles 


(0, d). 
6.21 Using the Clebsch—Gordan coefficients given in Table 6.3, obtain the re- 
sult (6.297). 


6.22 Two particles of spin-4 have spin operators S; and S2. Find the expectation 
values of the product S;.S> in the singlet and triplet spin states, for which the wave 
functions are given by (6.301) and (6.302), respectively. 

(Hint: S;.S2 = (S* — S? — §3)/2.) 


6.23 ‘The spin properties of a system of two spin-5 particles are described by the 
singlet and triplet wave functions (6.301) and (6.302). If a third particle of spin-5 1S 
added to the system, show that the total spin quantum number of the three-particle 
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system can be S$ = 2 (a quartet state) or $ = 5 (a doublet state), and find the 
corresponding spin functions. 

(Hint: Treat the original two-particle system as a single entity of either spin | or 
spin 0.) 


6.24 Let 7 be the time-reversal operator introduced in Section 5.9. According 
to (5.364) this operator is given by J = U, K, where U, is a unitary operator and K 
is the operator of complex conjugation. 


(a) Using the results (5.365) and (5.367), show that the orbital angular momentum 
operator L = r x p changes sign under the operation of time reversal: 


L’=TLT' = -_L. 


(b) The natural extension of this result is to require that the spin angular momentum 
operator S changes sign under the operation of time reversal: 


S'= TST’ =-S. 
Using this relation, show that for a spin-1/2 particle the operator T is given by 
T=U,K with U, =10, 


where a, is the second of the Pauli spin matrices (6.243). 


7.1 
7.2 


7.3 
7.4 
7.5 
7.6 


The Schr6édinger equation in three 
dimensions 


Separation of the Schrodinger equation in Cartesian coordinates 328 


Central potentials. Separation of the Schrédinger equation in spherical polar 
coordinates 336 


The free particle 341 

The three-dimensional square well potential 347 
The hydrogenic atom 351 

The three-dimensional isotropic oscillator 367 
Problems 370 


In Chapter 4 we solved the time-independent Schrédinger equation for several one- 
dimensional problems. We shall now generalise our treatment to study in three 
dimensions the non-relativistic motion of a particle in a time-independent potential 
V(r), where r denotes the position vector of the particle. In fact, we can treat a 
slightly more general problem at no extra cost. Indeed, we have seen in Section 5.7 
that the motion of two particles A and B, of masses ma, and mg, interacting via 
a time-independent potential V(r) which depends only on their relative coordinate 
r = ra — rp, reduces in the centre-of-mass system to a one-body problem: the 
motion of a particle of mass 1 = mampg/(ma + mp) in the potential V(r). The 
two problems can therefore be treated on the same footing, the time-independent 
Schrédinger equation to be solved being 


2 
-=7 + vino = Ey(r). (7.1) 


This is a second-order partial differential equation, in contrast to the 
one-dimensional case, where the time-independent Schrédinger equation (4.3) 
is a second-order ordinary differential equation. As a result, the solution of the 
three-dimensional Schrédinger equation (7.1) can only be obtained exactly and 
explicitly in a few simple cases. In particular, the potential may be such that the 
technique of separation of variables may be used. The original three-dimensional 
problem then reduces to simpler problems of lower dimensionality. 

In this chapter we shall examine several cases for which a separation of variables 
can be made in the three-dimensional Schrédinger equation (7.1), and its solutions 
can be obtained. We shall first consider some simple examples where the Schrédinger 
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7.1 


equation is separable in Cartesian coordinates. The most interesting case, however, 
is that of central potentials, that 1s potentials V(r) which depend only upon the 
magnitude r = |r| of the vector r. For such spherically symmetric potentials the 
Schrédinger equation (7.1) can be separated in spherical polar coordinates. As in 
classical mechanics, the orbital angular momentum plays an essential role in this 
problem. In fact, using results obtained in Chapter 6 we shall be able to write 
down the angular part of the eigenfunctions, so that the solution of the Schrdédinger 
equation (7.1) will reduce to that of a differential equation involving only the radial 
coordinate r. This radial equation will then be solved for several important problems: 
the free particle, the spherical square well, the hydrogenic atom and the isotropic 
three-dimensional harmonic oscillator. 


Separation of the Schrédinger equation in Cartesian coordinates 
Let us first consider the simple case where the potential V(r) has the special form 
V(r) = Vi(x) + Vo(y) + V3(z) (7.2) 


The Hamiltonian H = —(h? /2)V* + V(r) may then be written as 


H=H,+H,+H, (7.3) 
where 
A> 92 
HS] V(x), 7.4 
ETS + Vi (x) (7.4a) 
A> 8 
HS (5): 7.4b 
aa ay? + V2(y) (7.4b) 
Ah? 8 
He See a, 7.4 


and the Schrédinger equation (7.1) becomes 
h? 3? h? a? 
|| + V, «| + >= — + a0) 
[L Ox lu 
hi? 3? 
+|- EE a isis y,z) = Ew(x, y, 2). (7.5) 


The form of this equation suggests that we seek solutions which are products of three 
functions, each of a single variable 


W(x, y,z) = X(x)Y(y)Z(z). (7.6) 
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Substituting (7.6) into (7.5) and dividing through by w, we find that 


a ee oF RET ares 
2u X dx? aa 2uY dy? cd 
Pi al d2 nw = (7.7) 
2pu Z dz? oa leanne 


Each expression in square brackets can only be a function of one of the variables 
x, y, z- Moreover, the sum of these three expressions must be equal to the constant 
E. Hence each separate expression must itself be equal to a constant, the sum of 
these constants being equal to E. We therefore obtain the three ordinary differential 
equations 


he @ 

5S + V wx = E,X(x) (7.8a) 
h? @ 

aga : v0) FO in om 
he dd 

5 aR va(e)]2@) = E,Z(z) (7.8¢) 


with the condition 
BS cb es bia tex (7.9) 


Each of the equations (7.8) has the form of the one-dimensional time-independent 
Schrédinger equation (4.3) discussed in Chapter 4. The three-dimensional states are 
therefore expressible in terms of familiar one-dimensional states. 


The free particle 


As a first example, let us consider the motion of a free particle of mass jz. In this case 
V = O in all space, and the Schrédinger equation (7.1) becomes 


2 
a2 pipe) = Ew(r). (7.10) 
2 


This equation is of course separable in Cartesian coordinates with V; = V) = V3 = 0. 
In particular, equation (7.8a) reduces to 
h? dX (x) 
2u dx? 
From our discussion of Chapter 4, we know that acceptable solutions of (7.11) exist 
for any value FE, > 0, and are given by 


= E,X (x). (7.11) 


X (x) = Aexp(ilk,|x) + Bexp(—ilk,|x) (7.12) 


where A and B are arbitrary complex constants, and |k,| = (2UE,/h7)!/. 
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Proceeding in a similar way with equations (7.8b) and (7.8c), we see that the three- 
dimensional free-particle solutions w(x, y, z) = X(x)Y(y)Z(z) of the Schrédinger 
equation (7.10) can be written as linear combinations of plane-wave states 


Wir) = Cexpli(k.x + kyy + k,z)] 
= C exp(ik.r) (7.13) 


where the propagation vector (or wave vector) k has Cartesian components 
(k,, ky, k-), and C 1s a ‘normalisation’ constant. Moreover, from (7.9) we have 
hi 2k? p* 
P= Foe bE Sk tk ak) SS (7.14) 
Qo eS 2 2p 
where p is the magnitude of the linear momentum p = Ak. 

The fact that the free-particle Schrédinger equation (7.10) has plane-wave solutions 
of the form (7.13) is in accordance with our discussion in Chapter 3. We also recall 
that the plane-wave state (7.13) is a momentum eigenfunction, that is an eigenstate 
of the momentum operator Pop = —ih V, with the eigenvalue p = Ak corresponding 
to a definite linear momentum. The plane waves (7.13) are thus simultaneous 
eigenfunctions of energy and linear momentum; more precisely, they are simultaneous 
eigenfunctions of the free-particle Hamiltonian H = —(h*/2j)V? and of the three 
operators (Px)op = —1hd/0x, (Py)op = —ihd/dy and (p-z)op = —1hd/dz. 

Because every non-negative value of the energy EF is allowed, the spectrum is 
continuous. Moreover, each energy eigenvalue is infinitely degenerate, since the 
condition (7.14) only restricts the magnitude of the vector k, so that there are infinitely 
many possible orientations of this vector for a given value of E. 

The plane wave (7.13) can be ‘normalised’ by a simple extension of the procedures 
described in Section 4.2 for the one-dimensional case. Generalising (4.37) to three 
dimensions, we obtain the ‘delta function’ normalisation 


| Wy (r) vx (r)dr = 6(k — k’) (7.15) 


where the three-dimensional Dirac delta function 6(k — k’) is given by 


5(k —k’) = 8(ky — Ki )5(ky — 5k, — KL) 


+00 +00 
= ny? | explick, —K)xldx [explitk, — Kyldy 


CO 


+00 
x / exp[i(k, — k.)z]dz 


= Qn)-3 | expli(k — k’).rJdr. (7.16) 


Taking the arbitrary phase of the normalisation constant C in (7.13) to be zero, we 
see from (7.13), (7.15) and (7.16) that C = (27r)~>/*, so that the plane-wave states 
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wWx(r), normalised in the sense of (7.15), are 
Wi (0) = (277)~°”* exp(ik.r). (7.17) 


Finally, we remark that the plane waves (7.17) form a complete set, so that an 
arbitrary state can be expressed as a superposition of these functions; this 1s precisely 
the Fourier expansion which was discussed in Chapter 2. The closure relation (5.63a) 
applied to the plane-wave eigenfunctions (7.17) reads 


| vicncrak = (2m) f explik.cr — r’)|dk 


= 6(r—r). (7.18) 


If we elect to work with discrete eigenvalues, we can restrict the domain of the plane 
waves (7.13) to an arbitrary large but finite cubical box of volume L?°, at the walls of 
which they obey periodic boundary conditions. By a straightforward generalisation 
of the one-dimensional treatment of Section 4.2 we then find that the components 
(ky, ky, k,) of the wave vector k must satisfy the conditions 

21 20 27 
aes Sa = —n, (7.19) 
where n,, ny, N- are positive or negative integers, or zero. The energy EF, given 
by (7.14), can therefore take only discrete values in this case. The momentum 


eigenfunctions (7.13) can now be normalised by requiring that in the basic cube 
of side L 


L L L 
[a ay f dz|W(r)|? = 1. (7.20) 
0 0 0 


Hence, taking the arbitrary phase of the normalisation constant C to be zero, this 
constant is given by C = L~?/*, and the normalised plane waves are 


Wu(r) = L~*/* exp(ik.r). (7.21) 


These eigenfunctions form a complete set of orthonormal functions in terms of which 
an arbitrary state can be expanded by a Fourier series within the basic cube. 


The three-dimensional box 


AS a second example, let us consider a particle of mass fz which is constrained by 
impenetrable walls to move in a rectangular box of sides L;, L2 and L3. Inside the 
box the potential energy V is a constant which we choose to be zero, while at the 
walls V is infinite. This problem is therefore a generalisation of the one-dimensional 
infinite square well treated in Section 4.5. 

The time-independent Schrédinger equation to be solved in the region inside the 
box is 
h? ( a rr: 


ee ee =E 
AUT. e ay? a wa We 92 W(x, y, Zz) (7.22) 
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In addition, we must have w(x, y, z) = 0 at each of the walls and beyond. Taking the 
origin to be at one corner of the box and writing w(x, y, z) in the product form (7.6), 
we find that for 0 < x < L, the function X (x) satisfies the equation 


h? d*X(x) 
~—— =F xX 7.23 
arts (x) (7.23) 
and that 
X (x) =O forx < Oandx > L. (7.24) 
From our results of Section 4.5 we see at once that the allowed values of E, are 
given by 
Ri 22 
ee ee ea eee (7.25) 
2u Lj 


the corresponding normalised eigenfunctions being the standing waves 


a is _ (ny 
Xn, (x) = (=) sin( L, r). (7.26) 


Proceeding in a similar way for the functions Y(y) and Z(z), we find that the 
normalised eigenfunctions of the full three-dimensional problem are the standing 
waves 


( g \ 1/2 a (nya ) _ (na (7.27) 
nnan(X,yY,2Q=(— sin{ ——x }] sin{ ——y } sin{ —— : 
Wrenn. (X,Y, Z V L, In? 1, 


where V = L,L L; is the volume of the box and n,, ny, nz are positive integers! . 
The allowed values of the energy FE = E, + E, + E, are 


hen? (+: n> n2 
En nyn- oa — = — a =) (7.28) 
py an oy Sane be 


This energy spectrum does not exhibit regularities for general values of L,, L2 and 
L;. Although it is strictly discrete, we see that as the dimensions of the box increase 
the spacing of the energy levels decreases, so that for a macroscopic box the spectrum 
is nearly continuous. 


Let us now consider the simpler case of a cubical box of side L. The normalised 
eigenfunctions are then given by 


ij ( 8"... faut _ (nya _ (nn 
nynyn. (X,Y, 2) = | Ta sinj ——x } sinj —y ] sinj — 7], 
rnyn AX, Y, 2% L3 L L y 7 4 


ny, ny, nz = 1,2,3,... (7.29) 


| Note that if n,, ny Or n- is equal to zero one obtains the trivial non-physical solution wy = 0, while 
changing n, to —n, (and similarly for n, or n-) changes the sign of the wave function, which is not 
physically significant. 
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-E Energy levels Quantum numbers Degeneracy 
Eo (ny, N,, Nz) 
6 
u (322) (232) (223) 3 
5 
(321) (312) (231) (213) (123) (132) 6 
4 ae. 11999) 
u est: F(T) CID 13) 3 
3 es (991) 1010) “(12) 3 
2 Sets 19 1) 101) 0112) 3 
a. 
0 


Figure 7.1 The first few energy levels of a particle in a cubical box of side L. Also shown are 
the quantum numbers (nx. ny, nz) of the corresponding eigenfunctions, and the degeneracy of 
each energy level. The ground state energy is Eo = 3h222/(2uL7). 


and the allowed energy values are 


h2 2 
ey (7.30) 

2uL2 

where 

n> =ni +n, tnt. (7.31) 
The ground state is such that n, = ny = n- = 1, so that n* = 3 and the 
corresponding energy is Ey = 3h*2*/(2uL7*); this level is non-degenerate. The 
next energy level has an energy 2Eo (corresponding to n* = 6), which can be 


obtained in three different ways by choosing the set of quantum numbers (n,, ny, -) 
to be (2, 1, 1) or (1, 2, 1) or (1, 1, 2); this level is therefore three-fold degenerate. 
The next energy levels can be obtained in a similar way. The first few energy levels, 
together with their degeneracies, are shown in Fig. 7.1. It is apparent that since the 
energy eigenvalues (7.30) depend on the quantum numbers n,,, andn- only through 
the combination n* = n? +n? +n?, they can generally be obtained from different sets 
of values of (n,,n,,Nn-), and hence are usually degenerate. This is in contrast with 
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the energy levels (7.28) corresponding to the rectangular box. Clearly the existence 
of degeneracies 1s directly related to the symmetry of the potential. 


The three-dimensional harmonic oscillator 


As another example of a three-dimensional system for which the Schrédinger equation 
is separable in Cartesian coordinates, we consider the motion of a particle of mass 
in the potential 


V(r) = Skix? + Skoy? + $k32” (7.32) 


corresponding to a three-dimensional harmonic oscillator. The separated Schrédinger 
equations (7.8) are now of the form of the one-dimensional linear harmonic oscillator 
equation (4.130), namely 

A? dX(x) 1. 5 
yi x2 + 5x X (x) = E,X(x) (7.33) 
with similar equations for Y(y) and Z(z). Using the results of Section 4.7 we find 
that the spectrum is entirely discrete, the energy levels being given by 


En nn. = (ny + 5 )hay 1 (ny + s)he + (n- ate 5)hw; (7.34a) 


where 


k, \ 1/2 ky \ 172 ka \ 12 
Oe (=) ties (=) i= (=) (7.34b) 
mn mn mn 


and n,, Ny, nN, are positive integers, or zero. 

The corresponding normalised eigenfunctions can also be readily obtained by 
using (7.6) and the one-dimensional linear harmonic oscillator wave functions of 
Section 4.7. They are given by 


Wnensn- (Xs Ys 2) = Nn, Nn, Nn, exp[—5 (efx? + a3y* + a327)| 
x Hy (01x) An, (2 ¥) An. (23Z) (7.35a) 


where H,,(&) is the Hermite polynomial defined in (4.154) and 


1/4 1/2 
ay et N,, = (—— 7.35b 
rn © 1 ee O27 ee oe 


with similar expressions for @2, a3 and N,,,, N,,.. Note that if the three force constants 
k,, kz and k3 are all different, so that the harmonic oscillator 1s anisotropic, the energy 
levels (7.34) are, in general, non-degenerate. 

Let us now consider the particular case of an isotropic three-dimensional harmonic 
oscillator, for which ky = kz = k3. Calling this common value of the force constant 
k, we see that the potential 


V(r) = $k(x* + y? +27) = $kr? (7.36) 
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E Energy levels Quantum numbers Degeneracy 
hw (n,, Ny, Nz) 
3 (111) (120) (102) (210) (201) (012) 10 


(021) (300) (030) (003) 


4 (110) (101) (011) (200) (020) (002) 6 
3 (100) (010) (001) 3 
3 
By (000) | 
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Figure 7.2 The first few energy levels of a three-dimensional isotropic harmonic oscillator. Also 
shown are the quantum numbers (nx, N,y,z) of the corresponding eigenfunctions, and the 
degeneracy of each energy level. 


is central. The motion of a particle in a central potential will be discussed at length 
in the remaining sections of this chapter. Here we only note that upon setting 
ki = ky = ks = k in (7.34) the energy levels of the three-dimensional isotropic 
harmonic oscillator are given by 


E, = (n+ 3)hw (7.37) 
where w = (k/)'/?. The quantum number z is such that 
n=ny,+ny +n: (7.38) 


and thus can take on the values n = 0,1,2,.... The eigenfunctions are given 
by (7.35) with ay = a2 = a3 = a = (uk/h)'/4. The ground state has the energy 
E,=0 = 3hw/2 and is not degenerate, while all the other energy levels are degenerate. 
For example, the first excited level has an energy E,-; = Siw/2 and is three-fold 
degenerate since it can be obtained in three different ways by taking the set of quantum 
numbers (n,,n,,n-) to be (1,0, 0) or (0, 1,0) or (0,0, 1). The first few energy 
levels of the three-dimensional isotropic harmonic oscillator and their degeneracies 
are shown in Fig. 7.2. Note that the energy level E,, = (n+3/2)hwis (n+ 1)(n+2)/2- 
fold degenerate, since this 1s the number of ways that n can be obtained as the sum of 
the three non-negative integers n,, n, and n,. Thus the three-dimensional isotropic 
harmonic oscillator provides another illustration of how the symmetry of the potential 
results in degeneracies. 
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7.2 


Central potentials. Separation of the Schrodinger equation in 
spherical polar coordinates 


We now turn to the main subject of this chapter: the study of the non-relativistic 
motion of a spinless particle of mass yz 1n a central potential (that is a potential V (r) 
which depends only on the magnitude r of the position vector r). We shall see that 
the properties of the orbital angular momentum L = r x p obtained in Chapter 6 are 
of particular importance in this analysis. 

Since V(r) is spherically symmetric, it is natural to use the spherical polar coor- 
dinates defined in (6.15) and illustrated in Fig. 6.1. Our first task 1s to express the 
Hamiltonian operator 

A 
H=-—V’+ V(r) (7.39) 
2 


in these coordinates. The potential energy V(r) is already given in terms of the polar 
coordinate r, and the expression of the kinetic-energy operator T = —(h?/2p)V? 
in spherical polar coordinates is given by (6.130b) for r #4 0. Hence the Hamilto- 
nian (7.39) may be written in these coordinates (for r 4 0) as 


e Arfla/,a : re) no) + 1 @ £05) 
= —-—]——([r°— — { sind — ——__— —— r 
2ulr2ar\ ar) r2sin6 a0 a0) ' r2sin2@ ag? 


(7.40a) 


or 
A’? 1 a p) L2 
H=- Racapeunie, (ren) | eae eas V 7.40b 
2p E or (- a) r |+ ie ( ) 


where L? is given by (6.17). The corresponding time-independent Schrédinger 
equation is 


a ar) 0 L? 
|| o5-(?) : i re vin fwen = Ey(n). (7.41) 


In order to simplify the solution of this equation, we first recall that the operators 
L,, Ly, L- and L’ do not operate on the radial variable r. Hence, for a spherically 
symmetric potential V(r), we have [V(r), L] = [V(r), L*] = 0. Moreover, L,, Des 
L. and L” also commute with the kinetic energy operator T, as is readily seen by 
using the expression (6.130b) of T and remembering that [L?, L] = 0. Therefore, 


(H, L] =[H, L*] =0. (7.42) 


Remembering that the operators L,, L, and L. do not commute among themselves, 
we see that a set of commuting operators can be taken to be H, L? and any one of 
L,, L, and L-.. Taking this set to be H, L? and L., it follows that it is possible to 
find simultaneous eigenfunctions of these three operators, or in other words to obtain 
solutions of the Schrédinger equation (7.41) which are also eigenfunctions of L* and 
L-. Since the spherical harmonics Y),,(8, @) are simultaneous eigenfunctions of L? 
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and L. (see (6.63) and (6.64)) we can look for solutions of the Schrédinger equation 
having the separable form 


Weim(V) = Reim(r) Yim (@, ) (7.43) 


where R £)m(r) 1s a radial function which remains to be found. It 1s worth stressing that 
the angular dependence of the eigenfunction (7.43) is entirely given by the spherical 
harmonic Y),,(8, @); it is the proper one associated with eigenvalues of L? and L- 
characterised by the orbital angular momentum quantum number / and the magnetic 
quantum number m. These two quantum numbers, together with the energy E, can 
thus be used to ‘label’ the eigenfunction wW_e),,. We also remark (see Problem 7.3) 
that all the solutions of the Schrddinger equation (7.41) can be obtained as linear 
combinations of the separable solutions (7.43). 

Inserting (7.43) into the Schrédinger equation (7.41) and using the fact that 
L7Yin(O, 6) =1(L + 1h? Yim (O, @), we obtain for the radial function the differential 
equation 


he(@ 2d\ W+ A 
5-55 +25) + SOF + ven |Revin = ERE. (7.44) 


Note that the magnetic quantum number m does not appear in this equation. The 
radial function 1s therefore independent of this quantum number. For this reason we 
have written Re; (r) = Reim(r), and equation (7.43) becomes 


Weim(v) = Re(r)Yim(@, @). (7.45) 


Similarly, the eigenvalues E obtained from (7.44) are independent of the quantum 
number m. Thus, for a given value of / there are (2/ + 1) eigenfunctions (7.45) 
corresponding to the (2/ + 1) possible different values of m(m = —1,-1+1,... ,1) 
which all have the same energy E. The reason for this (2/ + 1)-fold degeneracy is 
that for a spherically symmetric potential no direction of space is physically different 
from another, or in other words the Hamiltonian (7.39) is invariant under rotations. 
Since mf measures the projection of the orbital angular momentum L on the z-axis 
(see Section 6.3) the energy levels cannot depend on the quantum number m. 

Using (6.115), we see that the modulus squared of the eigenfunctions (7.45) is 
given by 


Weim(r,9,0)|? = |Rei(r)|7|¥im (6, @)|? 
= |Rei(r)|°(27)7'|Om ()| (7.46) 


and hence does not depend on the angle @. The behaviour of | Wejm | is thus completely 
specified by the radial quantity |R_)(r)|*, which depends on the central potential 
V(r) considered (see (7.44)) and on the angular factor (27)~'|©jm(@)|* which is 
independent of V(r) and has been studied in Chapter 6. In particular, we refer the 
reader to the polar plots of (27r)~'|@,,,(@)|? shown in Fig. 6.2. 
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We also note that if an eigenfunction (7.45) corresponds to a bound State it is square 
integrable and thus can be normalised to unity by requiring that 


oe) W 20 
| drr? | dO sin 6 | dd|Weim(r, 9, )|* = 1. (7.47) 
0 0 0 


Since the spherical harmonics are normalised on the unit sphere (see (6.103)), it 
follows from (7.46) and (7.47) that the radial bound-state eigenfunctions must satisfy 
the normalisation condition 


| \Re(r)(?r°dr = 1. (7.48) 
0 


Another important remark concerns the parity of the states (7.45). We recall that 
under the parity operation r — —r the spherical polar coordinates (r, 0, @) become 
(r, «7 —0, 6+). The Hamiltonian for a particle in a central potential, given by (7.40), 
is clearly unaffected by this operation, so that the parity operator ? commutes with 
the Hamiltonian (7.40). As a result, simultaneous eigenfunctions of the operators H 
and P can be found. Applying the parity operator to the wave function (7.45), we 
have 


PWeim(r, 9,0) = PLREM(r)Yin(, )] 


ReV(r)Yim(a —0,¢+7). (7.49) 


Now, we have seen in Chapter 6 that Y),(7 — 0,¢@ +7) = (—1)'Yim(9, @), so that 
Yim has the parity of / (see (6.114)). We have therefore 


Pleim(r, 9,6) = Rei(r)(—1)' Yim, ) 
= (—1)'Weim(r, 9, 0). (7.50) 


As a result, the states (7.45) have a definite parity which, like that of the Y;,,, is the 
parity of / (even for even / and odd for odd /). 

It is also interesting to examine the relation between the radial equation (7.44) and 
the one-dimensional Schrodinger equation (4.3). To this end, we introduce the new 
radial function 


We(r) =rRe_e|(r). (7.51) 
Using (7.44) and (7.51), we obtain for u <)(r) the radial equation 
hi Que; (r) 
—>—— 5 + Vetr(r)uei(r) = Euei(r) (7.52) 
2u dr 
where 
ll + 1)h? 
LOsvoe (7.53) 
2ur 


is an effective potential which, in addition to the interaction potential V(r), also 
contains the repulsive centrifugal barrier term | (I + 1)h*/2ur?. The equation (7.52) 
is then identical in form to the one-dimensional Schrédinger equation (4.3). However, 
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it has significance only for positive values of r, and must be supplemented by a 
boundary condition at r = 0. We shall require that the radial function R-;(r) remains 
finite at the origin’. Since Re)(r) = r~'u_;(r), this implies that we must have 


uf (0) = 0. (7.54) 


Let us examine more closely the behaviour of the function u¢;(r) near the origin. 
We shall first assume that in the vicinity of r = O the interaction potential V(r) has 
the form 


V(r) =r?'(bo + bir +---), bo #0 (7.55) 


where p is an integer such that p > —1. In other words, the potential cannot be more 
singular than r~! at the origin, which is the case for nearly all interactions of physical 
interest. Since r = 0 is a regular singular point’ of the differential equation (7.52), 
we can expand the solution u¢;(r) in the vicinity of the origin as 


(©, 6) 


ue (r) =r Scar’, co £ 0. (7.56) 
k=0 
Substituting this expansion in (7.52), we find by looking at the coefficient of the 
lowest power of r (i.e. r5—*) that the quantity s must satisfy the indicial equation 


s(s —1)—-72 +1) =0 (7.57) 


so thats =/+ 1 ors = —l. The choice s = —/ corresponds to irregular solutions 
which do not satisfy the condition (7.54). The other choice s = / + 1 corresponds to 
regular solutions which are physically allowed, and are such that 


ue) ~ ae (7.58) 


Note that the corresponding admissible radial functions R¢)(r) behave like r' near 
r = 0. We see that as / increases, the functions u(r), or Re;(r), become smaller 
and smaller in the neighbourhood of the origin. This is clearly due to the presence 
of the centrifugal barrier which for / 4 O ‘blocks out’ the region near the origin, the 
effect being more and more pronounced as / increases. 

We now consider briefly the case for which the integer p in (7.55) is such that 
p < —1. If the interaction is repulsive near r = 0 (so that bp > 0), we may still 
impose the condition (7.54), since the radial function R¢;(r) itself must clearly vanish 
at the infinite wall at r = 0. On the other hand, if the potential is attractive in the 
neighbourhood of the origin (so that bp < O) the nature of the singularity is important. 
For example, when p = —2 and bo < O in (7.55), it can be shown (Problem 7.4) 
that physically acceptable solutions of (7.52) exist only when bp > —A?/8,2. In what 


2 The requirement of finiteness of R¢;(r) at r = O 1s in fact too stringent and must be relaxed in certain 
cases. However, it will be fully adequate for all the non-relativistic applications treated in this book. 
3 See, for example, Mathews and Walker (1973). 


340 MM The Schrédinger equation in three dimensions 


0 


(b) 


Figure 7.3 Illustration of the effective potential Veg(r) = Vir) +/(1 4+ 1)h2/2ur2 for! =0,1,2 
(a) in the case of a typical attractive interaction V(r), and (b) in the case of a typical repulsive 
interaction V(r). The energy E; < 0 corresponds to a bound state, while the positive energies 
E> and £3 correspond to states belonging to the continuous spectrum. 


follows, the attractive potentials which we shall consider will always be assumed to 
be less singular than r~? at the origin, so that the results (7.54) and (7.58) hold true. 
In the remaining sections of this chapter we shall solve the radial equations (7.44) 


7.3 
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or (7.52) for several central potentials. Before doing this, however, it is instructive to 
examine the form of the effective potential (7.53) in some typical cases. In Fig. 7.3(a) 
we illustrate the effective potential Ver (r) for the first values of / for an attractive 
interaction V(r), and in Fig. 7.3(b) this is done for a repulsive interaction. It is seen 
that in the first case the effect of the centrifugal barrier term /(J + 1)A?/2ur? is to 
reduce the effective depth of the potential well. This effect obviously increases as / 
increases. Thus, in the example shown in Fig. 7.3(a), bound states of negative energy 
(such as E,) could exist for the values / = O and 1, but we see that for / > 2 the 
effective potential is purely repulsive, so that no bound states can exist for / > 2. 
We also remark that for the example displayed in Fig. 7.3(a), solutions u¢;(r) of the 
radial equation (7.52) which exhibit an oscillatory behaviour at infinity exist for every 
! when E > 0; the spectrum is therefore continuous for every / in the case of positive 
energies (such as E>). Turning now to the case of a repulsive interaction, it is clear 
from (7.53) that as / increases the effective potential becomes increasingly repulsive. 
This is illustrated in Fig. 7.3(b). The energy spectrum will therefore consist only of 
continuum states of positive energy (such as E3), for all values of J. 


The free particle 


As a first example of motion in a central potential, we shall consider the very 
simple case of a free particle, for which V(r) = O. Using Cartesian coordinates, 
we have obtained in Section 7.1 plane-wave solutions (7.13) of the free-particle 
Schrédinger equation (7.10). These plane-wave states are also momentum eigenfunc- 
tions, and hence are simultaneous eigenfunctions of the free-particle Hamiltonian 
H = —(h’ /2u)V? and of the (linear) momentum operator Pop = —1hV. Using 
spherical polar coordinates, we shall now look for solutions of the free-particle 
Schr6dinger equation of the form (7.45), that 1s simultaneous eigenfunctions of H, 
L’ and L, corresponding to definite values of E, ] and m. The free-particle radial 
functions R_;(r) are therefore solutions of the radial equation (7.44) with V(r) = 0, 
namely 


d 24 Id +1) 
dr? rdr r2 


be | Re(r) =0 (7.59) 


where k? = 2u4E/h*. Using (7.52) and the fact that in the present case the effective 
potential Ver(r) is just the centrifugal barrier term /(/ + 1)h*/2ur?, we see that the 
free-particle functions u¢;(r) = r Re; (r) are solutions of the differential equation 


da I+ 
Fe iy 256 (7.60) 
dr? r? 

Let us first consider the case / = 0. From (7.60) we see immediately that 


the solution ugo(r) which vanishes at the origin (in order to satisfy the boundary 
condition (7.54)) is given, up to a multiplicative constant, by u¢o(r) = sinkr, so that 
Reo(r) « r—'sinkr. 
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The spherical Bessel differential equation and its solutions 


For / # 0 the equation (7.60) is more difficult to solve and it is convenient to return 
to the radial equation (7.59), which can be solved in terms of known functions for all 
values of /(J = 0, 1, 2,...). Indeed, if we change variables in (7.59) to p = kr, and 
write R;(p) = Re) (r), we obtain for R;(p) the equation 


@ 2d (+1) 7 
Sat pat (1) Rm=0 _— 


which is called the spherical Bessel differential equation. Particular solutions of this 
equation are the spherical Bessel functions 


1/2 
1 
ito) = (=) J143(p) (7.62a) 
and the spherical Neumann functions 
a \'?2 
ni(p) = (-1)"*'(— } yp) (7.62b) 
20 2 


where J,(p) is an ordinary Bessel function‘ of order v. 
The functions j;(p) and n;(p) are also given by the expressions (Problem 7.5) 


1d \'‘si 
ju(p) = -o'(- =) ~~ (7.63a) 
pdp/ p 
and 
l 
n(p) = ~-0 (<5) — =. (7.63b) 
pdp/ p 


From the above equations, the first few functions j;(o) and n;(p) are readily found 
to be 


sin 9 COs / 


Jo(p) = no(p) = — (7.64a) 
p p 

sinp cos cosp sin 

A) =—- i@e=— ae (7.64b) 
p p p p 

a AN... 3 : ae ar 

J2r(p) = € -=] sinp—— cosp, n2(p)= {S — - | cos p—- sinp. 
pvp p p-  p p 

(7.64c) 


These functions are plotted in Fig. 7.4. 


4 See, for example, Bell (1968) or Watson (1966). 
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0.5 


-1.0 


(b) 
Figure 7.4 (a) The first three spherical Bessel functions. (b) The first three spherical Neumann 
functions. 


We may also use equations (7.63) to obtain the leading term of j;(¢) and n;(p) for 


small and large values of p (Problem 7.6). For small p, upon expanding p—! sin p 
and p_! cos p in a power series in 9, it is found that 
p! 
ee 7.65 
WO) 0735... Qa) ea) 
1.1.3.5...(21 —1) 
ni(p) i — —— (7.65b) 
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b] 


Asymptotically, for large values of p, the leading term is that proportional to p~ 
and one obtains 


1. Ix 
jie) > —sin{ p - — (7.66a) 
poo 0 2 
l lx 
ni(p) > ——cos|{ p — — }. (7.66b) 
po =p 2 


Equations (7.66) are in fact useful approximations for o somewhat larger than 
Il + 1)/2. 

For every / the two functions {j;(p), 1;()} provide a pair of linearly independent 
solutions of the spherical Bessel differential equation (7.61), so that the general 
solution of this equation can be written as a linear combination of these two func- 
tions. Another pair of linearly independent solutions of equation (7.61) is given 
by the spherical Hankel functions of the first and second kinds, which are defined 
respectively by 


h}(p) = j(p) +ini(p) (7.67a) 
and 
hy” (p) = ju(p) — ini(p) = [hy (oy. (7.67b) 
The first few spherical Hankel functions of the first kind are 
A) _ ec? 
9 (oe) = -i— (7.68a) 
p 
I eee 
h" (p) = -(- 2s =; Je” (7.68b) 
pp 
3 31 \ | 
hs? (p) = (+ ie Nags =; Je” (7.68c) 
p p* p 


Using (7.66) and (7.67) we also find that the asymptotic behaviour of the spherical 
Hankel functions is given by 


h' (p) = _,expli(e — !7/2)] (7.69a) 
po p 
and 
hp) > ee, | (7.69b) 


The eigenfunctions of the free particle in spherical polar coordinates 


As seen from (7.65b), the spherical Neumann function n;(p) has a pole of order / + 1 
at the origin, and is therefore an irregular solution of equation (7.61). From their 
definition (7.67), we note that the spherical Hankel functions, which contain n;(p), 
are also irregular solutions of (7.61). On the other hand, the spherical Bessel function 
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ji(p) is finite at the origin and is thus a regular solution of (7.61). In fact j;(p) is 
finite everywhere, so that the radial eigenfunction of the Schrddinger equation (7.59) 
for a free particle is 


Re(r) = Cy (kr) (7.70) 


where C is a constant. Using (7.65a), we see that near r = 0 this free-particle radial 
wave function behaves like r’, in agreement with the remark following (7.58). 

Having obtained the free-particle radial functions we may now, using (7.45) and 
(7.70), write down the full eigenfunctions of the free particle in spherical polar 
coordinates as 


Weim (vr) = Cyi(kr) Yim, ). (7.71) 


These wave functions will be called spherical waves. 

The eigenvalues k* of (7.59) can take on any value in the interval (0, 00), so that 
the energy E = h*k*/2y can assume any value in this interval, and the spectrum is 
continuous, as we found in Section 7.1. Every free-particle eigenfunction (7.71) can 
thus be labelled by the two discrete indices / and m and by the continuous index E 
(or k). It can be shown that the ensemble of the spherical waves forms a complete 
orthonormal set. Note that each energy eigenvalue is infinitely degenerate, since for a 
fixed value of EF the eigenfunctions (7.71) are labelled by the two quantum numbers 
l and m, such that/ = 0,1,2,...,andm = —/,-/41,... ,l. 


Expansion of a plane wave in spherical harmonics 


We found in Section 7.1 that the stationary states of a free particle can be written as 
linear combinations of plane waves of the form (7.13). These plane-wave states are 
simultaneous eigenfunctions of the free-particle Hamiltonian H = —(A7/2y)V*, and 
of the three Cartesian components (Px )op, (Py op and (p-)op Of the linear momentum 
operator Pop = —ihV. They are characterised by the three well-defined Cartesian 
components py = fik,, py = hk,, p- = hk, of the momentum p, and by the 
energy E = hk? /2. Note that since the operators (Px )op, (Py)op and (p-)op do 
not simultaneously commute with L’ and L-, the plane-wave states (7.13) cannot 
be labelled by the quantum numbers (/, m), so that the orbital angular momentum is 
poorly defined in those states. On the other hand, the spherical wave states (7.71) 
are states of well-defined orbital angular momentum, which are characterised by the 
quantum numbers (/, m), and for which the linear momentum is poorly defined. 

Since both the plane-wave states (7.13) and the spherical-wave states (7.71) form a 
complete set, an arbitrary state can be expressed as a superposition of either of them. 
In particular, a plane wave exp(ik.r) can be expanded in terms of spherical waves, so 
that we may write 


(oo a | 


eM = SY cimf(kr)¥im(O, ) (7.72) 
l=0 m=-! 
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where the coefficients c;,, (which are independent of r) must be determined. In order 
to do this, we first consider the special case in which the vector k lies along the 
z-axis. The left-hand side of (7.72) then reads exp(ik.r) = exp(ikr cos @), which is 
independent of @, so that the expansion (7.72) reduces to one in terms of the Legendre 
polynomials P;(cos 6) 


OO 


et = Say ji(kr) P)(cos6). (7.73) 
[=0 


The coefficients a; of this expansion can be determined in the following way. Using 
the relation (6.80) satisfied by the Legendre polynomials, we have 


y) +1 
T+ CTT ie Cd [ exp(ikrw) P;(w)dw (7.74) 


where we have set w = cos@. Integrating by parts, we find that 


w=+l 
ayji(hr) = | PP | -[ ee Pw Jaw 
=i 


2 
21+ 1 ik ene ikr 
(7.75) 
Let us now examine this equation in the limit of large r._ Using the asymptotic 
expression (7.66a) for j;(kr), and noting that the second term on the nght of (7.75) 
is of order r~* (which can be seen by performing a second integration by parts), we 
find that in the large r limit equation (7.75) reduces to 


2 Te lx 
——a;— sin| kr — — 
2i+1 kr 2 


fe PA) —e"“" P(—1)] 
kr 


- [elk” _ (= 1 ye] (7.76) 


from which we deduce that a; = (2/ + 1)i!. The expansion of a plane wave exp(ik.r) 
in Legendre polynomials is therefore given by 


= ae: + 1)i! j)(kr) P;(cos 6). (7.77) 
1=0 


Using the addition theorem of the spherical harmonics (see (6.129)) we can also 
write the above formula in the form of equation (7.72). That is 


co) 6+ 
=4n a i ju(kr) Yj, (1) Yim (F) (7.78) 
1=0 m — 


where ¥ denotes the polar angles of a vector v. Upon comparison of (7.72) 
and (7. 78) we see. that the coefficients cj), of the expansion (7.72) are given by 
Cim (kK) = = Ari Yin (k), 


7.4 


7.4 The three-dimensional square well potential HM 347 


Vere (7) 


1-41) h2 
V(r)  Qpr 
0 a 
: 
-Vo 


(a) (b) 


Figure 7.5 (a) The spherically symmetric square well potential of depth Vo and range a. (b) The 
corresponding effective potential (solid line) Vag(r) = Vir) +/+ 1)h2/2ur2, for! £0. 


The three-dimensional square well potential 


The next example of central potential which we shall analyse is the three-dimensional 
spherically symmetric square well of depth Vo and range a 


Vir) = -—Vo, r<a 
= (); r>a (7.79) 


where Vo and a are positive constants (see Fig. 7.5(a)). The corresponding effective 
potential (7.53) is shown in Fig. 7.5(b). Since Veg (r) vanishes as r — oo, solutions 
uf) (r) of the radial equation (7.52) for E > O will have an oscillatory behaviour 
at infinity and will be acceptable eigenfunctions for any non-negative value of E. 
We therefore have a continuous spectrum for E > OQ; the corresponding unbound 
states will be studied in Chapter 13, where we investigate collision phenomena. Here 
we shall only be interested in the bound states, for which the energy is such that 
—Vp < E <0. 

Because the potential (7.79) 1s central we know that there exist solutions of the 
Schr6dinger equation having the form (7.45). The radial functions R_)(r) are solu- 
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tions of the differential equation (7.44), which in the present case becomes 


h?(d@ 2d Il + 1)h? 
( + Se) ESE | Revie) = (E + VodReu( r<a 


> Oe dr2° rdr 2ur? 
(7.80a) 
and 
h? ( a 24 4 e+ DA’ Rer) = ERej(r) (7.80b) 
Be ee gS = —S r)= r), r>@. e 
2u\dr2 ordr 2ur? = 


Interior solution 


Let us first analyse the equation (7.80a), which holds inside the well (r < a). If we 
define the quantity 


Di 1/2 
K= Fac + v)| (7.81) 


change variables to p = Kr, and wnite R;(p) = Re) (r), we find that for r < a the 
radial function R)(p) satisfies the spherical Bessel differential equation (7.61). Just 
as in the case of the free particle, the condition that R;(p) must be finite everywhere — 
including at the origin — restricts us to the spherical Bessel functions j;, and we have, 
inside the well, 


Re(r) = Aj (Kr), r<a (7.82) 


where A is a constant. 


Exterior solution 


We now turn to the equation (7.80b), which is valid outside the well (r > a). 
This equation is formally identical to the free-particle equation (7.59), but we must 


remember that E < 0 in the present case. It is convenient to write E = —(h?/2u)A”, 
so that 
2 _\'? 
= (- a E) (7.83) 


In order to put (7.80b) in the form of the spherical Bessel equation (7.61) we must 
redefine the variable ¢ to be given by p = iAr, which amounts to replacing k by iA 
in the free-particle treatment. Note that since r > a in (7.80b), the domain of p does 
not extend down to zero, so that there is no reason to limit our choice to the spherical 
Bessel function, j;, which is regular at the origin. Instead, a linear combination 
of the functions j; and n, (or hy? and h\”) is perfectly admissible. The proper 
linear combination can be determined by looking at the asymptotic behaviour of the 
solutions. Using the asymptotic formulae (7.66) and (7.69), with o = iAr, we see 
that for large r the functions 7, (1Ar), n;(iAr) and h (iar) all increase exponentially 
(like r~! exp(Ar)) and must therefore be excluded. The only admissible solution 


7.4 The three-dimensional square well potential HM 349 


is h' (iar), which is proportional to r~! exp(—Ar) for large r. Hence the desired 


solution of (7.80b), outside the well, is 
Re(r) = Bhi (iar) 


Bly Gar) + in; GAr)], r>a (7.84) 


where B is aconstant. From (7.68) we see that the first three functions h\” (iar) are 


I 
AY Gar) = -—e*¥ 7.85 
g (Ar) ei (7.85a) 
A? Gar) =i = se ear (7.85b) 
Ar dr? 
| 3 3 
())_; a —Ar 
nS (iar) = (; ae ss de a3 )e (7.85c) 


Energy levels 


As in the analogous one-dimensional problem studied in Section 4.6, the energy levels 
are obtained by requiring that the eigenfunction and its derivative be continuous 
at the discontinuity (r = a) of the potential. Thus the logarithmic derivative 
(1/Re:)(dR_, /dr) must be continuous at r = a. By applying this condition to 
the interior solution (7.82) and the exterior solution (7.84), we have 


satire = | ee) 
WKr) Jeg LAP GAL) Jee 


This transcendental equation is complicated for arbitrary /, but for! = O we find with 
the help of (7.64a) and (7.85a) that it reduces to the equation 


(7.86) 


KcotKa=-—A (7.87) 


which we have already analysed in Section 4.6 when we studied the odd parity 
solutions of the one-dimensional square well. Thus, setting € = Ka and n = Aa and 
using (7.81) and (7.83), we have to solve the equation 


Ecoté = —n (7.88) 
with 
2 2 2u 2 2 
E +n = ye Yo4 =y (7.89) 


where y = (2u.Voa’/h7)!'/2 is the ‘strength parameter’ of the square well. From our 
work of Section 4.6, we deduce that there is no (J = 0) bound state if y < 7/2, one 
(1 = QO) bound state if 7/2 < y < 3m/2, and so on. The radial functions Reo(r) are 
illustrated in Fig. 7.6 for a spherical square well with y = 6 which can support two 
! = 0 bound states. 
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Figure 7.6 \\lustration of the two / = 0 (s-wave) (unnormalised) radial eigenfunctions R¢o(r) for 
a spherical square well potential such that y = 6, corresponding to the bound state energies 
(a) E = Ey, = —0.80Vo and (b) FE = E2 = —0.24Vo. 


For the case / = 1 one readily finds (Problem 7.9) by using (7.64b) and (7.85b) 
that equation (7.86) reduces to 


-~-==-+—5 (7.90) 


where again €* + n* = y?. This equation must be solved numerically or graphically. 
It is worth noting that one can easily predict the number of / = 1! bound states 
as a function of the parameter y without actually solving equation (7.90). Indeed, 
a new / = | bound state will appear whenever 7 = O or coté is infinite. This 
will happen when € = z,27,..., so that there is no/ = | bound state when 
y <7, one! = 1! bound state when a < y < 27, etc. We also remark that the 
smallest value of the ‘strength parameter’ y for which the spherical square well can 
support an / = | bound state is larger than the corresponding value of y for the 
! = Ocase. In fact, it can be shown (Problem 7.11) that the minimum value of y 


7.5 
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necessary to bind a particle of angular momentum /” in the square well increases as 
! increases. This is physically reasonable in view of the presence of the repulsive 
centrifugal barrier term in the effective potential Veg(r) = V(r) +1 + 1h? /2ur? 
(see Fig. 7.5(b)). 

Finally, we remark that in general there is no degeneracy between the energy levels 
obtained from equation (7.86) for different / values. Of course, each energy level 
of orbital angular momentum quantum number / is (2/ + 1)-fold degenerate with 
respect to the magnetic quantum number m, a feature which 1s common to all central 
potentials, as was shown in Section 7.2. 


The hydrogenic atom 
Let us now consider a hydrogenic atom containing an atomic nucleus of charge Ze 
and an electron of charge —e interacting by means of the Coulomb potential 


Ze 
(47 €0)r 


V(r) = (7.91) 
where r is the distance between the two particles. We denote by m the mass of the 
electron and by M the mass of the nucleus. Since the interaction potential (7.91) 
depends only on the relative coordinate of the two particles, we may use the results 
of Section 5.7 to separate the motion of the centre of mass. Thus, working in the 
centre-of-mass system (where the total momentum P of the atom is equal to zero), 
the Hamiltonian of the atom reduces to that describing the relative motion of the two 
particles: 


2 2 
= m = — (7.92) 
where p is the relative momentum and 
eee (7.93) 
m+M 


is the reduced mass of the two particles. The corresponding one-body Schrédinger 
equation describing the relative motion is 


2 
7 he v2 _ Ze? 

2p (47 €o)r 

Since the Coulomb potential is central, this equation admits solutions of the form 


Weim(¥) = Rei(r) Yim, d). Writing Ue (r) =rRe_e,(r) and using (7.52) and (7.53), 
we see that the functions u_;(r) must satisfy the equation 


wr) = Ew(r). (7.94) 


d? 2 
ED + SLE ~ Ven(r uer(r) = 0 (7.95a) 
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Figure 7.7 The effective potential Veg (r) given by (7.95b) for the case Z = 1 and for the values 
/=0,1,2. The unit of length is a, = (m/j4)d9 where do is the Bohr radius (1.66). The unit of 
energy is e7/(4zea,). 


where 
Ze I + 1)h? 


Viv Sa 
se ae a IP 


(7.95b) 
is the effective potential. Fig. 7.7 shows this effective potential for the case Z = | 
and for the values / = 0, 1,2 of the orbital angular momentum quantum number. 
Because V.r(r) tends to zero for large r, the solution u¢;(r) for E > O will have 
an oscillatory behaviour at infinity and will be an acceptable eigenfunction for any 
positive value of E. We therefore have a continuous spectrum for E > 0. The 
corresponding unbound (scattering) states play an important role in the analysis of 
collision phenomena between electrons and ions. In what follows, however, we shall 
focus our attention on the bound states, for which E < 0. 

We now proceed to solve equation (7.95), subject to the condition ug;(0) = 0 
(see (7.54)). It is convenient to introduce the dimensionless quantities 


8uE 1/2 
p= (- 73 ) r (7.96) 


and 


Ze wu \'? uct \ 2 
a) ee 5 
(An eo)h ( a a( 2E ) en 
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where a = e7/(4meohic) ~ 1/137 is the fine-structure constant and we recall that 
E <0. In terms of the new quantities p and A, (7.95) becomes 


d? M(i+1l) A 1 
— + +——— = 0. 7.98 
| Ff F j [ue (7.98) 


Let us first examine the asymptotic behaviour of u¢;(p). To this end, we remark 
that when p — oo the terms in p~! and p~” become negligible with respect to the 
constant term (—1/4). Hence for large p equation (7.98) reduces to the ‘asymptotic’ 
equation 


d? l 
Fe ~| uEe(p) = 0, (7.99) 


the solutions of which are proportional to exp(+p/2). Since the function u ¢;(p) must 


be bounded everywhere, including at infinity, we must keep only the exponentially 
decreasing function, so that 


UE (p) ae exp(—p/2), (7.100) 


This result suggests that we look for a solution of the radial equation (7.98) having 
the form 


ugi(p) =e °!* f(p) (7.101) 


where we have written f(p) = fe;(p) to simplify the notation. Substituting (7.101) 
into (7.98), we obtain for f(p) the equation 


2 Wi+1) oA 
F : + Troy =0. (7.102) 


dp? dp p? 


We now write a series expansion for f(p) in the form 


f(p) = o'*'8(p) (7.103) 
where 
g(r) = docep*, co 0 (7.104) 
k=0 


and we have used the fact (see (7.58)) that ue;(p), and thus also f(p), behaves like 
p'*! in the vicinity of the origin. Inserting (7.103) into (7.102), we find that the 
function g(p) satisfies the differential equation 


d? d 

p— + (2l+2-p)—+A-I!-1)]g(e) =0. (7.105) 
dp dp 

Using the expansion (7.104) to solve this equation, we have 


Y [kk — Neyo! + (2142 -— p)kkgp*!'+A-—l-—Deap*}=0 — (7.106) 


k=0 
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Or 


S {kk + 1) + (21 + 20K + cru +A -1-1-k)ex}o* = 0 (7.107) 


k=0 

so that the coefficients c, must satisfy the recursion relation 
kK+l+1—-<A 

(k+ Dk +2142)" 

If the series (7.104) does not terminate, we see from (7.108) that for large k 


Chai = 


(7.108) 


1 
ORE gh (7.109) 
Ck k 


a ratio which is the same as that of the series for p? exp(p), where p has a finite value. 
Thus in this case we deduce by using (7.101) and (7.103) that the function u¢;(r) has 
an asymptotic behaviour of the type 


ue(p) ~ pit'tPerl? (7.110) 
pow 


which Is clearly unacceptable. 
The series (7.104) must therefore terminate, which means that g(p) must be a 
polynomial in p. Let the highest power of p appearing in g(p) be p”’, where the 


radial quantum number n, = 0,1,2,..., 18 a positive integer or zero. Then the 
coefficient c,, 4; = 0, and from the recursion formula (7.108) we have 
A=n,tl+l. (7.111) 


Let us introduce the principal quantum number 
n=n,+l+1 (7.112) 


which Is a positive integer (n = 1,2,...) since both n, and / can take on positive 
integer or zero values. From (7.111) and (7.112) we see that the eigenvalues of 
equation (7.98) corresponding to the bound-state spectrum (E < OQ) are given by 


LN, (7.113) 


Energy levels 


Replacing in (7.97) the quantity 4 by its value (7.113), we obtain the bound-state 
energy eigenvalues 


uw (Ze \* 1 
Ee = = ae — a) 
Qh AIT Eo n 


e* Z? 
= (470 €0) ay, Qn2 
1 ,(Za)’ 


= ——UC 


; —, n = 1,2,3,... (7.114) 
n 
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where a < 1/137 is the fine-structure constant and a, denotes the modified Bohr 
radius 


Ar eo) h* 
2 us an eg (7.115) 
[Le ll 


with dy = (47 €0)h* /(me) being the Bohr radius (1.66). 

The energy levels (7.114), which we have obtained here by solving the Schrédinger 
equation for one-electron atoms, agree exactly with those found in Section 1.4 from 
the Bohr model. The agreement of this energy spectrum with the main features of 
the experimental spectrum was pointed out when we analysed the Bohr results. This 
agreement, however, is not perfect and various corrections (such as the fine structure 
arising from relativistic effects and the electron spin, the Lamb shift and the hyperfine 
structure due to nuclear effects) must be taken into account in order to explain the 
details of the experimental spectrum”. 

We remark from (7.114) that since n may take on all integral values from 1 
to +00, the bound-state energy spectrum corresponding to the Coulomb 
potential (7.91) contains an infinite number of discrete energy levels extending 
from —(1/2h7)(Ze*/4e9)* to zero. This is due to the fact that the magnitude 
of the Coulomb potential falls off slowly at larger r. On the contrary, short-range 
potentials — such as the square well studied in the previous section — have a finite 
(sometimes zero) number of bound states. 

Another striking feature of the result (7.114) 1s that the energy eigenvalues E,, 
depend only on the principal quantum number n, and are therefore degenerate with 
respect to the quantum numbers / and m. Indeed, for each value of n the orbital 
angular momentum quantum number / may take on the values 0, 1, ... , 2 — 1, and 
for each value of | the magnetic quantum number m may take the (2/ + 1) possible 
values —/, -1 + 1,...,+/. The total degeneracy of the bound-state energy level E,, 
is therefore given by 


ay 


n—| 

— | 
y Geet ae 
i=0 


5 (7.116) 


As we have shown in Section 7.2, the degeneracy with respect to the quantum number 
m is present for any central potential V(r). On the other hand, the degeneracy with 
respect to/ is characteristic of the Coulomb potential; it is removed if the dependence 
of the potential on r is modified. For example, we have seen in Section 7.4 that there 
is no degeneracy with respect to / in the case of a square well. Another illustration 
is provided by the spectrum of alkali atoms. Many properties of these atoms can 
be understood in terms of the motion of a single ‘valence’ electron in a central 
potential which is Coulombic (i.e. proportional to r~!) at large distances, but which 
deviates from the Coulomb behaviour as r decreases because of the presence of 
the ‘inner’ electrons. As a result, the energy of the valence electron does depend 
on /, and the degeneracy with respect to / is removed, leading to n distinct levels 


> See Bransden and Joachain (1983), Chapter 5. 
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Figure 7.8 The energy-level diagram of atomic hydrogen. 


Ej, = 0,1,...,n — 1) for a given principal quantum number n. Finally, if an 
external magnetic field is applied to the atom, we shall see in Chapter 12 that the 
(21 + 1) degeneracy with respect to the magnetic quantum number m is removed. 

Figure 7.8 shows the energy-level diagram of the hydrogen atom; it 1s similar to that 
displayed in Fig. 1.11, except that the degenerate levels with the same n but different 
! are shown separately. Following the usual spectroscopic notation, these levels are 
labelled by two symbols. The first one gives the value of the principal quantum 
number n; the second one is a code letter which indicates the value of the orbital 
angular momentum quantum number / according to the correspondence discussed in 
Chapter 6, namely 


Value of | 


noe © 


I 2 
t oY 
Code letter p d 


mo W 
maa + 
a wy 


Looking at the hydrogen atom spectrum illustrated in Fig. 7.8, we see that the ground 
state (n = 1) is a Is state, the first excited state (n = 2) is four-fold degenerate and 
contains one 2s state and three 2p states (with m = —1,0, +1), the second excited 
state (n = 3) is nine-fold degenerate and contains one 3s state, three 3p states (with 
m = —1,0, +1) and five 3d states (with m = —2, —1, 0, +1, +2), etc. 

Having obtained the energy levels of one-electron atoms within the framework 
of the Schrédinger non-relativistic quantum theory, we may now inquire about the 
spectral lines corresponding to transitions from one energy level to another. This 
problem has already been discussed in Chapter |, where the frequencies of the spectral 
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lines were obtained by using the Bohr model. We shall return to this question in 
detail in Chapter 11, where the interaction of atomic systems with electromagnetic 
radiation will be studied quantum mechanically. In particular, we shall re-derive in 
that chapter the Bohr result (1.61) giving the frequencies of the spectral lines, and 
we Shall calculate the transition rates for the most common transitions, the so-called 
electric dipole transitions. 


The eigenfunctions of the bound states 


Until now we have seen that the energy levels predicted by the Schrédinger theory 
for hydrogenic atoms agree with those already obtained in Section 1.4 by using the 
Bohr model. However, the Schrédinger theory has much more predictive power than 
the old quantum theory since it also yields the eigenfunctions which enable one to 
calculate probability densities, expectation values of operators, transition rates, etc. 


The radial eigenfunctions of the bound states 


In order to obtain these eigenfunctions explicitly, let us return to (7.105). This equation 
can be identified with the Kummer—Laplace differential equation 


2 


a +(c-) = -aw=0 (7.117) 


with z= p,w = g,a=/14+1—Aandc = 2! 4+ 2. Within a multiplicative constant, 
the solution of (7.117), regular at the origin, is the confluent hypergeometric function 


_ a(a + 1)z? 
ee ST al” ele + 2! 
O° k 
=> (a)x (7.118a) 
cao (CO) K! 
where 
a, =a(atl)...(a+k—1), (a)o = 1. (7.118b) 


In general, for large positive values of its argument the confluent hypergeometric 

series (7.118) behaves asymptotically as 
P(c ) os 
Li oe ee : 

1 Fy (a, c, Z) Fa) ez (7.119) 
where I" is Euler’s gamma function. Thus, in the present case the series (7.118) for 
1Fi(i + 1 — A, 2! + 2, p) is in general proportional to p~'~'~* exp(p) for large 
p, leading to a function uw¢;(p) having the unacceptable asymptotic behaviour 
UE(p) ~ p *exp(p/2) (see (7.101) and (7.103)). The only way to 
obtain physically acceptable solutions of (7.105) is to require that the 
hypergeometric series for ; F; (J + 1 — A, 21 + 2, p) terminates, which implies that 
[+1—A=-—n,(n, = 0,1,2,...), and hence A =n, +/+ 1 =n. The confluent 
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hypergeometric function ;F,\(J + 1 — A, 2/1 + 2,9) = ,F\(—n,, 2! + 2, p) then 
reduces to a polynomial of degree n,, namely 


,\Fj +1—n, 21 + 2, p) 


n—I—| wt! — = = k 
=> (k+1—n\k-14+l—n)...(1+l—n) p aap) 
k 


4 (k+U+Dk-14241)...0+ 241) k! 


in accordance with our foregoing discussion. We may readily verify the correctness 
of this result by using the recursion relation (7.108) which we derived above for the 
coefficients c, of the function g(p). Thus, setting co = 1 and using the fact that 
A. =n, we find from (7.108) that 

(kK+l—n)(kK-14+l—n)...dl+l—n) 1 


SS eS ee (7.121) 
(K+224+ 1I)(K-—142/41)...d4+2/4+ 1)k! 


in agreement with (7.120). We also remark from (7.96) and (7.114) that 


2Z 2Z 
ee aay (7.122) 
nay ndgm 
The physically admissible solutions g(p) of (7.105), corresponding to A = n, may 
also be expressed in terms of associated Laguerre polynomials. To see how this 
comes about, we first define the Laguerre polynomials L,(p) by the relation 


d7 
me yaa 
Lg(p) =e dpe (p*e “) (7.123) 
and we note that these Laguerre polynomials may also be obtained from the generating 
function 
exp[—ps/( —s)] 
U(p,5) = eee 
l-s 
—— L aa 


= q |ls| < 1. (7.124) 


q=0 


Differentiation of this generating function with respect to s yields the recurrence 
formula (Problem 7.12) 


Ly+i(p) + (p — 1 — 2q)Lg(p) + q7Lg-1(p) = 0. (7.125) 
Similarly, upon differentiation of U(p, s) with respect to p, we find that 

A ey, (p) + qLy-1(p) = (7.126) 

dp p do Ly- 1\p G4g-1\P ° 


Using (7.125) and (7.126), it is readily shown that the lowest order differential 
equation involving only L,(p) is 


p< (1 — : L = 0 7.127 
ays ae +4| q(p) = 0. (7.127) 
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Next, we define the associated Laguerre polynomials Lg (p) by the relation 
d? 
Li(p) = dors q (Pp). (7.128) 


Differentiating (7.127) p times, we find that Lj (p) satisfies the differential equation 
(Problem 7.13) 


2 
c an | Zan ae io pe + (q - p) |e (p) = (7.129) 
Setting A = n in (7.105) and comparing with (7.129), we see that the physically 
acceptable solution g(p) of (7.105) is given (up to a multiplicative constant) by 
the associated Laguerre polynomial Bea (p). Note that this polynomial is of order 
(n+1)—(21+1) = n—l—1 =n,, inaccordance with the discussion following (7.110). 

The generating function for the associated Laguerre polynomials may be obtained 


by differentiating (7.124) p times with respect to p. That is, 


(—s)? exp[—ps/(1 — 5)] 
(1 eles s)Ptl 


— ie a |s| < 1. (7.130) 


U,(p, 5) = 


An explicit expression for ban (p) is given by 


2+] a [(n +1)!7 e 
as Se = -1-H!IQi+14+b!k! a 


and is readily verified by substitution into (7.130), with g =n +/ and p = 2/ + 1. 

Since the physically admissible solutions g(p) of (7.105) are given within 
a multiplicative constant either by the confluent hypergeometric function 
1F)(2 + 1 —n, 21 + 2, p) or by the associated Laguerre polynomial Lo D: it 
is clear that these two functions differ only by a constant factor. This factor is 
readily found by comparing (7.120) and (7.131) at o = O and remembering that the 
confluent hypergeometric function is equal to unity at the origin (see (7.118)). Thus 
we have 

72 

Lo (p= oa arent + 1 —n, 21 +2, p). (7.132) 

Using (7.51), (7.101), (7.103) and the foregoing results, we may now write the full 
hydrogenic radial functions as 


Rar) = Ne? p'L2*!(p) (7.133a) 
= Ne’! F\(l+1—n, 21 +2, p) (7.133b) 


where WN and N are constants which will be determined below (apart from an arbitrary 
phase factor) by the normalisation condition. In (7.133) we have used the notation 


360 MM The Schrédinger equation in three dimensions 


Rx (which displays explicitly the quantum numbers n and /) instead of the symbol 
Re;, and we recall that p = (2Z/na,)r (see (7.122)). 
The hydrogenic wave functions of the discrete spectrum 


Using (7.45), we see that the full eigenfunctions of the discrete spectrum for hydro- 
genic atoms may be written as 


Wnim(r, 8,0) = Rul) Yim, ®) (7.134) 


where the radial functions are given by (7.133) and the spherical harmonics provide 
the angular part of the wave functions. We require that the eigenfunctions (7.134) be 
normalised to unity, so that 


fe @) nN 2n 
| drr? | dé sin@ | dd|Wrim(r, 9, @)|? = 1. (7.135) 
0 0 0 


Because the spherical harmonics are normalised on the unit sphere (see (6.103)), the 
normalisation condition (7.135) implies that 


| IRa(r)\?r?dr = 1 (7.136) 
0 
or 
na,\° [% 
we(Se) f ep (La (py p*dp = | (7.137) 
0 


where we have used (7.133a). The integral over p can be evaluated by using the gen- 
erating function (7.130) for the associated Laguerre polynomials (see Problem 7.15). 
The result is 
oe 2n[(n +1)! 
—p All L2i+} 2 2d Ss ee ee, 7.138 

| e °p° [Loy (p)l pd @”—l-)! (7.138) 
so that the normalised radial functions for the bound states of hydrogenic atoms may 
be written as 


a 1/2 
Rar) = -|(——) | e P/O Lt (p) (7.139a) 


na, ) 2n[(n+1)!/? 
Or 
| 2Z\>  (n4+D! He 
Ri) Ss | CS 
(224+ 1)! | \na, 7 2n(n —1 — 1)! 
xe 9/2 ol Fi(l+1—n, 21 +2, p) (7.139b) 
with 
2Z (Ar €9)h* 
p= —r, a, = ———— (7.139c) 


2 
nay je 
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where a constant multiplicative factor of modulus one is still arbitrary. In wnit- 
ing (7.139b) we have used equation (7.132) which relates the associated Laguerre 
polynomial Dae (p) to the confluent hypergeometric function ; F\ (/+1—n, 2/42, p). 


The first few radial eigenfunctions (7.139) are given by 
Rio(r) = 2(Z/a,)*/* exp(—Zr/a,) 
Ro (r) = 2(Z/2a,)? (1 — Zr/2a,) exp(—Zr/2a,) 


1 
Ro\(r) = FR Z/2any (Zr /ay) exp(—Zr/2a,) 


R39(r) = 2(Z/3a,)?/* (1 — 2Zr/3a, + 2Z7r*/27a*,) exp(—Zr/3a,) 


4/2 


R3\(r) = 9 (Z3ayy — Zr/6a,)(Zr/a,) exp(—Zr/3a,,) 


4 

R3(r) = aa ag 2/340) (Sr 1 au) exp Zr/3ay) (7.140) 
and are illustrated in Fig. 7.9. 

Using the radial wave functions (7.140), together with the explicit expressions 
of the spherical harmonics given in Table 6.1, we display in Table 7.1 the full 
normalised bound-state hydrogenic eigenfunctions Wrim(r,9,@) for the first three 
Shells (that is, the K, L and M shells corresponding, respectively, to the values 
n = 1, 2,3 of the principal quantum number). We have also indicated in Table 7.1 
the spectroscopic notation, introduced in the discussion of the energy levels, with the 
subscripts corresponding to the values of the magnetic quantum number m (when 
140). 

According to the interpretation of the wave function discussed in Chapter 2, the 
quantity 


Wrim(r, 0, @)|?dr = Wrim 1s 9, P)Wnim (r, 9, @)r7dr sin 0dOdd (7.141) 


represents the probability of finding the electron in the volume element dr (given 
in spherical polar coordinates by dr = r*dr sin@d9d@) when the system is in the 
stationary state specified by the quantum numbers (n,/,m). In agreement with the 
discussion following (7.46), the position probability density 


\Wnim (7, 8, b)|? = [Rai (r) |? (270)! |@rm (8)? (7.142) 


does not depend on the coordinate ¢. It is the product of the angular factor 
(271)~'|@jm(9)|*, studied in Chapter 6 and of the quantity |R,,;(r)|?, which gives the 
electron density as a function of r along a given direction. The radial distribution 
function 


Dalr) =r?|Ru(r)|? (7.143) 
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Figure 7.9 Radial functions R,)(r) and radial distribution functions r2 R?, (r) for atomic hydrogen. 
The unit of length is a, = (m/)ao, where do is the first Bohr radius (1.66). 


Table 7.1 Tne complete normalised hydrogenic wave functions corresponding to the first three shells. 


Quantum numbers 


Shell n / m 
K 1 0 0 
L 2 0 0 
2 1 0 
2 1 aa 
M 3 0 0 
3 1 0 
3 1 +1 
3 2 0 
3 2 +1 
3 2 +2 


Spectroscopic 
notation 


1s 


2s 


2Po 


2p+1 


3s 


3Po 
3P+1 
3do 
3d1 


3d42 


Wave function Wrim(r, 6, ¢) 


1 
FR zis" exp(—Zr/a,,) 


se zia?a — Zr/2a,) exp(—Zr/2a,) 


sae i exp(—Zr/2a,) cos 


ER —— (Z/a,)?/*(Zr/a,) exp(—Zr/2a,,) sin@ exp(+i¢) 


1 
Wer ico — 2Zr/3a, + 2Z?r?/27a?) exp(—Zr/3a,) 


2/2 


FR eI — Zr/6a,)(Zr/a,) exp(— Zr/3a,,) cosé 


el — Zr/6a,)(Zr/a,) exp(—Zr/3a,) sin exp(+id) 


(Z/a,)?/*(Z?r?/a?) exp(—Zr/3a,)(3 cos* 6 — 1) 


i 


ra (Z/a,)?/*(Z?r? /a2) exp(—Zr/3a,) sin 8 cos 6 exp(+i¢) 


3/2; 72,2 
ree zl (Z*r /a? ) exp(— Zr/3a,,) sin 6 exp(+2i¢) 
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gives the probability per unit length that the electron is to be found at a distance r 
from the nucleus. Indeed, by integrating (7.141) over the polar angles 6 and @ and 
using (7.134) and (6.103), we see that 


nN 2n 
| dé sin@ | dd|Wntm(r, 8, @)|?r7dr 
0 0 


54 his 
r?|Ra(r)|?dr | dé sind | dO|Yim (8, @)I° 
0 O 


r*|Ru(r)|"dr 
Dny(r)dr (7.144) 


represents the probability of finding the electron between the distances r and r + dr 
from the nucleus, regardless of direction. The radial distribution functions D,,(r) 
corresponding to the first few radial functions are plotted in Fig. 7.9. 

Several interesting features emerge from the examination of the radial eigenfunc- 
tions R,,(r) and the radial distribution functions D,,/(r). 


(1) Only for s states (J = 0) are the radial eigenfunctions different from zero at 


(2) 


(3) 


r = 0. We also note that since Yoo = (47r)7'/? is independent of 6 and @, one 
has from (7.134) and (7.139) 


2s. I Dee Z? 
IWn00(0)I? = 5—|Rno(O)? = ——. (7.145) 
me Tan 


Moreover, each of the s-state radial eigenfunctions R,o are such that 
dR,o/dr #£ 0 at r = 0. This peculiar behaviour is due to the fact that the 
potential energy (7.91) is infinite at the origin. 


We also verify from (7.139) that the radial eigenfunctions R,,;(r) are proportional 
to r' near the origin, in agreement with our general discussion of Section 7.2. 
Thus, for / 4 O the radial wave functions are forced to remain small over 
distances which increase with /. As we have seen in Section 7.2, this behaviour 
is due to the centrifugal barrier term /(/ + 1)4*/2ur? contained in the effective 
potential. Among the radial eigenfunctions R,,(r) having the same principal 
quantum number n, the one with the lowest value of / has the largest amplitude 
in the vicinity of the nucleus. 


The associated Laguerre polynomial Lo is a polynomial of degree 


n, = n—I-— 1 having n, radial nodes (zeros). Thus the radial distribution 
function D,;(r) has n — 1 maxima. We remark that there is only one maximum 
when, for a given n, the orbital angular momentum quantum number / has 
its largest value / = n — 1. In that case n, = O and we see from (7.131) 
and (7.139) that 


Ran—i(r) ~ r"—! exp(—Zr/na,). (7.146) 
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Hence D,. ,-\(r) =r’ Reis (r) will exhibit amaximum at a value of r obtained 
by solving the equation 


dD, n—] In—| 22 2n 
——— = | 2nr — —r~ }exp(—2Zr/na,,) =90 (7.147) 
dr nay 
1.e. at 
nay, 
Z 7.148 
ae ( ) 


This 1s precisely the value (1.74) given by the Bohr model. However, in contrast 
to the Bohr model, the diffuseness of the electron cloud implies that the concept 
of size is less precise in the quantum mechanical theory, so that the value (7.148) 
should be interpreted as a ‘most probable distance’. We see from (7.148) that 
this most probable distance is proportional to n* and is inversely proportional 
to Z. More generally, the maximum value of D,,;(r) recedes from the nucleus 
with increasing values of n (see Fig. 7.9) and becomes closer to the nucleus (by 
a factor of Z~!) when Z increases. 


To conclude our study of the hydrogenic bound state wave functions we recall that 
all wave functions of the form (7.45) transform under the parity operation according 
to (7.50). In particular, the action of the parity operator P on the hydrogenic wave 
function (7.134) yields 


PWnim (r, 0, d) = PLRni (1) Yim (0, d)| 
Rn (r)(—1)' Yim @, @) 
= (-1)'Vaim(r, 9, ) (7.149) 


so that the hydrogenic states Wy), have the parity of /, in agreement with the general 
discussion of Section 7.2. 


Hydrogen iso-electronic sequence; hydrogen isotopes; positronium; 
muonium, antihydrogen 


Let us recall some important results we have obtained for hydrogenic systems. The 
energy eigenvalues are given by (7.114) and the eigenfunctions by (7.134). In 
particular, the ionisation potential /p = |E,,—;| 1s 
e? Zz 
— (4 €0)ay, 2 
and the ‘extension’ a of the wave function describing the relative motion of the system 
is roughly given in the ground state (see (7.148)) by 
Ay, (Are) hi? 
so Eee ie 7.151 
et en 


The hydrogenic systems we have considered so far correspond to an atomic nucleus 
of mass M and charge Ze and an electron of mass m and charge —e interacting by 


(7.150) 
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means of the Coulomb potential (7.91). The ‘normal’ hydrogen atom, containing a 
proton and an electron is the prototype of these hydrogenic systems. The hydrogenic 
ions Het (Z = 2), Li*t (Z = 3), Be** (Z = 4), etc., which belong to the hydrogen 
iso-electronic sequence are also examples of such systems. Note that apart from small 
reduced mass effects the ionisation potential /p of these hydrogenic ions is increased 
by a factor of Z”, while the value of a for these ions is decreased by a factor of Z 
with respect to the hydrogen atom. 

The (neutral) isotopes of atomic hydrogen, deuterium and tritium, also provide 
examples of hydrogenic systems. Here the proton is replaced by a nucleus having 
the same charge +e, namely a deuteron (containing a proton and a neutron) in the 
case of deuterium and a triton (containing one proton and two neutrons) in the case 
of tritium. Since My ~ 2M, and M, = 3Mp, where M, is the mass of the proton, Mg 
the mass of the deuteron and M, the mass of the triton, we see from (7.93) that the 
reduced mass is slightly different for (normal) hydrogen, deuterium and tritium; the 
relative differences are of the order of 10~°. Thus the quantities /p and a are nearly 
identical for these three atoms, the small differences in the value of u giving rise to 
isotopic shifts of the spectral lines which we have already discussed in Section 1.4. 

In addition to deuterium and tritium, there exist also other ‘isotopes’ of hydrogen, in 
which the role of the nucleus is played by another particle. For example, positronium 
(ete) is a bound hydrogenic system made of a positron e* (the antiparticle of 
the electron, having the same mass m as the electron, but the opposite charge) and 
an electron e~. Muonium (u+e7) is another ‘isotope’ of hydrogen, in which the 
proton has been replaced by a positive muon j*, a particle which is very similar 
to the positron e*, except that it has a mass M, = 207m and that it is unstable, 
with a lifetime of about 2.2 x 10~-° s. Positronium and muonium may thus be 
considered as light ‘isotopes’ of hydrogen. Positronium was first observed in 1951 
and muonium in 1960. Table 7.2 gives the values of the reduced mass jZ, the ‘radius’ 
a and the ionisation potential /p for positronium and muonium, compared with those 
of the hydrogen atom. It should be noted that both positronium and muonium are 
unstable. Indeed, muonium has a lifetime of 2.2 x 10~® s (which is the lifetime of the 
muon ,;2* itself) while in positronium the electron and the positron may annihilate, 
their total energy including their rest mass energy being completely converted into 
electromagnetic radiation (photons). 

Positronium and muonium have attracted a great deal of interest because they 
contain only leptons (i.e. particles which are not affected by the strong interactions) 
and hence are particularly suitable systems in which the predictions of quantum 
electrodynamics can be accurately verified. 

Finally, we mention that atoms of antihydrogen (pet), a bound system made of 
an antiproton p and a positron e+, have been observed in an experiment performed 
at CERN in 1995 by G. Baur et al. 


Muonic atoms 


In all the hydrogenic atoms we have considered until now the negative particle is an 
electron. In 1947, J. A. Wheeler suggested that other negative particles could form 


7.6 


7.6 The three-dimensional isotropic oscillator Mi 367 


Table 7.2 The reduced mass y, ‘radius’ a and ionisation potential /p of some special hydrogenic 
systems, compared with the corresponding quantities for the hydrogen atom (pe). The 
following ‘atomic units’ are used: unit of mass = electron mass m, unit of length = Bohr radius 
ao (see (1.66)); unit of energy = e* /[(47r€9) ao], i.e. twice the ionisation potential of atomic 
hydrogen (with an infinite nuclear mass). 


System Reduced mass ‘Radius’ lonisation potential 
HL a Ip 
> (oe 1836 ~ cats 2: ee eens 
(pe), (pe*) Te37 = | ~a=1 ~ Gaia = 9-> 
(ete) 0.5 2 0.25 
(ute) a ~1 ~ada=1 ~ 0.5 
~ 186 ~ 5.4 x 1073 ~ 93 


(pu) 


a bound system with a nucleus. This, in particular, is the case for a lepton such as 
the negative muon 4~, which is the antiparticle of the positive muon y+, having the 
same mass M,, ~ 207m and the same lifetime (2.2 x 10~° s) but a negative charge 
—e. The negative muon sj.” is therefore a kind of ‘heavy electron’. As it is slowing 
down in bulk matter, it can be captured by the Coulomb attraction of a nucleus of 
charge Z, thus forming a muonic atom. 

The simplest example of muonic atom is the bound system (py”) consisting of 
a proton p and a negative muon jz”. Since the muon has a mass M,, ~ 207m, the 
reduced mass of the muon with respect to the proton is approximately 186 times 
the electron mass. As a result, we see from (7.151) that the ‘radius’ a of muonic 
hydrogen (pj~ ) is 186 times smaller than that of the ordinary hydrogen atom (pe ). 
On the other hand, using (7.150) we see that the ionisation potential Jp of the muonic 
atom (py) 1s 186 times larger than the corresponding quantity for ordinary atomic 
hydrogen (see Table 7.2). The frequencies of the spectral lines corresponding to 
transitions between the energy levels of (pj ) may thus be obtained from those of the 
hydrogen atom by multiplying the latter by a factor of 186. For transitions between the 
lowest energy levels of (pj ) the spectral lines are therefore lying in the X-ray region. 


The three-dimensional isotropic oscillator 


As a last example of central field, we shall consider the motion of a particle of mass 
jz in the potential 


Vir) = skr? = Spye?r? (7.152) 


which corresponds to an isotropic three-dimensional oscillator of classical angular 
frequency w = (k/)'/*. In Section 7.1 we solved the corresponding Schrodinger 
equation in Cartesian coordinates. In particular, we found that the energy levels are 
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given by EF, = (n + 3/2)hw, where n = 0,1,2,..., each energy level E,, being 
(n + 1)(n + 2)/2-fold degenerate. 

In this section we want to analyse this problem using spherical polar coordinates, 
so that we look for solutions of the Schrédinger equation having the form (7.45). The 
radial equation (7.52) for the function u¢;(r) = rR_;(r) becomes in the present case 


d? Wi+1) wE peor? 
Ee —_— oe a —_ a ner = 0. (7.153) 


It is convenient to introduce the dimensionless variable 


p=ar (7.154) 


(uk i AS 1/2 
a= (25) =(4) (7.155) 


and the dimensionless eigenvalue 


2E 
ae (7.156) 
hw 
so that (7.153) now reads 
da <Ii+1 
ep OHO (7.157) 
dp p 


Let us first study the asymptotic behaviour of ue;(p). When p — oo we may 
neglect the terms /(/ + 1)/ p? anda compared to p*, so that (7.157) reduces to 


2 
| = p* |e =0 (7.158) 
p 

which is the same asymptotic equation as that studied in Section 4.7 in the 
one-dimensional case (see (4.136)). | For sufficiently large p the functions 
UE|(p) = p” exp(+p*/2) satisfy (7.158) as far as the leading terms, which are of 
order p*ug;(p), are concerned when p has any finite value. Since the function 
ue)(r) must be bounded everywhere, we only keep the minus sign in the exponent. 
This suggests looking for solutions of (7.157) in the form 


ue(p) =e” /*v(p) (7.159) 


where we have written v(p) = ve; (p). Substituting (7.159) in (7.157) we obtain for 
v(p) the equation 


d? d Id+1) 
2p 
dp? dp p? 


+ir— 1) oo) = 0. (7.160) 
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From the general discussion of Section 7.2 we know that u ¢;(p) — and hence also 
v(p) — behaves like p't! near the origin. We therefore seek a solution of (7.160) of 
the form 

v(p) = p'*'w(p). (7.161) 


Upon substitution of (7.161) in (7.160) we find that the function w(p) satisfies the 
differential equation 


a l+1  \d 3 
oe 9 he ee) oy O. (7.162) 
dp? p dp 2 


By introducing the new independent variable ¢ = p”, this equation goes over to the 
differential equation 


dw 3 dw ] 3 A 
cae t[('+3) -©|a -[a('+ 3) - g}eo=0 eee 


which is just the Kummer—Laplace differential equation (7.117), with z = ©, 
a = (1+ 3/2)/2 — 4/4 and c = 1+ 3/2. The solution of (7.163), regular at the 
Origin, is thus given by 
] 3 A 3 
=C,F,;|-(/+=])--./4+-. 7.164 
w(~) cir 5(t+ 5) i +58] ( ) 


where C is a constant. 


Energy levels 


Let us examine the solution (7.164) in the limit of large ¢. From (7.119), 
we remark that in this limit the confluent hypergeometric series (7.118) for 
1Fi[( + 3/2)/2 — 2/4, 1 + 3/2, ¢] is proportional to ¢~“*7/2+4/2)/2 exp(c). Thus, 
using (7.159) and (7.161), we see that if this series does not terminate, the function 
uf, (p) will have an asymptotic behaviour of the type 


UE|(P) Ree alae (7.165) 


which is inadmissible. The only way to avoid this divergence is to transform the 
confluent hypergeometric series into a polynomial of degree n,, by requiring that 


[+ 2 e (7.166) 

= = —_ —-_ = —Nn, ° 

2 2 4 
where the radial quantum number n, = 0, 1,2, ... 18 a positive integer or zero. This 
condition may also be written in the form 

3 

A= 2(n + 5) (7.167) 

with 


n=2n, +1, n=O) Ve Diss, (7.168) 
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Problems 


and from (7.156) we see that the energy levels are given by 


3 
| ¢ + ; ho n=0,1,2,... (7.169) 


in agreement with the result (7.37) of Section 7.1. 


The eigenfunctions of the three-dimensional isotropic oscillator 


Using (7.154), (7.159), (7.161), (7.164) and (7.166), we find that the radial eigen- 
functions Re;(r) = r~'ue;(r) of the three-dimensional isotropic oscillator are given 
by 


Re (r) = New? ?r! | F\(—n,, 1 + 3, ar?) (7.170) 


where a = (t1w/f)'/* and N is a normalisation constant. Hence, from (7.45) the 
complete three-dimensional isotropic oscillator eigenfunctions are given in spherical 
polar coordinates by 


Weim(r, 8,6) = Ne?" ?r! 1 Fy(—n,,1 + 3,077?) Yim (8, 9). (7.171) 


Except for the ground state (n = 0), the energy levels (7.169) are degenerate. 
Indeed, for even n there are n/2 + | partitions of n according to (7.168), and for odd 
n there are (n + 1)/2 partitions. Moreover, for each value of /, there is a (2/ + 1) 
degeneracy with respect to the magnetic quantum number m (which can take on the 


values —/, -1 + 1,...,/). Asa result, there is only one eigenfunction for n = 0, 
there are three linearly independent eigenfunctions for n = 1 (corresponding to! = 1 
and m = —1,0, +1), six for n = 2 (one corresponding to / = O and five to! = 2), 


etc. In general, there are (n + 1)(n + 2)/2 linearly independent eigenfunctions for 
each value of n, in agreement with the conclusion reached in Section 7.1. 


7.1 Consider a particle of mass yz confined within a box with impenetrable walls 
of sides L;, Lz and L3. If L; = Lp», obtain the allowed energies and discuss the 
degeneracy of the first few energy levels. 
7.2 Consider an anisotropic harmonic oscillator described by the Hamiltonian 
| 4 2 2 I 2 2 a. 
H = —(p. t+ py + pl) + ski + yy") + oko". 
2U 2 2 
(a) Find the energy levels and the corresponding energy eigenfunctions using 
Cartesian coordinates. What are the degeneracies of the levels, assuming that 
w, = (ky /p)'/* and w2 = (k2/p)'/* are incommensurable? 
(b) Can the stationary states be eigenstates of L*? of L,? 
7.3 Show that all solutions of the Schrédinger equation (7.41) can be obtained 


as linear combinations of separable solutions of the form (7.43). 
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(Hint: Use the orthonormality and closure relations satisfied by the spherical 
harmonics. ) 


7.4 Show that when p = —2 andbo < 01in(7.55), physically acceptable solutions 
of (7.52) exist only if bp > —A?/8y. 


7.5 Prove that the spherical Bessel and Neumann functions defined by (7.63a) 
and (7.63b) satisfy the differential equation (7.61). 


7.6 Using equations (7.63) obtain the leading term of j;() and n;(p) for small 
and large values of p. 


7.7 Consider a particle of mass yz confined in a spherical box of radius a. 


(a) Write down the equation which determines the allowed energy levels. 
(b) Solve this equation explicitly for the case / = 0. 


7.8 Solve equation (7.87) numerically to obtain the / = O energy levels and 
corresponding normalised radial functions for a three-dimensional square well such 
that 


y = (2uVoa*/h?)'/* = 5. 
7.9 Prove equation (7.90). 


7.10 Consider a particle of mass 4 moving in a very deep square well potential 
for which Ka > I. Show that for the bound states with |E| < Vo, equation (7.86) 
reduces to 


Ka-—In/2~(n+35)m;  n=0,1,2,... 
and that the energy levels are given approximately by 
E ~ —2Vo{1 — [n+ (+ 1)/2]n/y}. 


7.11 (a) Show that for a square well potential, bound states of zero energy for 
1 > O occur when 
ji-1(v) = 0. 
(b) Deduce from this condition that the value of y necessary to bind a particle of 


angular momentum quantum number / increases with increasing /. 


7.12 (a) Prove the relations (7.125) and (7.126) satisfied by the Laguerre poly- 
nomials. 

(b) Show that the lowest order differential equation involving only L,(p) is given 
by (7.127). 


7.13 — Prove equation (7.129). 


7.14 Any region of space in which the kinetic energy T of a particle would become 
negative is forbidden for classical motion. For a hydrogen atom in the ground state: 
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(a) find the classically forbidden region; and 


(b) using the ground-state wave function W190(r), calculate the probability of finding 
the electron in this region. 


7.15 __ Using the generating function (7.130) and proceeding as in the case of the 
linear harmonic oscillator (see Section 4.7) evaluate the integral (7.138). 


7.16 Using the generating function (7.130), show that the average values 


(aa ee _ | Vie (r)r* Watn (r)dr = | \Rai(r)?r**?dr 
0 


are given respectively for k = 1, —1, —2 and —3 by 


2 1 ld +1 
nim = a4 f+ 5] 1- cs al (1) 
A Z 
a 5 (2) 
ayn 
7? 
aia = a (3) 
a2n3(I ae i) 
7? 
ia = (4) 


ain3i(l+4)0+4+1) 


7.17 _—_ Using the result (2) of the preceding problem, together with (7.114) show 
that for a hydrogenic atom, the average values of the kinetic energy operator T and 
of the potential energy V in a bound state (n/m) are such that 


2(T) nim i —(V)nim- 
Relate your result to the virial theorem of Section 5.7. 


7.18 Consider a hydrogen atom whose wave function at ¢ = 0 1s the following 
superposition of energy eigenfunctions Wpyim (1): 


1 
/ 14 


(a) Is this wave function an eigenfunction of the parity operator? 

(b) What is the probability of finding the system in the ground state (100)? In the 
state (200)? In the state (322)? In another energy eigenstate? 

(c) What is the expectation value of the energy; of the operator L’; of the operator 
| 


Vir,t=0)= [2¥00(r) — 3 200(F) + W322(r)]. 


7.19 Find the energy levels and the corresponding eigenfunctions of a particle of 
mass yz in the potential V(r) = (A/r* + Br’), where A > O and B > O. In the case 
A = Ocompare your result with that obtained in Section 7.6 for the three-dimensional 
isotropic oscillator. 
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(Hint: Set I’(l' + 1) = 1(1 + 1) + 2WA/h* and compare the radial equation you 
obtain with (7.153).) 


7.20 A two-dimensional harmonic oscillator has the Hamiltonian 


ii h? ye Pee ee ne: 
a ee ree —K xX ri : 
OY a i a 


(a) Show that the energy levels are given by 


I I =O. 12 ou. 
mane (». . 5) ” (»; i 5) ny =0,1,2,... 
where w, = (k;/u)!/* and w = (k2/u)'/*. Obtain the corresponding energy 
eigenfunctions in terms of the one-dimensional linear harmonic oscillator wave 
functions of Section 4.7. 

(b) Assuming that the harmonic oscillator is isotropic (kj = kz = k), what is the 
degeneracy of each energy level? 

(c) Solve the Schrodinger equation for the two-dimensional isotropic oscillator in 
plane polar coordinates (r, @). Using the fact that the Laplacian operator is 
given in these coordinates by 

se. Oe la 1 3 
V=-—4t+--4+-- 
dr? rdr_ r*d¢? 
and introducing the dimensionless quantities 


p = ar, A= 2E sho, 


where a = (uk/h?)'/* = (uw/h)'”, show first that the eigenfunctions are of 
the form 


we =e? 2 pila pein? m = 0, +1, +2,... 
where the function g(p) must satisfy the differential equation 
d? 2|m|+ 1 
Be, [2imi +A 
dp p 
Then, taking v = p” as a new variable, prove that equation (1) is transformed 
into the Kummer—Laplace equation 


d 
20 | — [2(|m| + 1) —Alg = 0. (1) 


S8 ae =| aa 20 2) 
v— m —v]—-- —~|g= 
du dy OI D2 ( 
whose solution regular at v = 0 is the confluent hypergeometric function 

g(v) = 1 F(a, ¢, v) (3) 
with 


] Xr 
= | ca = , 
a 5(Imi + 5) c=|m|+1 (4) 
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Using these results, show that the eigenfunctions are given by 
—p m im 
Vn, m(P,) = Ne“? p'™"! | F\(—n,, |m| + 1, p*)e'™? (5) 


wheren, = 0,1,2,...,m—=0O,+1, +2,... and AN is anormalisation constant. 
Prove that the energy levels are given by 


En = hw(n + 1) (6) 
where 
n= 2n,+|m|=0,1,2,... (7) 


Discuss the degeneracy of the energy levels and compare your results with those 
obtained by using Cartesian coordinates. 


7.21 The parabolic coordinates (€, 7, @) of a point in three-dimensional space are 
defined by the relations 


x = JEncos¢, E=r+z 

y = JEnsing, n=r-z 
z=5(E-n), ob =tan'(y/x) 
r= 3(E +7) 


and the Laplacian operator is given in these coordinates by 


Gh ee =) 1a 
= realae(#5e) + ao ("5y * £n og? 


(a) Prove that the Schrédinger equation (7.94) with a Coulomb potential 1s separable 
in these coordinates. 
(Hint: Write the eigenfunctions in the form 


w= fi) fo(ne”?, m=0,+1,+2,... 


and show that the Schrodinger equation can be replaced by the two differential 


equations 
s(f)-(weren)o-e 
SC) (ere on) 

where 4? = —2yE/h? and the constants of separation v; and v2 are related by 
nts Zoo. 


(b) Taking the energy to be negative (discrete spectrum), obtain the functions fj (&) 
and f2(7), and hence the eigenfunctions and energy levels. Compare your 
results with those derived 1n the text in spherical polar coordinates. 
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Approximation methods for stationary 
problems 
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Problems 427 


As in the case of classical mechanics, there are relatively few physically interesting 
problems in quantum mechanics which can be solved exactly. Approximation meth- 
ods are therefore very important in nearly all the applications of the theory. In this 
chapter and the next one we shall develop several approximation methods to study 
mainly the bound states of physical systems; approximation methods for collision 
problems, which deal with the continuous part of the spectrum, will be considered in 
Chapter 13. 

Approximation methods can be conveniently divided into two groups, according to 
whether the Hamiltonian of the system 1s time-independent or time-dependent. The 
latter case will be considered in Chapter 9. In the present chapter we are concerned 
with the approximate determination of the discrete eigenenergies and corresponding 
eigenfunctions for the stationary states of a time-independent Hamiltonian. We shall 
begin by discussing perturbation theory, which studies the changes induced in asystem 
by a small disturbance. In Section 8.1 we shal! develop a stationary perturbation 
method for the case of anon-degenerate energy level. The generalisation to degenerate 
energy levels will be considered in Section 8.2. The next section is devoted to 
the variational method. Finally, in Section 8.4 we shall discuss the semi-classical 
approximation method of Wentzel, Kramers and Brillouin, which is known as the 
WKB approximation. 


Time-independent perturbation theory for a non-degenerate 
energy level 


In this section and the following one we shall discuss the Rayleigh—Schrédinger 


perturbation theory, which analyses the modifications of discrete energy levels and 
of the corresponding eigenfunctions of a system when a perturbation is applied. 
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Let us suppose that the time-independent Hamiltonian H of a system can be 
expressed as 


H =H) + AH’ (8.1) 


where the ‘unperturbed’ Hamiltonian Hp 1s sufficiently simple so that the correspond- 
ing time-independent Schrédinger equation 


Ayby) = EQ Uy (8.2) 


can be solved, and AH’ is a small perturbation. The quantity 4 is a real parameter, 
which will be used below to distinguish between the various orders of the perturbation 
calculation. We can let A tend to zero, in which case the Hamiltonian H reduces to 
the unperturbed Hamiltonian Ho, or we may let A reach its full value, which we shal] 
choose to be A = 1. 

We assume that the known eigenfunctions y°) corresponding to the known eigen- 
values E ” of Hp form a complete orthonormal set (which may be partly continuous). 
Thus, if vie and ve are two members of that set, we have 


yO ly) = 8, (8.3) 


where for notational simplicity the meaning of 6;; is implicitly extended to cover 
the possibility of wv and uv being discrete or continuous states. The eigenvalue 
problem which we want to solve is 


HW = EnWn- (8.4) 


Let us consider a particular unperturbed, discrete energy level E®, which we 
assume to be non-degenerate (other unperturbed energy levels may be degenerate). 
We suppose that the perturbation AH’ is small enough so that the perturbed energy 
level E,, is much closer to E©) than to any other unperturbed level. As A tends to 


zero, we have 
lim E, = E. (8.5) 
A—>0 


Similarly, since the state n is non-degenerate, the perturbed eigenfunction wy, must 
approach the unperturbed eigenfunction © as A approaches zero: 


lim Yn = Vn (8.6) 


The basic idea of perturbation theory is to assume that both the eigenvalues and 
eigenfunctions of H can be expanded in powers of the perturbation parameter A. That 


Ea) NE? (8.7) 
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and 
Vn = YOM WY (8.8) 
j=0 
where j, the power of A, is the order of the perturbation. Substituting the expan- 


sions (8.7) and (8.8) into the Schrddinger equation (8.4), we have 


(Ho + AH) (Wi? + AW? 4A WO 4-02) = (ED AEP + VED +--+) 


x (WO ua Ay Ze My 4 .+-), 
(8.9) 


We now equate the coefficients of equal powers of 4 on both sides of this equa- 
tion. Beginning with 4°, we find, as expected, that How? = E® wy. Next, the 
coefficients of A give 


How? za Hy = EOY™ a EDV yO (8.10) 
while those of A? yield 

How” eit Hy) os EOY? 4 EXD YO 4 EMD yO (8.11) 
More generally, by equating the coefficients of A/ in (8.9) we have for j > 1 

Hoy? a: Hypo? = ELOY 4 EM YG-D 2S Sars ED YO. (8.12) 


In order to obtain the first-order energy correction E“'), we premultiply (8.10) by 
y* and integrate over all coordinates. This gives 


(Wr Ho — BD Wn?) + WO 1H! — ES? ly”) = 0. (8.13) 
Now, using (8.2) and the fact that the operator Hp is Hermitian, we have 


(eHow?) = WO? | Hol yo) 
= ED Wy) 


= EQ vO Wy”) (8.14) 


so that the first term on the left of (8.13) vanishes. Moreover, since (YW |W) = 1, 
we See that (8.13) reduces to 


EO =, A ld). (8.15) 


This is a very important result. It tells us that the first-order correction to the energy 
for a non-degenerate level is just the perturbation H’ averaged over the corresponding 
unperturbed state of the system. 

Proceeding in a similar way with equation (8.11), we have 


(Wa |Ho — En Wp?) + (Wg 1H! — E,W?) — E,? = 0. (8.16) 
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Again the first term vanishes, so that the second-order energy correction is given by 
EO = eH! — EW). (8.17) 


Expressions for higher-order energy corrections can be obtained in a similar way 
from (8.12). In particular, one has (Problem 8.2) 


E® = (yD) AY’ a EMO yD) = 2EO (YyOpy Dy, (8.18) 


It is interesting to note that the knowledge of the unperturbed wave function y yields 
E and E‘!), while that of the first-order wave function correction y"!) gives E® 
and E®). More generally, if ¥, w),... , w, are known, the energy corrections 
can be obtained up to and including E°S*" (see Problem 8.3). 

Let us now return to equation (8.10). The Rayleigh—Schrédinger method attempts 
to obtain the solution wy“! of this equation in the following way. First, the ‘un- 
perturbed’ equation (8.2) is solved for all eigenvalues and eigenfunctions (including 
those belonging to the continuous part of the spectrum, if one exists). The unknown 
function wy“) is then expanded in the basis set of the unperturbed eigenfunctions, 
namely 


v=o (8.19) 
k 


where the sum over k means a summation over the discrete part of the set and an 
integration over its continuous part. Substituting the expansion (8.19) into (8.10), we 
obtain 


(Hy — EF) San yye + (H' — EM) =0. (8.20) 
k 


Premultiplying by y°”* 


and (8.3), we find that 


, integrating over all coordinates, and using equations (8.2) 


a) (E, — E®) + Hy — E68, = 0 (8.21) 


where we have written H;, = (Wi |H YW). 
For / = n, equation (8.21) reduces to E\') = H’_, which is the result (8.15). On 
the other hand, for / 4 n, we have 


— In 
ay = Ome) ~ EO Pén. (8.22) 
From this result and equation (8.19), we see that a sufficient condition for the 
applicability of the Rayleigh—Schrédinger perturbation method is that 


/ 
ln 


oom ~ <1, Lén. (8.23) 


We also remark that the coefficient a“) = (|W), which is the ‘component’ of 
Wi) along yw, cannot be obtained from equation (8.21). We shall return shortly to 
the determination of a‘). 
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The Rayleigh—Schrodinger method can also be applied to solve higher-order equa- 
tions such as (8.11). In this case, expanding yw) as 


pO — DAs (2) - (8.24) 


substituting in (8.11) and using (8.19), we have 
(Ho — EO) oa +H = EO) aye -— EP vO =0. (8.25) 
k k 


Premultiplying by er integrating over all coordinates and using (8.2) and (8.3), 
we find that 


a P(E — E) + > Hyal? — Ea? — Eby = 0. 6.26) 
k 


Let us first examine what happens for / = n. The above equation then yields 
B= Yah ~ Hane 


nnovnn 


=) aa (8.27) 
kn 


where we have used the fact that E“’) = H’. With the help of (8.22) we can therefore 
write 


H’,. Hj 
ED = > nk kn (8.28a) 
k 


(8.28b) 


The second-order energy correction E) can therefore be obtained by performing a 
Summation over all the states ue with k + n, as indicated in (8.28). The states vi 
over which the summation is performed are often called ‘intermediate’ states. Indeed, 
we see from (8.28a) that each term in the summation may be viewed as a succession of 
two first-order transitions, weighted by the energy denominator E\° — E Mae in which 
the system leaves the state y), ‘propagates’ in the intermediate state we ( and then 

‘falls back’ to the state y°). We also remark from (8.28b) that if the level n which we 
are studying corresponds to the ground state of the system, then E — E,  < 0 for 
k #n; hence in that case the second-order energy correction E” is sigay: negative, 
for any perturbation H’. 

Summarising the results we have obtained thus far for the perturbed energy level 
E,,, we see from (8.15) and (8.28) that to second order in the perturbation, we have 
AP 


5 - (8.29) 


Eve PA =o om 
kan E 


where we have set A = I. 
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Let us now return to (8.26). Using (8.22) and the fact that E‘’) = H’, we have 
for! #£n 


Ay, A, HH; Hy; 
a," = - os (0) d OO =a om x ~ Fn (0) ; oy (8.30) 
By SE, E, E, (FE, —E;"y Bo aE, 


and we note that no information can be obtained from (8.26) — and hence from (8.11) -— 
concerning the coefficient a). Similarly, we recall that a‘! could not be determined 
from equation (8.10). More “genefally, if we denote by 


aD = (YOWM), FI (8.31) 


the ‘component’ of we ! along w.°), we see by pre-multiplying equation (8.12) with 
y* and integrating over all coordinates that this equation does not determine aj}. 

Since our basic perturbation equations (8.10)-(8.12) leave the coefficients al 
undetermined, it 1s clear that the choice of these quantities can have no physical 
consequences. We may, for example, require that the ax!) be chosen in such a way 
that the perturbed wave function w,,, calculated through order A’, be normalised to 


unity in the sense that 


(YnlWn) 


I? 


(yO a AW!) Ae coer yD yO ie Ay) See B My) 
= 1+4+0(!t') (8.32) 


where O(A/*t!') denotes a correction of order A/*!. In particular, since (WO |W) = 
1, we find from (8.32), to first order in A 


(POW) + (WW) =0 (8.33a) 
or, using (8.31), 
a) 4 a* = 0 (8.33b) 


so that the real part of a“!? must vanish. Similarly, to second order in A, the 
normalisation condition (8. 32) gives 


he Wo) + We) + Pl) = 0. (8.34a) 
Using (8.31), (8.19) and (8.3), this equation yields 
a?) + a2 ie 2a ae =) (8.34b) 


which is an equation for the real part of a. This procedure can be continued to higher 
orders in A. Note, however, that the imaginary parts of the coefficients al cannot 
be determined from the normalisation condition (8.32). This remaining arbitrariness 
corresponds to the fact that without changing its normalisation we can multiply the 
perturbed wave function yw, by an arbitrary phase factor exp(ia), where a is a real 
quantity which may depend on A. We can therefore require without loss of generality 
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that the imaginary parts of the coefficients a\ vanish, in which case we have, through 
second order in A, 


av=0, a®=- >> a (8.35) 
2 aa 


As a result of this discussion, the normalised perturbed wave function is given to 
second order by 


Vin = VO 4 VO 4 (8.36a) 
where 
(1) __ Hi, (0) 
yO=)o— a v". (8.36b) 


(0) (0) T/ 
ln E, — E, 


yp = Epa An Ayn = Ain Ain jue 
no ) l 
rate (En = EE, HE) (ESE ye 


i > |i |? yO (8.36c) 
2 ton (En — Ee" 


and we have set A = 1. 

We have discussed above a possible choice of the coefficients a which ensures 
that the perturbed wave function y, be normalised to a given order in A. Another 
way of choosing the coefficients a\) which is often used in perturbation calculations 
is to require that 


a) = 0, 7M (8.37) 


In this case it is clear that the first correction y‘” is identical to that found above, 
equation (8.36b), so that the perturbed wave function y,, 1s still normalised to unity to 
first order in A. However, we see from (8.35) that this 1s not the case beyond first order. 
Nevertheless, if desired, we can always obtain a normalised perturbed eigenfunction 
at the end of the calculation (performed to a given order in A) by multiplying wy, by 
a constant N (A) such that (N(A)wW,|N()y,,) = 1. 

Finally, we remark that if the expression (8.36b) for wy” is substituted into (8.17) 
we retrieve the second-order energy correction E® given by (8.28). The third- 
order correction E® can be obtained in a similar way by using (8.18) and (8.36b). 
Remembering that (W |w“) = a‘) = 0, one finds (Problem 8.5) that 


H’ H’ H’ |, |? 
E® — ener rein (1, St See {re Hi eed {4 (8.38) 
rr En — Ey (En — En’) 2 (En — EY 


Perturbed harmonic oscillator 


As a first example of the application of Rayleigh-Schrédinger perturbation theory 
to non-degenerate energy levels, we shall consider a problem which can be solved 
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exactly, so that we may check our perturbative results against exact expressions. The 
unperturbed Hamiltonian is that of a linear harmonic oscillator 


2 


1 
Hyp aaa k>0 (8.39) 
2m 2 


and the perturbation, proportional to x7, is written as 


l 
H’ = ak'x*, k'>0 (8.40) 
where we have Set A = | (in fact the parameter A may be thought of as being absorbed 
in the quantity k’). The unperturbed energy levels are 


E =ho(n+3), n=0,1,2,... (8.41) 


with w = (k/m)'/?. The corresponding unperturbed eigenfunctions are the linear 
harmonic oscillator wave functions y, (x) given by (4.168). 

Since the full Hamiltonian 
po | 


| 
me te a kx’ a ak'x 2 (8.42) 


H= 


is that of a linear harmonic oscillator with a force constant K = k + k’, the perturbed 
eigenfunctions and eigenvalues can readily be obtained exactly by replacing k by 
k + k’ in the expressions of the unperturbed eigenfunctions and eigenenergies. In 
particular, the perturbed energy levels are given by 


l k’ 1/2 
E, =ho(n+5)(1+5) ; n=0,1,2,.... (8.43) 


Let us now calculate the perturbed energies through second order in perturbation 
theory. According to (8.15), the first-order correction to the energy of the nth state is 


Be = Hak OO is (8.44) 


and from (8.28) we see that the second-order energy correction is 


E®) = stk "2 > es dan |" > (8.45) 
ere s E, 
where 
(07 )en = (Wx? 1) (8.46) 


denotes the matrix element of x* between a pair of unperturbed linear harmonic 
oscillator wave functions y{” (x) and p(x). 
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The matrix elements (8.46) can be evaluated in a variety of ways (see Problem 5.13). 
The result is 


] 
(xin = s,2ln t+ Din + 22, kk =n4+2 


| 
= Fy ben + 1], k =n 
I 
= sala — py”, k=n-2 
= 0 otherwise (8.47) 


where a = (mk/h*)!/4 = (mw/h)'/*. Thus 


1 | 1\ (1k 
and 
E® ee Ln [(x7) 2.0]? ee [x7 )nt2.n}° 
7 4 2hw —2hw 


l 1k? 
ha(n + 5) aa (8.49) 


in agreement with the expansion of the exact result (8.43) through second order in 
k'/k. Note that this expansion converges only if k’/k < 1. As the ratio Eg+) i EY) 
is independent of n, the condition for convergence does not depend on the size of the 
energy shift, which can be large for large n. This feature is peculiar to this example. 

As a second example, let us consider the case of an anharmonic oscillator whose 
Hamiltonian is 


mee 
2m 


| 
H + a kx" + ax? + bx*. (8.50) 


As seen from (4.128), the anharmonic terms ax? and bx* arise in correcting the 
approximation to a continuous potential well W(x) given by the linear harmonic 
oscillator potential kx7/2. In particular, such anharmonic corrections occur in the 
study of the vibrational spectra of molecules. We shall assume here that b > 0 since 
otherwise the potential energy would tend to —oo for x — 00, with the consequence 
that the energy spectrum would be continuous and unbounded towards negative as 
well as positive energies. 

The unperturbed Hamiltonian Hp is still that of the linear harmonic oscillator 
(see (8.39)) and with A = 1 we have 


H’ = ax? + bx’. (8.51) 
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The first-order correction to the energy of the nth state is therefore 


En? = a(X*)nn + (0) nn 
+00 

= | (ax? + bx*)|w (x) 7d. (8.52) 

—&O 
Now in Section 4.7 we showed that the linear harmonic oscillator wave 
functions (4.168) have a definite parity (even when n is even, odd when n 1s odd), 
so that |y(x)|*? is always an even function of x. On the other hand, x? is an 
odd function of x. As a result, the diagonal matrix element (x?),,, vanishes, and 
the term ax? does not contribute to E“!). The matrix element (x*),, is given by 

(Problem 5.13) 


3 
(x nn = Gog (2n* + 2n + 1) (8.53) 
so that the first-order energy shift 1s 
(1) 4 3 h \° 2 
En? = bX an = =b{ — ] (2n* + 2n + 1). (8.54) 
4 \mw 


Note that for a fixed value of b the quantity E“') grows rapidly with n. This is not 
surprising, Since the higher excited states of the linear harmonic oscillator extend to 
larger and larger values of x (see Fig. 4.18), so that the perturbation bx* can have 
an increasingly important effect. Because the validity of the perturbation method 
requires that the magnitude of the correction term be smal! compared to the spacing 
between the unperturbed levels (given in the present case by fiw), we see from (8.54) 
that the higher the value of n the smaller are the values of the parameter b for which 
reliable results may be obtained from the perturbative result (8.54). 
The second-order correction to the energy of the state n is 


E°) = > laQe*)an + BO) inl? (8.55) 


(0) (0) 
kn E. a E, 


Using the results of Problem 5.13 for the required off-diagonal matrix elements of x° 
and x* one finds (Problem 8.8) that 


po _ a ( Ay)» ene 
= ———|{ — } (n° +n+ — 
4 hwo \ mw 30 
a re ; 
——~— | — } (34n° + 5In* + 59n + 21) (8.56) 
mw 
and we see that |E")| grows rapidly with n. Thus, as n increases, reliable results! 


will only be obtained from (8.56) for smaller and smaller values of a* and b?. 


' In fact, the perturbation series for this problem does not converge, but is an asymptotic, or semi- 
convergent, series. (See Matthews and Walker, 1973.) 
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Finally, we remark that the second-order corrections (8.45) and (8.55) could be 
calculated relatively easily because (a) the spectrum of the unperturbed Hamiltonian 
(the linear harmonic oscillator) is entirely discrete, and (b) only a small number of the 
required matrix elements of the perturbation are non-vanishing. When these condi- 
tions are not satisfied, the calculation of the second- (and higher) order corrections to 
the energy can become very difficult and must usually be performed approximately. 


Gravitational energy shift in atomic hydrogen 


As a final example of the application of perturbation theory for non-degenerate 
energy levels, let us consider an ordinary hydrogen atom (proton + electron) whose 
unperturbed Hamiltonian is 


p’ e- 


= 2u  (4meo)r 


Ho (8.57) 
where 4p = mM,/(m-+ M,) is the reduced mass, m being the mass of the electron and 
M, that of the proton. Now the proton and the electron interact not only through the 
electrostatic potential —e /(47r €or), but also by means of the gravitational interaction. 
The perturbation H’ due to the gravitational force is (with A = 1) 


mM), 


r 


fs al (8.58) 


where G = 6.672 x 107'!! N m* kg” is the gravitational constant. To first order 
in perturbation theory, the energy shift of the ground (1s) state of atomic hydrogen 
(which is non-degenerate) due to this perturbation is 


(WislH'|Wis) 


(1) 
E., 


M 
=e (-« | exp(—2r/a,,)dr 
r 


ma} 
GmM 
_ _GmM, (8.59) 


ay 


where a, = Ar eoh*/e?. Since the unperturbed ground state energy of atomic 
hydrogen is given (See (7.114)) by 


0 ae a 8.60 
(4m €9)2a, ( ) 
the relative energy shift 1s 
E\) — 8re9GmM 
IS gee ee eRe ig (8.61) 


(0) 2 
Ei, € 


which is a truly small number! Needless to say, it is not necessary to calculate 
higher-order corrections in the present case. 
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8.2 


Time-independent perturbation theory for a degenerate energy 
level 


Until now we have assumed that the perturbed eigenfunction y,, differs slightly from 
a given function wy, a solution of the ‘unperturbed’ equation (8.2). When the 
unperturbed energy level E ”) is a-fold degenerate, there are several ‘unperturbed’ 
wave functions pr = 1,2,...,qa) corresponding to this level, and we do not 
know a priori to which functions the perturbed eigenfunctions tend when A — 0. 
This implies that the treatment of Section 8.1 — 1n particular the basic expansion (8.8) 
— must be modified to deal with the degenerate case. 

The @ unperturbed wave functions y°) corresponding to the level E) are of 
course orthogonal to the unperturbed wave functions yO corresponding to other 
energy levels E - # E), Although they need not be orthogonal among themselves, 
it is always possible to construct from linear combinations of them a new set of a 
unperturbed wave functions which are mutually orthogonal and normalised to unity. 
We may therefore assume without loss of generality that this has already been done, 
so that 


(WO |~O) — 8, (rs=1,2,...,@). (8.62) 


Let us now introduce the correct zero-order functions x{°) which yield the first 
term in the expansion of the exact wave functions w,,, in powers of A. That is 


War = Xan + Ane + ine to (8.63) 
We shall also write the perturbed energy E,,, as 
Ene = Ep + EG + MED? +++ (8.64) 


with E® = E® (r = 1,2,...,q@) since the unperturbed level E® is a-fold 
degenerate. Substituting the expansions (8.63) and (8.64) in equation (8.4) and 
equating the coefficients of A, we find that 


How? a H’x ©) =— = EOy 4 EM»), (8.65) 


Since the functions x,°) are linear combinations of the unperturbed wave functions 
Ww we may write 


i= Sc, 21, 2).cs250) (8.66) 
s=l 


where the coefficients c,; are to be determined. Similarly, expanding wy“! in the basis 
set of the unperturbed wave functions, we have 


Var =D > FarksWis (8.67) 


k Ss 
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where the indices r and s refer explicitly to the degeneracy. Substituting the expres- 
sions (8.66) and (8.67) in equation (8.65) and using the fact that Hoy? = EO w{?, 
we find that 


Ya EO — EO WL + YD es(H’ — ED) YO = (8.68) 


k Ss 


Premultiplying by wy and integrating over all coordinates, we obtain 


> aE = E)( vOlw © ya Dern - — EM, .] —0 
k S 


(i= 1,2. oe @) (8.69) 
where we have used (8.62) and written 
Heans = Well ly). (8.70) 


Since (W|yO) = 0 whenk #4 n and EY? = E© if k =n, we see that (8.69) 
reduces to 


Qa 


» GAH, ~ E\)3,.J= (u=1,2,....q@). (8.71) 


nuns 
s=] 
This is a linear, homogeneous system of equations for the a unknown quantities 
Cr}, Cr2,.++» » Cra» A non-trivial solution is obtained if the determinant of the quantity 
in square brackets vanishes: 


det |Hy ng — ESP Sus| = 0, (s,u=1,2,...,q). (8.72) 


This equation, which is of degree a in E“)), is often called a secular equation 
by analogy with similar equations occurring in classical mechanics. It has a real 
roots E‘), E“),... , E‘). If all these roots are distinct the degeneracy is completely 
removed to hee order in the perturbation. On the other hand, if some (or all) roots 
of (8.72) are identical the degeneracy is only partially (or not at all) removed. The 
residual degeneracy may then either be removed in higher-order perturbation theory, 
or it may persist to all orders. The latter case occurs when the operators Hp and H’ 
share symmetry properties. 

For a given value of r, the coefficients c,,(s = 1, 2,... ,a@) which determine the 
‘correct’ unperturbed zero-order wave function x,°) via (8.66) may be obtained by 
substituting the value of E‘!) in the system (8.71) and solving for the coefficients 
Cr{, Cr2, +++» ,Crq, In terms of one of them. The last coefficient is then obtained (up 
to a phase) by requiring that the function x” be normalised to unity. Clearly, this 
procedure does not lead to a unique result when two or more roots E“!) of the secular 
equation (8.72) coincide, since in this case the degeneracy 1s not fully removed. 

It is apparent from the foregoing discussion that the determination of the correct 


zero-order wave functions x (r = 1,2,...,q@) amounts to finding the proper 
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orthonormal linear combinations of the original zero-order degenerate states 
Ww such that the matrix 


nr? 


A = (OU |x), (r,s =1,2,...,a) (8.73) 


nr,ns ns 


be diagonal with respect to the indices r and s. The diagonal elements of this matrix 
are equal to the corresponding first-order energy corrections 


EY — #’ (r= 1,2,...,@). (8.74) 


nry,nr? 


Once the correct zero-order wave functions x,“°) have been determined, the first-order 


correction w“!) to the wave function and the second-order energy correction E) can 
be obtained in a way similar to that followed in Section 8.1 for the non-degenerate 


case. 

It is also interesting to note that if all the original off-diagonal matrix 
elements H/. = (W|H’|v),r # 5s, vanish (i.e. if the degenerate states 
pO (r = 1,2,...,a@) belonging to the level E© are not connected to first order), 


then the secular equation (8.72) takes the simple diagonal form 


Hi, — EMD 0 0... 0 
0 Ayn? = EY) 0 owe O 
0 0 = 0. (8.75) 
0 
0 0 of OP ED 


In this case, we see from (8.66) and (8.71) that our initial unperturbed wave func- 

tions y are already the correct zero-order wave functions for the perturbation H’. 

Moreover, the roots E ° of equation (8.75) are given immediately by the formula 
E“) — H’ S12 55520) (8.76) 


nr.nr? 


and upon comparison with (8.15) we see that the degeneracy plays no role in the 
analysis. This situation occurs whenever the unperturbed states can be uniquely 
specified in terms of a set of operators which all commute with the perturbation H’. 


Doubly degenerate energy level 


As a simple illustration of our general discussion, let us consider the case of an 
unperturbed energy level E® which is doubly degenerate. Dropping the index 
n for notational simplicity, we denote by wy” and wi two linearly independent 
orthonormal zero order wave functions corresponding to this level. The system of 
linear homogeneous equation (8.71) reduces to a set of two equations which we write 
in matrix form as 


Hy, — Ey? Hy, Cri\y _ 
& H5, — EO Cra) . oe) 
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with Hj, = (yy; |H'|W) and i, j = 1, 2. The secular equation (8.72) reads 


H,, —- E? Ai, 


Ht He po] =9 (8.78) 


and yields the two first-order ae corrections 


E\) = “(Hi + H3)+ Hi - Hj)? + 4|H/,|7]'7 (8.79a) 
and 
ES) = (Hi + H3,) — 5H ~— H3,) + 4| Ay |7]'7 (8.79b) 


where we have used the fact that H,, = H,3. 
Given the above values of E“)(r = 1, 2), we may now return to the system of two 
homogeneous equations (8.77), which gives 


: H; H;, — E™ 
5 ee peo, or 2. (8.80) 
Cr2 Hi, — ES? H, 
The normalised correct zero-order wave function for r = 1 is therefore given by 
au = cy, + cy (8.81a) 
and that corresponding to r = 2 is given by 
i = C7] vy + C22 vi (8.81b) 


where the coefficients c,, (with r, s = 1, 2) are obtained from (8.80) and the normal- 
isation condition 


lenl? + lel? = 1, r= 1,2. (8.82) 


Choosing the phase of c,; so that this coefficient be real and positive, one obtains 
(Problem 8.9) 


I He eo ibe 
Cr = —|1- CW a Bam | (8.83a) 
| rl (CH), a H,,)? + 4|H7,|7]'/ 
and 
Hil 1 Hy, — Hy» 
Ay, V2 [(H}, — Hj))? + 4|H/17]!/? 


An interesting special case is that for which 


1/2 
Cr. = (-1)"* [ +(-1)’ (8.83b) 


Hy, as H5, = 0, 
H;, = A; + 0). (8.84) 


We then obtain from (8.79) the simple results 


EY =4|H},|, ES? =-|H}j,| (8.85) 
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and we see from (8.80) and (8.85) that 


cu ea Ap (8.86) 
C12 cy =| Ai 


Note that the original degenerate states ve and eae are fully mixed, since |c,;| = 


Ic,2|. 
Another particular case arises when the off-diagonal matrix elements vanish 
Hy, = Hy; =0 (8.87) 
so that the two degenerate states vo and ws” are not connected to first order. We 
then have 
(1) __ ’ (1) / 
E, =A). E,’ = Hy (8.88) 


which is of course a special case of (8.76). 


Fine structure of hydrogenic atoms 


As asecond example of degenerate perturbation theory, we shall calculate the correc- 
tions to the Schrédinger (Bohr) energy levels of one-electron atoms due to relativistic 
effects. We assume that the nucleus is ‘infinitely heavy’ so that the reduced mass jz 
coincides with m, the mass of the electron. The unperturbed Hamiltonian is then 


2 


2 ee ne (8.89) 
2m 
where V(r) is the Coulomb potential 
Vir) ee (8.90) 
r)= - : e 
(47 Eo)r 


The perturbation H’ is given by” 


H’=H;,+ H, + H, (8.91) 
where 
p’ 
A, = BS ad (8.92) 
1 1dVv 
H,; = ——~-— LS : 
: 2m2c2 r dr o) 
and 
wy = 2H (Ze 5) 8.94 
= ——~ | —— ]d(r). E 
> Im2c? \ Ameo (om) 


* The Hamiltonian H’ can be obtained by starting from the Dirac relativistic wave equation for the 
electron, and keeping terms up to order v7 /c? (where v is the electron velocity and c the velocity of light) 
in the Dirac Hamiltonian. This will be shown in Chapter 15. 
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The first term, H,, is readily seen to be a relativistic correction to the kinetic energy 
(Problem 8.10). The second term, H;, involving the scalar product L.S of the orbital 
angular momentum L and the spin operator S of the electron, is called the spin-orbit 
term. Its physical origin is the interaction between the intrinsic magnetic dipole 
moment of the electron, due to its spin, and the internal magnetic field of the atom, 
related to the electron’s orbital angular momentum. The third term, H,, is arelativistic 
correction to the potential energy, called the Darwin term which is proportional to 
the delta function 6(r) and hence acts only at the origin. 

Before we proceed to the evaluation of the energy shifts due to these three terms 
by using perturbation theory, we remark that the Schrédinger theory of one-electron 
atoms discussed in Chapter 7 does not include the spin of the electron. In order to 
calculate corrections involving the spin operator, such as those arising from H,, we 
shall thus start from the ‘unperturbed’ equation 


How (0) = E° w (0) (8.95) 


nimim, nimum, 


where E®) are the Schrédinger energy eigenvalues (7.114) with «7 = m. The zero- 
order wave functions vy are the Pauli two-component hydrogenic spin-orbitals 


nim im, 


Voimim, = nim PIX m, (8.96) 


(0) 


nlm 


where the functions y,,/,,, (r) are the hydrogenic Schrédinger eigenfunctions such that 


How) (r) = EO"? (vr) (8.97) 


nlm, nlm, 


and x Lm, are the two-component spin-!/2 eigenfunctions, with m, = +1/2. We 


remark that the spin-orbitals ie: are simultaneous eigenfunctions of the opera- 
tors Hy, L*, L,, S? and S- with eigenvalues E®,1(/ + 1)h?, mh, (3/4)h? and mh, 
respectively. To each energy level E.° correspond 2n? spin-orbitals "7, ,,., the factor 
of two being due to the two possible values m, = +1/2 of the quantum number Ms. 

We shall now calculate the first-order energy corrections to the energy levels E 
due to the three terms (8.92)-(8.94), using the Pauli spin-orbitals vw” as our 


nim;m, 
zero-order wave functions. 


Energy shift due to the term H, (relativistic correction to the kinetic energy) 


Since the unperturbed energy level E) is 2n*-degenerate, we should use degenerate 
perturbation theory. However, we first note that H; does not act on the spin variable. 
Furthermore, it commutes with the components of the orbital angular momentum so 
that the degenerate states belonging to the level E® are not connected to first order 
by H;. Hence, according to (8.76), the first-order energy correction AE, due to H, 
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is given by 
AE, = (yj p" yO 
I nimim, 8m3c2 nimim, 
4 
_ [0 p (0) 
= (v0, Rinse v3 
l 
= 55 atm IT? Yo) (8.98) 


where T = p’ /2m is the kinetic energy operator. From (8.89) and (8.90), we have 


Ze 
T = Ho — V(r) = Ayo + ——— (8.99) 
(47 €o)r 
so that 
| Ze Ze? 
AE, = —  |( Ho + ——— ]( oe 
2mc? (vi, ( oe: a) ae zs) Yim 


| Ze \/1 Ze? \*/ 1 
Se eee E® Z 2 EO Sarita a us 
2mc* [ eae Ameo /\T | nim, Bs Arto] \r? | atm; 
(8.1 


where we have used (8.97). Now E©) is given by (7.114) with u = m, and the required 
average values of r~! and r~2 can be obtained from the results of Problem 7.16, in 
which jz is set equal to m (so that a, = do, the first Bohr radius). Hence 


2 572 2 2 2 
AE, 1 {| | -2( = (Za) Zo 


2mc? 2n2 4m € 2n2 ~— agn? 


Ze? \? Z 
+ SS te 5 
(=<) aan3(l + =| 


1 ,(Za)? (Za) F n 


00) 


=p" ye ge A Pedy 
2 
— _ poy (Za) 3 és 


where a = e*/(4m epic) = 1/137 is the fine-structure constant. 


Energy shift due to the term H, (spin-orbit term) 


Let us first rewrite this term as 


H} = &(r)L.S (8.102) 


8.2 Perturbation theory for a degenerate energy level 393 


where the quantity €(r) is given from (8.90) and (8.93) by 


l 1dV 
2m2c2 r dr 


I Ze’ \ | ee 
— 2m?2c? (== r> a 

Because the operator L* does not act on the spin variable, and commutes with the 
components of L and with any function of the radial variable r, we see from (8.102) 
that L? commutes with H}. Thus the perturbation H, does not connect states with 
different values of the orbital angular momentum quantum number /. Since for a 
fixed value of n and/ there are 2(2/ + 1) degenerate eigenstates of Hp (2/ + 1 allowed 
values of m; given by m, = —/,—-1 + 1,... , +/, and a factor of two due to the two 
spin states), we see that the calculation of the energy shift arising from H, requires 
the diagonalisation of 2(2/ + 1) x 2(2/ + 1) sub-matrices. 

This diagonalisation can be greatly simplified by making a judicious choice of 
the set of zero-order wave functions, the best choice being obviously that for which 
L.S is diagonal. Now, the zero-order wave functions Wn given by (8.96) are 
simultaneous eigenfunctions of Hy, L*, L-, S? and S. and hence are not convenient 
since L.S does not commute with L. or S... However, we shall now show that 
adequate zero-order wave functions may be obtained by forming appropriate linear 
combinations of the functions ae To this end, we introduce the total angular 
momentum of the electron 


f(r) = 


J=L+S (8.104) 
and since 
J =UV4+2L84+S? (8.105) 


we may write 


L.S = 5(f' — L’ —-S’). (8.106) 


Consider now wave functions Vatim, which are eigenstates of the operators Hp, 


L’, S’, J* and J., the corresponding eigenvalues being EO 1+ 1)h?, (3/4)A?, 
iG + 1)h? and m jh. Using our study of the addition of angular momenta made 
in Section 6.10, and remembering that s = 1/2 in the present case, we see that the 
allowed values of the total angular momentum quantum number j are 


j=l+i/2, 140 
J=1/2, 1=0 (8.107) 


and that the corresponding magnetic quantum number m, can take on the (27 + 1) 
allowed values 


as ey ee 8 (8.108) 
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Moreover, we can construct the functions vy from linear combinations of the 


Using (6.295), we obtain 


nljm, 


functions ae 


Vatim, = y_(smums|jmj)Vaimm,» 8 = 1/2 (8.109) 


mm, 


where (/sm;ms|jmj) are Clebsch—Gordan coefficients. 

Since L. S commutes with L?, S*, J* and J, it is clear that the new zero-order wave 
functions Vu; m, form a Satisfactory basis set in which the operator L.S (and hence 
the peieaton H,) is diagonal. From (8.102) and (8.106) we see that for / # 0 the 
energy shift due to the term H, is given by 


AEr = Warm, SECIS? — L? — S41] v0) nD 
A 
= SEO)LG +) -U+)- 3] ay 


where (&(r)) denotes = average value of &(r) in the state wi on . Using (8.103) and 
the average value of r~° calculated in Problem 7.16 (with a, = ao), we have 


_ ot (zey 
eA 2m?2c* (=\(5) 


l Z Zz 
= saa gem TST OED (8.111) 
2m?c* \ Areg } agn3l(l + 1/2)(1 + 1) 
Hence, for / 4 0, we find from (8.110) and (8.111) that 
mc? (Za)* l for j =1+1/2 
AE, = ————- x 

4n31(1 + 1/2) +1) —!—1 for j =!1—1/2 

Za)* for; =/14+1/2 
2 (an ca x a ae | (8.112) 

2nl(l + 1/2)(1 + 1) —l!—1 forj =!l-—1/2 


For / = 0 the spin-orbit interaction (8.102) vanishes so that AE, = 0 in that case. 


Energy shift due to the term H; (Darwin term) 


This term does not act on the spin variable and commutes with the operators L? and 
L,. Moreover, since H, acts only at the origin and the hydrogenic wave functions 
vanish at r = 0 when / ¥ 0, we have only to consider the case / = 0. Calling AE} 
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the corresponding energy correction and using the result (7.145), we find that 
Ries (Vegi ivan 
=e oe n r n 
5 Om 2¢2 An €0 oe = 
nh? ( Ze? 
aes 200(0 2 
a( )iv o0(0)| 


AT E9 
1 ,(Za)* (Za)? 
= =MC 
2 n> n 


— FO) (Za)? 
n n ’ 


= 1=0. (8.113) 
We may now combine the effects of the three terms H,, H, and H; to obtain the total 

energy shift AE = AE, + AE, + AE; due to relativistic corrections. From (8.101), 

(8.112) and (8.113), we have for all / 

1 ,(Za)* (Za)? ( n *) 


KE, == m¢ — 


2 n> n>? \jttl/2 4 
: 3 
ep OET (age (8.114) 
n> \j+tl/2 4 


where the subscripts nj indicate that the correction depends on both the principal 
quantum number n and the total angular momentum quantum number j, with j = 
1/2,3/2,...,n— 1/2. Note that to each value of j correspond two possible values 
of / given by / = j + 1/2, except for 7 = n — 1/2 where one can only have 
! = j — 1/2 =n — 1. Wealso remark that although the three separate contributions 
AE,, AE, and AE; depend on /, the total energy shift AE,,; does not. 

Adding the relativistic correction AE, to the non-relativistic energies E®, we 
find that the energy levels of one-electron atoms are now given (neglecting reduced 
mass effects) by 


(Za)? n 3 
_ ¢(0) mae . 
Enj = E! [ a 3 (- ri | (8.115) 


so that the binding energy | E,,;| of the electron is slightly increased with respect to the 
non-relativistic value |E(°|, the absolute value |A E,,;| of the energy shift becoming 
smaller as n or j increases, and larger as Z increases. In fact, the formula (8.115) 
will be shown in Section 15.5 to agree with the result obtained by solving exactly the 
Dirac equation for the Coulomb potential (8.90) if terms of higher order in (Za)? are 
neglected. The exact Dirac result also yields energy levels which depend only on the 
quantum numbers n and j. 

Remembering that the non-relativistic energy levels E® are 2n? times degenerate 
(the factor of two arising from the spin) we see that if relativistic effects are taken 
into account this degeneracy 1s partly removed. Indeed, we see from (8.115) that a 
non-relativistic energy level E depending only on the principal quantum number n 
splits into n different levels E,,;, one for each value j = 1/2,3/2,...,n — 1/2 of 
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Figure 8.1 Fine structure splitting of the n = 2 and n = 3 energy levels of the hydrogen atom. 
The non-relativistic levels are shown on the left and the split levels on the right. For clarity the 
scales for the two cases n = 2 and n = 3 are different. 


the total angular momentum quantum number /. This splitting is called fine structure 
splitting and the n levels j = 1/2,3/2,... ,n — 1/2 are said to form a fine-structure 
multiplet. We also see from (8.115) that the dimensionless constant a ~ 1/137 
controls the scale of the splitting; it is for this reason that a has been called the 
fine-structure constant. 

The fine-structure splitting of the energy levels corresponding to n = 2 and 3 is 
illustrated in Fig. 8.1 for the case of the hydrogen atom. We have used in that figure 
the spectroscopic notation n/; (with the usual convention associating the letters s, p, 
d,..., with the values / = 0, 1, 2,..., and an additional subscript for the value of 7 
to distinguish the various spectral terms). 

It is worth stressing that in Dirac’s theory two states having the same value of the 
pair of quantum numbers (n, j) but with values of / such that / = 7 + 1/2 have the 
same energy. In reality, this degeneracy of the levels with / = j + 1/2 is removed by 
small quantum electrodynamics effects, known as radiative corrections, which are 
responsible for an additional shift of the energy levels. The existence of this energy 
shift, called the Lamb shift, was demonstrated experimentally in 1947 by W. E. Lamb 
and R. C. Retherford. In atomic hydrogen the energy difference between the 2s, /2 
and 2p, /2 energy levels is about 1058 MHz, which is roughly 10 times less than the 
fine-structure separation between the 2p, /2 and 2p3/2 levels. 


Quasi-degenerate states 


We now turn to the case for which some unperturbed energy levels are nearly (but not 
completely) degenerate. For example, consider a hydrogenic atom to which some 
external perturbation is applied. We have just seen that when relativistic effects are 
taken into account a hydrogenic energy level E) splits into n levels E,,; which have 
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slightly different energies. Moreover, even two levels with the same quantum numbers 
n and j but with values of / = j + 1/2 are separated by a tiny energy difference (the 
Lamb shift). It 1s therefore of interest to examine how the perturbative techniques we 
have developed can be adapted to this special situation. 

We shall assume for simplicity that we are dealing with two nearly degenerate states 
whose unperturbed wave functions are vate and vs; the corresponding energies are 
given respectively by 


EX =F. EM =EO_¢, ¢>0 (8.116) 
and hence differ by the small amount 2¢. We want to solve the Schrédinger equation 
(Hj) +AH')W, = E-W,, ae Oe (8.117) 


Let us expand the unknown wave functions w, in the basis set of the unperturbed 
eigenfunctions 


W, = So an We 


k 


an, +a, + Yo anv. rr =1,2. (8.118) 
k#1,2 


From our study of degenerate perturbation theory, we know that if the two states 
yp and yo were degenerate (so that e = Q) the correct zero-order wave functions 
yO and rt would be obtained by forming linear combinations of wv,” and ve 
(see (8.81)). We therefore expect that such linear combinations will again play an 
important role in the present case. Indeed, if we substitute (8.118) into (8.117) and 


use the fact that How,” =F A Nae we obtain 
San Ee We tA anH We = E, ani, r= 1,2. (8.119) 
k k k 


Pre-multiplying by we”, integrating over all coordinates and using the fact that 


(Ol) = d1,, we find that 
any(Ey —E,)=—-r’ > anh, r=1,2 (8.120) 
k 
where H;, = Ci |H ‘aes as usual. Although the parameter A could be absorbed 


into H’ (i.e. set equal to one), it will be convenient in what follows to write it explicitly. 
Let us rewrite the equations (8.120) in more detail, remembering to treat the two 


states yo and ws” on an equal footing. For / = 1 we have 
a,\(E)) +AHy, — E,) + daHip =—d D> are Hy, (8.121a) 
k#1.2 


and for / = 2 we obtain 


hari Hy, + 4,2(Ey” + AH} — E,) =—-2 D> ayn Hy, (8.121b) 
kA1.2 
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while for / 4 1, 2 we see that 


a,(E;” — E,) = —Aa,y Hy, — Aa,r2H i — 2% Yar Ay. (8.121c) 
k#1.2 


Since the only small energy difference is E\” — E, it is apparent from these 
equations that the right-hand side of the first two equations is of order 47 and hence 
can be neglected to first orderin A. In this approximation we therefore obtain a system 
of two homogeneous equations which we write in matrix form as 


(0) —_ 
(i em E, sa ) ve —( (8.122) 
A, E, + A, = Ey ar? 


Expressing that the determinant of this pair of equations vanishes, we obtain the two 
energy values 


E, = EO + ED + acHi, + Ay) + ALE — EP +aCH, -— HP 
+427|Hy,|7}'/7 (8.123) 


with the plus sign corresponding to r = | and the minus sign to r = 2. We also see 
from (8.122) that 


ar AH, _ ES) +AHy, — E, 


SSS SS r=1, 2. (8.124) 

ar2 E© +AH,, — E, AA, 
Let us examine the result (8.123) more closely. In the limit A — O we have of 
course E, = E\” and E, = E!. We also remark that if we had applied non- 


degenerate first-order perturbation theory to each of the two levels, we would have 
found the energy values 


E,;=E +AHj,, FE, = ES +H}. (8.125) 
Now, defining the average of these first-order energies, 

E=3(E\o +AHi, + EY +A) (8.126a) 
and the first-order energy difference 


AE = EO +H}, — (ES +1H3,) 


2e +A(Hi, — Hi) (8.126b) 


we may recast equation (8.123) in the form 
- AE\? 1/2 
e,= £{() + LHP 5 PS, (8.127) 


This result exhibits several interesting features. First of all, we note that the two 
energy levels E, are equally spaced about their first-order average E (see Fig. 8.2). 
Second, the effect of the term ?|H7,|? is always to increase the relative separation 
between the two levels E,. As a result, this term prevents these two energy levels E, 
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Figure 8.2 Illustration of the result (8.127). The solid curves show the two quasi-degenerate 
energy levels £; and E 2, plotted versus the first-order energy difference AE. The dashed curves 
correspond to the non-degenerate first-order results (8.125), which can be obtained from (8.127) 
by neglecting the quantity 42|H,,|?. 


from becoming exactly degenerate, and hence to cross. Third, if the quantity A*|H7,|? 
can be neglected with respect to (AE/2)’, we retrieve the non-degenerate first-order 
results (8.125). On the contrary, when (AE/2)* « AAS. the two energy levels 
are given approximately by 


E,=E+A\|H,|. r=1,2. (8.128) 


Finally, if the two unperturbed energy levels E ° and E . are exactly degenerate (so 
that ¢ = 0) the expression (8.127) (in which A is set equal to unity) correctly reduces 
to the first-order result (8.79) which we derived for a doubly degenerate level. 

The case for which H;, = H,, = 0 ts particularly simple. Then E=(E - + 
E)/2 = E®, AE/2 = « and equation (8.127) yields 


E, = EO + {e? +97) H(7}'7, r= 1,2. (8.129) 


Thus for ¢? >> A?|H/,|? we find the ‘non-degenerate’ results E, = E© +e, while for 
e? < d*|H),|* we obtain the energy values E, = E) + A|Hj,|, which upon setting 
i. = | are seen to be identical with the result derived by using degenerate perturbation 
theory (see (8.85)). 


The variational method 


In this section we shall discuss another method, known as the variational method, 
which is very useful in obtaining approximately the bound-state energies and wave 
functions of a time-independent Hamiltonian H. We denote by E,, the eigenvalues 
of this Hamiltonian and by wy, the corresponding orthonormal eigenfunctions, and 
assume that H has at least one bound state. Let @ be an arbitrary square-integrable 
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function, and let E[@] be the functional 


(| H |) 
(P|¢) 
_ { o* Hodt 
ff otedr 
where the integration extends over the full range of all the coordinates of the system. 
It is clear that if the function ¢ is identical to one of the exact eigenfunctions y,, 


of H, so that Hd = E,,¢, then E[] will be identical to the corresponding exact 
eigenvalue E,,. Indeed, in this case we have from (8.130) 


H E,, 
r[¢) = Hd) _ Entold) _ ea5i) 
(p|o) (p|9) 
Moreover, we shall now show that any function @ for which the functional E[@] is 
stationary is an eigenfunction of the discrete spectrum of H. That is, if @ and y,, 
differ by an arbitrary infinitesimal variation 5¢, 


b= Vn + 5¢ (8.132) 


E[¢] = 


(8.130) 


then the corresponding first-order variation of E[@] vanishes: 
d5E=0 (8.133) 


and the eigenfunctions of H are solutions of the variational equation (8.133). 
To prove this statement, we first note that upon clearing the fractions and varying, 
we have from (8.130) 


SE | o*odt +E | $o*odt + E | o*bodt = | 5o* Hodt + | o* Hdddt. 
(8.134) 


Since (¢|@) is finite and non-vanishing, we see that the equation (8.133) is equivalent 
to 


[ soc — E)o@dt + fou — E)d¢dt = 0. (8.135) 
Although the variations d6¢ and 6¢* are not independent, they may in fact be treated 


as such, so that the individual terms in (8.135) can be set equal to zero. To see this, 
we replace the arbitrary variation 6@ by 16¢@ in (8.135), so that we have 


-i f 60°(H — E)ddt + i f orc — E)dddr = 0. (8.136) 
Combining (8.135) with (8.136), we obtain the two equations 


| 5¢*(H — E)ddt = 0, / o*(H — E)ddédt = 0 (8.137) 
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which is the desired result. Since H is Hermitian, we see that these two equations 
are equivalent to the Schrédinger equation 


(H — E[d])¢ = 0. (8.138) 


Hence any function @ = w, for which the functional (8.130) is stationary is an 
eigenfunction of H corresponding to the eigenvalue F,, = E[w,]. Conversely, if w,, 
is an eigenfunction of H, and E,, is the corresponding energy, we have E,, = E[W,] 
and the functional E[y,,] is stationary because y,, satisfies the equations (8.137). It is 
worth stressing that if @ and wy, differ by 5¢, the variational principle (8.133) implies 
that the leading term of the difference between E[@] and the exact eigenvalue E,, is 
quadratic in dd. Thus errors in the approximate energy values are of second order in 
5d when the energy is calculated from the functional (8.130). 

We also remark that the functional (8.130) is independent of the normalisation and 
of the phase of @. In particular, it is often convenient to impose the condition that 
g@ be normalised to unity, (6|¢) = 1. The above results may then be retrieved by 
varying the functional (¢| H|@) subject to the condition (@|¢) = 1, namely 


§ | o* Hddr = 0, | o* ddr = 1. (8.139) 


The constraint (6|¢) = 1 may be taken care of by introducing a Lagrange multiplier’ 
which we denote by E£, so that the variational equation reads 


| | o*Hodt — E | 6° | ~0 (8.140) 
Or 
| 56*(H — E)odt + | o*(H — E)sodt = 0. (8.141) 


This equation is identical to (8.135), and we see that the Lagrange multiplier EF has 
the meaning of an energy eigenvalue. 

An important additional property of the functional (8.130) is that it provides an 
upper bound to the exact ground State energy Eo. In order to obtain this result, let us 
expand the arbitrary, square-integrable function @ in the complete set of orthonormal 
eigenfunctions y, of H. That is, 


d= So an Wr (8.142) 


Substituting this expression into (8.130), we find that 


ae lan |? En 


E[¢] = 
[p] > lal? 


(8.143) 


3 Lagrange multipliers are discussed, for example, in Byron and Fuller (1969). 
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where we have used the fact that HW, = Eny, and (@|¢) = >_, la,|?. If we now 
substract Ey (the lowest energy eigenvalue) from both sides of (8.143), we have 


ae lan |?(En = Eo) 


E[@] — Eo = 8.144 
[$] — Eo Sab (8.144) 
Since E,, > Eo, the right-hand side of (8.144) is non-negative, whence 

Eo < El@) (8.145) 


and the functional E[@] gives an upper bound (or in other words a minimum principle) 
for the ground-state energy. 

The property (8.145) constitutes the basis of the Rayleigh—Ritz variational method 
for the approximate calculation of Eo. This method consists of evaluating the quantity 
E[@] by using trial functions @ which depend on a certain number of variational 
parameters. The functional E[@] then becomes a function of these variational param- 
eters, which is minimised in order to obtain the best approximation of Ey allowed by 
the form chosen for @. 

How should one choose the form of the trial function ¢? The answer to this 
equestion depends on the specific problem which 1s investigated. Clearly, a good 
trial function is one which contains as many features of the exact wave function as 
possible. Some of these features can often be readily deduced, for example by using 
symmetry arguments. One should also try to construct trial wave functions which 
lead to reasonably simple calculations. Of course, if high accuracy is required, one 
will almost inevitably have to construct trial functions possessing a great amount of 
flexibility, i.e. containing many variational parameters. 


Particle in a one-dimensional infinite square well 


As an example, let us consider a particle of mass m moving in the one-dimensional 
infinite square well defined by (4.86). This problem was solved exactly in Section 4.5. 
Denoting by Eo the exact ground-state energy, we have by setting n = 1 in (4.95), 


hn? h? 
Eg = Ena) = — = 1.23370—., (8.146) 
8ma2 ma? 
the corresponding exact ground-state wave function Wo(x) being given by (4.93) with 
n = 1. We shall now apply the Rayleigh-Ritz variational method to estimate the 
value of Eo, pretending that we do not know the exact wave function wo(x), but only 
some of its general features. In particular, since w(x) must be an even function of x 
which vanishes for |x| > a, we choose a trial function of the form 


re: sand = 
p= (a x“)(1 + cx’), axx<a (8.147) 


0, |x| >a 


where c is a variational parameter. Note that there is no loss of generality in assuming 
the wave function Wo — and hence ¢ — to be real. 


8.3 The variational method @@ 403 


The first step of the calculation consists of evaluating the expression E[@]. Sub- 
stituting the trial function (8.147) on the right of equation (8.130), we see that the 
functional E[@] becomes a function of the variational parameter c, namely 


2 
— (Rh? (2m) [7h (a? — x?) + ox) la? — x°)(1 + ex?) dx 
Eid \ Se On 
{7 (a? — x?)?(1 + cx?)*dx 


a 


(8.148) 


where we have used the fact that the Hamiltonian of the particle is given by 
H = —(h* /2m)d* /dx? for —a < x <a. Performing the integrals, we find that 
3h? llatc? + 14a7c + 35 


EOS = 
(¢) 4maz ac? + 6a2c +21 


(8.149) 


Let us now minimise E(c) with respect to the variational parameter c. Thus, writing 


dE (c) _¢ 


8.150 
dc ( ) 
we obtain the quadratic equation 
26a*c* + 196a7c + 42 = 0 (8.151) 
which admits the two roots 
c) = —0.22075a~, c® = —7.3177la~?. (8.152) 
Substituting these values in the expression (8.149) for E(c), we have 
h? he 
E(c\) = 1.23372 —, E(c™) = 12.7663— (8.153) 
ma ma 


so that the minimum of E(c) is reached for the value c = c‘! of the variational 
parameter c. Because we have a minimum principle for the ground-state energy Eo 
(see (8.145)), we are able to conclude that E(c"”) is the best approximation to Eo 
which can be obtained with trial functions of the type given by (8.147). In fact, upon 
comparison with the exact result (8.146), we see that E(c"”) is only slightly larger 
than Ep and hence is an excellent approximation to the ground-state energy. The 
corresponding ‘optimum’ trial function ¢(c"”, x), obtained by substituting the value 
c = c') in (8.147), is readily seen to agree closely with the exact wave function 
Wo(x). In particular, we note that @(c"”, x), like wo(x), has no nodes inside the well 
(|x| < a). By contrast, the function ¢(c”, x), obtained by setting c = c) in (8.147) 
has nodes at x = +[—1/c®]!/* ~ +0.37a, and we see from (8.153) that it gives 
an energy E(c’) much higher than E(c")). We shall return shortly to the physical 
meaning of the function ¢(c™, x). 
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Excited states 


The Rayleigh—Ritz variational method can also be used to obtain an upper bound for 
the energy of an excited state, provided that the trial function @ is made orthogonal 
to all the energy eigenfunctions corresponding to states having a lower energy than 
the energy level considered. To prove this property, let us arrange the energy levels 


in an ascending sequence: Eo, F,, E2,..., and let the trial function @ be orthogonal 
to the energy eigenfunctions y,(n = 0, 1,... , i), namely 
(Wnld) = 0, 2 (ee eee 2 (8.154) 


Then, if we expand @¢ in the orthonormal set {w,,} as in (8.142), we have a, = 
(Wnlo) =O (n =0,1,... , 7) and the functional E[@] becomes 


inai4t Qnl? En 


E — 8.155 
= ee (8.155) 

so that 
Eis1 < El@). (8.156) 


As an example, suppose that the lowest energy eigenfunction Wo is known and let 
@ be a trial function. The function 


6 = 6 — Wo(Wold) (8.157) 
is orthogonal to Wo since 
(Wold) = (Wold) — (WolWo) (Wold) = 0 (8.158) 


where we have used the fact that (wo|wo) = 1. Thus d can be used to obtain an upper 
limit of E,, the exact energy of the first excited state. More generally, the Schmidt 
orthogonalisation procedure (see Section 3.7) can be used to construct trial functions 
satisfying the (i + 1) orthogonality requirements (8.154). 

Unfortunately, in many practical applications the lower eigenfunctions 
Wi(n = O,1,...,2) are not known exactly and one only has approximations 
(obtained for example from a variational calculation) of these functions. In this 
case the orthogonality conditions (8.154) cannot be achieved exactly, so that the 
relation (8.156) could be violated. For example, suppose that the function @p (which 
we assume to be normalised to unity) is an approximation to the true ground state 
eigenfunction Wo. If @, is a trial function orthogonal to po (so that (¢o|¢; ) = 0), and 
if €9 is the positive quantity 


&9 = 1 — |(Woldo)|? (8.159) 
it may be shown (Problem 8.16) that 


EF, — €o(E; — Eo) < Eli). (8.160) 
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As a result, E[@,] does not necessarily provide an upper bound to E,. However, if 
go iS a good approximation to Wo, we see from (8.159) that €9 will be small, so that 
any violation of the relation E; < E[@,] will also be small. 

The application of the variational method to excited states is greatly facilitated if 
the Hamiltonian H of the system has certain symmetry properties, since in this case 
the orthogonality relations (8.154) can be satisfied exactly for certain states. Suppose 
for example that there exists a Hermitian operator A which commutes with H: 


[A, H]=0 (8.161) 


so that the operators A and H can be diagonalised simultaneously and have common 
eigenfunctions. On the other hand, we know that eigenfunctions of the operator 
A corresponding to different eigenvalues are orthogonal. Hence, if we construct 
a trial function @ entirely from eigenfunctions that correspond to a given eigenvalue 
a of A, we are certain that this trial function will be orthogonal to all the other 
eigenfunctions corresponding to different eigenvalues of A; it will therefore give 
an upper bound for the lowest energy level associated with the eigenvalue a of A. 
These considerations are particularly useful when the eigenfunctions of the operator 
A have simple symmetry properties, for instance when the operator A is the parity 
or the angular momentum. Then, if the excited state under study is of different 
parity or angular momentum than the states of lower energy, the orthogonality 
conditions (8.154) will automatically be satisfied. 

As an illustration of the above discussion, let us consider again a particle in the 
one-dimensional infinite square well (4.86). Since this potential is symmetric about 
x = 0, V(—x) = V(x), we know from the analysis of Section 4.5 that the energy 
eigenfunctions are either even or odd. Thus, choosing the operator A to be the parity 
operator P (such that P f(x) = f(—x)), we may divide the energy eigenfunctions into 
two classes: the even functions belonging to the eigenvalue +1 and the odd functions 
belonging to the eigenvalue —1 of ?. Any even function is of course orthogonal to 
any odd function. Moreover, if the energy levels are ordered by increasing energy 
values, the corresponding eigenfunctions are alternately even or odd, with the ground 
state being always even. Thus a trial function of even parity (such as (8.147)) will 
provide an upper bound for the lowest energy level whose eigenfunction is even, 
namely for the ground-state energy, as we have already seen. On the other hand, a 
trial function of odd parity will give an upper bound for the lowest energy level whose 
eigenfunction is odd, namely the first excited level E,. For example, by substituting 
the trial function 

iene (a7 — x?)(x + cx), —a<x<a (8.162) 

0, |x| >a 
into the functional (8.130) and minimising the resulting expression with respect to 
the variational parameter c, an approximate value of E, can be calculated (see Prob- 
lem 8.17). Upon comparison with the exact result (obtained by setting n = 2 
in (4.95)), it is readily checked that this variational estimate gives an upper bound for 
E\. 
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Trial functions with linear variational parameters and_ the 
Hylleraas-Undheim theorem 


Particularly useful trial functions ¢ can be constructed by choosing a certain number N 


of linearly independent functions x;, x2, ... , Xv, and forming the linear combination 
N 

~= 3 Cn Xn (8.163) 
n=1 

where the coefficients c),C2,...,cCy are linear variational parameters. For the 


moment we make no particular assumptions about possible symmetries of the Hamil- 
tonian H or the trial function ¢@. Substituting (8.163) into the functional (8.130), we 
find that 


ee am Cn'Cn Xn'n 


where we have assumed the variational parameters to be real and we have set 


Ann = (Xn'|H|Xn) 


E[¢] = (8.164) 


Nvin = (Xn'|Xn)- (8.165) 
Note that if the functions x, are orthonormal, then Aj’, = dy'n.- 
In order to find the values of the variational parameters c),c2,...,cy Which 


minimise E[@], let us rewrite (8.164) as 


N N N WN 
EIP) >) Gwen Ann = Yd Cn’ Cn Han (8.166) 


n=1 n’'=1 n=1 n’/=1 


Differentiating with respect to each c, and expressing that dE /dc, = O (with 


n = 1,2,...,N) we obtain a system of N linear and homogeneous equations in 
the variables c,, c2,... , cv, namely 

N 

YS) cn (Hain — Ann E) = 0, n’=1,2,...,N. (8.167) 


n=l 


The necessary and sufficient condition for this system to have a non-trivial solution 
is that the determinant of the coefficients vanishes. That is 


det | Hun — Anm E| = 0. (8.168) 


Let Es E oo b degng EY be the N roots of this equation arranged in an ascending 
sequence, the superscript (N ) indicating that we are dealing witha N x N determinant. 
By virtue of the minimum principle (8.145), the lowest root EY”? will clearly be an 
upper bound to the ground state energy Eo. Substituting the value of Ey in the 
system of equations (8.167) and solving for the coefficients c, in terms of one of 
them (for example c;, which may be chosen arbitrarily since E[¢@] does not depend 
on the normalisation of @), we then obtain the corresponding ‘optimum’ variational 
approximation @p to the ground-state wave function Wo. It can be shown by induction 
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E 
ES 
Ey 
E® ES? E, 
(1) 
Eo Ey” E, 
ES EY 
Eo E, 
EY 
Eo 
N=1 N=2 N=3 N=4 N=o0 


Figure 8.3 Illustration of the Hylleraas-Undheim theorem. The approximate energy eigenvalues 
given by the Rayleigh-Ritz variational method with linear trial functions are shown for various 
values of N. Each root E‘™) of the determinantal equation (8.168) is an upper bound to the 
corres poping exact eigenvalue E;. If N is increased by one unit, the ‘new’ (N + 1) roots 


tay sas ,EW*! of the determinantal equation are separated by the ‘old’ roots 
et) Es 
0 ’ 


that the other roots EW) (with i = 1,2,... , NM — 1) of equation (8.168) are upper 
bounds to the successive excited state energies of H. The corresponding ‘optimum’ 
variational wave functions ¢;(i = 1, 2,... , MN — 1) are obtained in the same manner 
as do, 1.e. by substituting E™) in (8.167) and solving for the coefficients c,, 1n terms 
of one of them. From a general property of linear, homogeneous equations, the 
functions ¢o, d;,... , @v—1, are mutually orthogonal. Moreover, if we construct a 
new trial function db containing an additional basis function ~y+), namely 


N+ 


ob = > CnXn (8.169) 


n=l 


it can be proved (see Problem 8.19) that the ‘new’ (N + 1) roots aa 
E a RL gt aa , Of the determinantal equation (8.168) are separated by the 
‘old’ roots ES EY, ued Ey): This property, which is illustrated in Fig. 8.3, is 
known as the Hylleraas—Undheim theorem. 

Let us assume that the Hamiltonian H commutes with a Hermitian operator A. In 
that case we have shown above that the original variational problem can be divided into 
separate variational calculations, one for each eigenvalue of the operator A. The fore- 
going discussion can thus be applied to each of these separate variational calculations. 
In particular, if the trial function (8.163) has been constructed from eigenfunctions 
corresponding to a given eigenvalue a of A, the N roots E\™ me 3 he Sousa Ee | of 
the determinantal equation (8.168) will give upper bounds to the first N energy levels 
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8.4 


associated with this eigenvalue a, arranged in an ascending sequence. For example, 
returning once again to the problem of a particle in the one-dimensional infinite square 
well (4.86), we see that for —a < x < a the tnial function (8.147) may be rewritten 
in the form 


@=c1Xi + 2X2 (8.170) 
where x; and x2 are even functions given respectively by xy; = a* — x? and 
x2 = x*(a* — x*),c; = 1 (we recall that one of the coefficients can always be 


chosen arbitrarily) and c2 is the variational parameter c of equation (8.147). The 
2 x 2 determinantal equation (8.168) corresponding to the trial function (8.170) is 
then readily solved, giving the two energy values denoted respectively by E(c") 
and E(c) in (8.153). The lowest one, E(c"), is of course an upper bound to the 
ground-state energy Ey, as we have seen. According to the foregoing discussion, the 
second energy value, E(c?) must give an upper bound for the next energy level 
corresponding to an eigenfunction of even parity, namely the second excited level of 
the system. Comparison of E(c) with the exact value of this level (obtained by 
setting n = 3 in (4.95)) shows that this is indeed the case. We also remark that the 
variational function ¢(c®), x), like the corresponding exact wave function w,—3(x), 
has two nodes in the domain —a < x < a located inside the infinite square well. 


The WKB approximation 


We shall conclude this chapter with a discussion of an approximation method which 
can be used when the potential energy is a slowly varying function of position. 
The method we shall study is called the WKB approximation, after G. Wentzel, 
H. A. Kramers and L. Brillouin who independently introduced it in quantum me- 
chanics in 1926+. It can only be readily applied to one-dimensional problems (and of 
course to problems of higher dimensionality that can be reduced to the solution of a 
one-dimensional Schrédinger equation). We shall therefore focus our attention on the 
one-dimensional motion of a particle of mass m ina potential V (x), the corresponding 
time-independent Schrédinger equation being (see (4.3)) 


h° d(x) 
2m dx2 


If the potential were constant, V(x) = Vo, solutions of (8.171) would be written as 
linear combinations of the basic plane waves 


+ V(x)W(x) = EW(2). (8.171) 


W(x) =A exp (£5 pox (8.172) 


+ The required mathematical techniques, concerned with asymptotic solutions of differential equations, 
had been developed much earlier, in particular by J. Liouville, G. Stokes, Lord Rayleigh and H. Jeffreys. 
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where 
Po = [2m(E — Vo)]'" (8.173) 


and A is aconstant. The fact that the potential is ‘slowly varying’ means that V (x) 
changes only slightly over the de Broglie wavelength 


A(x) = um (8.174) 
p(x) 


associated with the particle (having an energy EF > V) in this potential, where 
p(x) = {2m[E — V(x)}}'”" (8.175) 


is the classical momentum at the point x. Now in the classical limit the de Broglie 
wavelength A tends to zero; the slow variation of the potential therefore implies that 
we are dealing with a quasi-classical situation, so that the WKB method is also called 
a semi-classical approximation. 

The result (8.172) obtained for constant potentials suggests that in the case of 
slowly varying potentials, solutions of the Schrédinger equation (8.171) should be 
sought which have the form 


wix) =A exp] 5500] (8.176) 


Substituting (8.176) into (8.171), we obtain for S(x) the equation 


ih d2S(x) 1 [dS(x) 7? 

a ae 5 re +V(x)-E=0. (8.177) 
So far, no approximation has been made, this equation being strictly equivalent to the 
original Schrédinger equation (8.171). Unfortunately, equation (8.177) is a non-linear 
equation which is in fact more complicated than (8.171) itself! We must therefore 
try to solve (8.177) approximately. To this end, we first remark that if the potential 
is constant then S(x) = +pox (see (8.172)) and the first term on the left of (8.177) 
vanishes. Moreover, this term is proportional to 4, and hence vanishes in the classical 
limit (A — 0). This suggests that we treat A as a parameter of smallness and expand 
the function S(x) in the power series 


hi 
S(x) = DOGO Or ae) Ses (8.178) 


410 @& Approximation methods for stationary problems 


Inserting the expansion (8.178) into (8.177) and equating to zero the coefficients of 
each power of fi separately, we find the set of equations 


on re + V(x — (8.179a 

dSo(x) dSi(x) 1 d?So(x) 
oe = (8.179b) 

dSo(x) dS2(x) dS; (x) d's Si (x) 
ae rf ] SiO (8.179¢) 


which must be solved successively to find So(x), S;(x), S2(x), andso on. As we shall 

shortly see, the WKB method yields the first two terms? of the expansion (8.178). 
Let us begin by solving the equation (8.179a). Assuming first that E > V(x), so 

that we are in a classically allowed region of positive kinetic energy, we find that 


So(x) = + | ~ p(x')dx’ (8.180) 


where p(x) is the classical momentum given by (8.175) and an arbitrary integration 
constant (which can be absorbed in the coefficient A on the right of (8.176)) has been 
omitted. The above expression for So(x) clearly provides the classical limit of S(x). 
Using this result in equation (8.179b), the function S, (x) 1s found to be 


S\(x) = = log p(x) (8.181) 


where an arbitrary constant of integration has again been omitted. Next, by using the 
foregoing expressions for So(x) and S;(x) in (8.179c), we have 


dV I dV 
Sy(x) = sm{plx eo = am [p(x’)] | vO) a , (8.182) 


From this expression and that of p(x) (see (8.175)), it is clear that S will be small 
whenever dV (x)/dx is small, and provided that E — V is not too close to zero. If, in 
addition, all the higher derivatives of V (x) are small, it can be verified that $3, S4,..., 
will also be small. Note that in the case of a constant potential So = +pox (apart 
from an irrelevant additive constant) and S,, S>,..., are all zero. 

These considerations show that if V(x) is a slowly varying function of position, 
and provided E — V is not too small, one can retain only the first two terms on the 


> It can be shown that the series (8.178) does not converge, but is an asymptotic series for the function 
S(x). As a result, the best approximation to §(x) is obtained by keeping a finite number of terms on the 
right of (8.178). 
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right of the expansion (8.178). Using (8.180) and (8.181) we then obtain the WKB 
approximation to the wave function (8.176) in a classically allowed region, namely 


W(x) = A[p(x)]!” exp] 5 f pox’ | E> V. (8.183) 


Of course, the general WKB solution in this region is a linear combination of such 
solutions. That is, 


W(x) = peor} A exo| 5 | ptx')ax’| 


+B exo] —> | pax’ |} E>v (8.184) 


where A and B are arbitrary constants. The first exponential corresponds to a wave 
moving in the positive direction, the second exponential to a wave moving in the 
opposite direction. We also remark that if the potential is constant (V = Vo) these 
exponentials reduce to the plane waves exp(ipox /h) and exp(—ipox /h), respectively, 
where po is given by (8.173). 

A criterion of validity for the WKB approximation may be obtained by requiring 
that the contribution to the wave function (8.176) arising from the third term on the 
right of (8.178) be negligible. This will be the case if 


(i /2)So(x)| « 1. (8.185) 


Using the expression (8.182) of S2(x) and taking into account that both terms on 
the right of (8.182) are of the same order of magnitude, we may rewrite the condi- 
tion (8.185) more explicitly as 


hmdV (x) /dx 


[2m(E — V(x))P/? ne 


where we have used the expression (8.175) of p(x). This criterion is seen to be 
satisfied if the potential energy varies slowly enough, provided that the kinetic energy 
E — V is sufficiently large. An alternative way of writing the condition (8.186) is 


h — dp(x) | 1 dp(x) 


[p(x)}? dx p(x) dx 


where A(x) = A/p(x) = A(x)/2m is the reduced de Broglie wavelength of the 
particle. The inequality (8.187) means that the fractional change in the momentum 
must be small in a wavelength. In other words, the potential must change so slowly 
that the momentum of the particle is nearly constant over many wavelengths. We 
remark that the condition (8.187) may equally be written in the form 


K o) < | (8.187) 


<1. (8.188) 


di (x) 
dx 
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Now 64 = (di /dx)dx is the change occurring in the reduced wavelength 4 in the 
distance 5x. Upon setting 5x = 4, we see that the condition (8.188) is equivalent to 


[5A (x)| = regs 5) K K(x) (8.189) 


showing that A must only change by a small fraction of itself over a distance of the 
order of A. This condition is well known in wave optics as the one to be satisfied if a 
wave is to propagate in a medium of varying index of refraction without giving rise 
to significant reflection. 

Until now we have only considered classically allowed regions for which E > V. 
However, we can equally well obtain the WKB approximation to the wave func- 
tion (8.176) in classically forbidden regions of negative kinetic energy (E < V), 
where p(x) becomes purely imaginary (see (8.175)). Solving equations (8.179a) 
and (8.179b) in this case, we obtain the WKB solutions 


W(x) = Alp(x)|7'” exp] 5 f pores’ | E<vV (8.190) 


where A is aconstant. The general WKB solution for E < V isa linear combination 
of such solutions, namely 


l XxX 
w(x) = poor ?{Cexp| —= f pox" 


+Dexo| = [ pox] E<V (8.191) 


where C and D are arbitrary constants. These WKB solutions are accurate provided 
the criterion (8.186) is satisfied, which requires that V(x) varies slowly enough and 
that V — E be sufficiently large. 


The connection formulae 


It is apparent from (8.186) that the WKB approximation breaks down in the vicinity 
of a classical turning point, for which E = V. The two kinds of WKB wave 
functions (8.184) and (8.191) we have obtained are therefore ‘asymptotically’ valid, 
because they may only be used sufficiently far away from the nearest turning point. 
Since the exact wave function is continuous and smooth for all x, it should be 
possible to obtain connection formulae which allow one to join the two types of 
WKB solutions across a turning point. This interpolation is based on the fact that 
the original Schrédinger equation (8.171) can be modified slightly so that an ‘exact’ 
solution at and near a turning point can be written down. Since this is a rather technical 
point, we shall quote directly the main results here, leaving a detailed discussion for 
Appendix B. 
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Figure 8.4 A left-hand barrier. The point x; is a classical turning point, such that V(x,) = E. For 
X < xX; one has V(x) > E and for x > x; one has V(x) < E. 


Left-hand barrier 


Let us start by considering the case in which V (x) is a left-hand barrier (see Fig. 8.4), 
with V(x,;) = E, V(x) > Eforx < x, and V(x) < E forx > x,;. Theregionx > x; 
(to the right of the classical turning point x = x,) 1s the classically accessible region, 
where p(x) is real. In this region, the general WKB solution is given by (8.184). 
Choosing x, as the lower limit of the integrals in (8.184), we may write this general 
WKB solution as 


W(x) = ircor'?| Aexp| = | ptx'ydx'| 


Xv 


+B exp) — 5 [ ptx’)ax'| X>X). (8.192) 
On the other hand, in the classically forbidden region x < x;, where p(x) is purely 
imaginary, the general WKB solution 1s given from (8.191) by 


] Xx 
w(x) = poar'?{Cexp| —> f ps1 


+Dexp| 5 [ posts’ ] X< Xx (8.193) 


where x; has been chosen again as the lower limit of integration, so that the integrals 
in (8.193) are negative. We recall that both (8.192) and (8.193) are ‘asymptotic’ 
solutions which are good approximations to the true solution only if x is not too close 
to the turning point x;. We shall now use the results of Appendix B to ‘join’ the WKB 
solutions (8.192) and (8.193) across the turning point. 

Let us first consider the case for which the approximate solution (8.193) is a 
decaying exponential as x — —o0, so that C = 0. We then find from Appendix B 
thatiA = B = Dexp(iz/4). Setting the overall normalisation constant, which is 
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arbitrary, equal to unity, the connection formula can be expressed as 


Pe 1 ops 
peat" exp| = | pO)" | > 2Ipn"? cos] | pxyax' — 5] 


(8.194) 


where the left-hand side holds for x < x; and the nght-hand side for x > x,, provided 
x 1s not too close to x. 

Although the wave function (8.193) cannot increase indefinitely as x — —oo, it 
is nevertheless useful to consider the case for which it increases exponentially as x 
recedes to the left of the turning point. The appropriate connection formula is then 


Lf? _ 
—|p(x)[-'? exp] —> | pcx" <_ [pix))'? in| > ff p(x')dx’ ~ 4 


(8.195) 


where again the left-hand side is valid in the region x < x; and the right-hand side in 
the region x > x1, sufficiently far away from the turning point. 

It is worth stressing that connection formulae such as (8.194) and (8.195) can 
only be employed in the direction indicated by the arrows (see Appendix B). For 
example, if we know that the solution is exponentially decreasing far to the left 
of the turning point, we are entitled to infer from (8.194) that the cosine solution 
should be used sufficiently far to the nght of x,;. However, knowing that the exact 
solution is represented approximately by the increasing exponential as x recedes to 
the left of the turning point, we cannot use (8.195) to deduce that the sine solution 
should be used for x > x,. This is because a small admixture of the exponentially 
decreasing solution in the region x < x, might be negligible there but would lead to 
an appreciable admixture of the cosine solution in the region x > x,. Similarly, if 
the exact solution is approximated by the cosine function for x > x;, we cannot infer 
that for x < x, the solution is exponentially decreasing because a small admixture of 
the sine solution would provide an exponentially increasing component for x < x, 
which would dominate the solution when x is sufficiently far to the left of x;. Asa 
consequence, if we know that the solution sufficiently far to the right of the turning 
point x; is oscillatory and of the general form 


ea) = [Pool sin] > [ p(x')dx’ — 7 +8), X>X| (8.196) 


XY 


where 6 1s a given phase, then the solution sufficiently far to the left of x; must be the 
increasing exponential 


l x 
W(x) = =1pex)I-"cosdexp| —= f pcx] x < Xx. (8.197) 
Exceptional cases occur when 


$= Qn+ D5, i 20.109%::. (8.198) 
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Figure 8.5 A right-hand barrier. The point x2 is a classical turning point, such that V(x2) = E. 
For x < x2 one has V(x) < E£ and for x > x2 one has V(x) > E. 


for which the asymptotic form to the left of the turning point is a decreasing expo- 
nential. It should be noted once again that the connection is from (8.196) to (8.197) 
and that the knowledge of the exponentially increasing asymptotic solution (8.197) 
for x < x, does not allow us to infer the asymptotic solution (8.196) for x > x). 


Right-hand barrier 


Consider now a right-hand barrier, as in Fig. 8.5, with a classical turning point at 
X = X>. In this case p(x) is real for x < x2 and purely imaginary for x > x2. The 
appropriate connection formulae are given by 


] X ] X 
21poor"cos] —— | px'yax’ 5] par! exp] —5 f ps1 
. i‘ (8.199) 


and 
[p(x)}'” sin| — 5 [ p(x’)dx’ — = +3] ay 
h Jy, 4 
—|p(x)|7'? cos exp| = [ pov" (8.200) 


where the WKB solution for x < x2 is placed on the left-hand side and that for 
xX > XxX, on the right-hand side. Once again the arrows indicate in what direction 
the connections can be made safely. It should also be noted that (8.200) leads to a 
decreasing exponential for x > x2 if 4 is given by (8.198). 


Energy levels in a potential well 


As a first application of the WKB approximation, we shall estimate the energies of 
the bound states in a simple one-dimensional potential V(x) such as that illustrated 
in Fig. 8.6. For each assumed energy level E it is supposed that there are just two 
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V(x) 


Figure 8.6 A simple one-dimensional potential well. For each assumed energy level E it is 
supposed that there are just two classical turning points x; and x2, such that V (x1) = V(x2) = E. 


classical turning points at x; and x2. Provided these are well separated, the connection 
formulae for a left-hand barrier can be used at x, and for a right-hand barrier at x2. 
Now, since bound state wave functions are square integrable, we must have w(x) — 0 
as x — -too. Asaresult, we only have the exponentially decreasing WKB solutions 
for x < x, and x > x2, namely 


l Xv 
w(x) = Ci|pix)|7'” exo| > | poi | x <x (8.201) 
and 
] a4 
W(x) = Co| p(x)" exp| —5 | pcx] x > Xx) (8.202) 


where C; and C> are constants. Hence across the turning point at x = x; we must 
use the connection formula (8.194), and across the turning point at x = x2 we must 
use the formula (8.199). Inside the well, the WKB solution must be given equally by 
a constant times the right-hand side of (8.194) or by a constant times the left-hand 
side of (8.199), so that we have 


1 f* 14 1 f* 14 
N — ‘\dx’-—]=N —— ‘\dx’ — — ; 
605] 5 [ p(x )dx | 20s| ; [ p(x’ )dx 4 (8.203) 


where N, and N> are constants. This condition is fulfilled provided that 


1s | 
; | p(x)dx = (x + 5) n=O. 12,335 (8.204) 


and Ny = (—1)"N,. Equation (8.204) can only be satisfied at discrete values of the 
energy E = Eo, E), Ex,...,asn =0,1,2,..., and these are the WKB estimates of 
the bound-state energies. It is also readily seen from the form of the WKB solution 
inside the well that n is the number of nodes of the WKB wave function between the 
two classical turning points. 
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It is interesting to note that the condition (8.204) can be rewritten in the form 


f pax = (n+ 3)h. n=0,1,2,... (8.205) 
where 
f pdx =2 | ~ p(x)dx (8.206) 


denotes the integral of the momentum p(x) around a complete cycle of the classical 
motion (i.e. from x; to x2 and back to x;). Except for the fact that (n + 1/2) and notn 
appears on the right of (8.205), this equation is identical to the quantisation condition 
postulated in 1916 for a periodic system by W. Wilson and A. Sommerfeld within the 
framework of the old quantum theory. 

As we pointed out above, the two turning points should, in principle, be well 
separated, i.e. be at least several wavelengths apart. The application of the condi- 
tion (8.204) then requires n to be large, in agreement with the fact that the WKB 
method is a semi-classical approximation, valid in the quasi-classical limit of large 
quantum numbers. However, in many instances the WKB method also gives quite 
good results even for small. An extreme case 1s that of the linear harmonic oscillator 
(see Problem 8.20) for which the WKB approximation actually provides the exact 
energy spectrum. 


Penetration of a potential barrier 


A second interesting application of the WKB approximation is provided by the 
penetration of a potential barrier. This problem was solved in Section 4.4 for 
the special case of a rectangular barrier. However, when the barrier has a more 
complicated shape the Schrédinger equation cannot in general be solved exactly, and 
approximation methods must be used. We shall now see that the WKB method is 
often well suited for this problem. 

Let us consider a potential barrier V(x) such as that represented in Fig. 8.7. It is 
assumed that a beam of particles 1s incident from the left, with an energy E smaller 
than Vo (the top of the barrier), and such that there are two classical turning points 
at x = x, and x = x». As indicated in Fig. 8.7 we shall denote by 1, 2 and 3 the 
regions corresponding respectively to x < x2, x2 < x < x; and x > x,;. Some of 
the particles are reflected back to region 1, others are transmitted and emerge to the 
right, in region 3. In that region the transmitted wave function is given in the WKB 
approximation by 


i f* 1 

W3(x) = A[p(x)] 7!” exp| = | p(x')dx’ -i7], Xx>XxX (8.207) 
x] 

where the factor exp(—iz/4), which could, of course, be included in the constant 

A, has been written explicitly in order to facilitate the application of the connection 

formulae. For the same purpose, we rewrite (8.207) in terms of cosine and sine 
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Vix) 


Figure 8.7, Aone-dimensional potential barrier. The energy E of the incident particles is assumed 
to be less than the top of the barrier. There are supposed to be just two classical turning points 
xX, and xz such that V(x) = V(x2) = E. The regions corresponding to x < x2, x2 < x < x1 and 
X > xX, are denoted respectively by 1, 2 and 3. 


functions, 1.e. 


] x 
W3(x) = Atpoor'{cos| = | p(x’)dx" — 4 


] x 
+i sin| = ff p(x’)dx’ — 4 | X>X. (8.208) 


Using the connection formulae for the case of a barrier to the left, we find that the 
connecting wave function of exponential type in region 2 is given by 


W(x) = —iA|p(x)|7'” exo| = | | pod’ | Xo <X < X. (8.209) 


In obtaining this formula we have used the fact that as x recedes to the left of the turning 
point x, only the exponentially increasing function is significant. It is convenient to 
rewrite (8.209) in the form of a decreasing exponential for x > x2, namely 


W2(x) = —iA|p(x)|7'/7e4 exp] > | pcx]. Xx<x< x, (8.210) 


where 


A= || | | p(x)|dx = > { (mV (x) — E)}}'/7dx. (8.211) 


In order to find the approximate wave function in region |, we apply to (8.210) 
the connection formula (8.199) for the case of a barrier to the right. This yields the 
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connecting oscillatory wave function 


Wi(x) = —2iA[p(x)]'/7e4 cos| —> ff p(x')dx’ — 4 
-1/2,A | Cae ee: 
~-amorsefal (moses) 
ps I / / i 
texo|-i(> f p(x')dx' + =)I}. xX < xX). (8.212) 


The first term in the curly brackets represents a wave moving to the right, and hence 
corresponds to the incident wave, while the second term corresponds to the reflected 
wave, moving to the left. 

As we have seen in Chapter 4, the transmission coefficient T 1s the ratio of 
the intensity of the transmitted probability current density to that of the incident 
probability current density. The former is the product of the transmitted intensity 
times the velocity after transmission, while the latter is the incident intensity times 
the velocity of the incident particles. Since the ratio of the velocities is equal to the 
ratio of the corresponding momenta, we find from (8.207) and (8.212) that the WKB 
approximation yields the transmission coefficient 


T=e A= exp| — 5 | {mV (x) ~ EI (8.213) 


We recall that this method of calculation is only justified if V(x) 1s slowly varying. 
Moreover, the turning points must be sufficiently well separated, so that the barrier 
has a thickness (x; — x2) of at least several wavelengths. As a result, the quantity A 
must be large, which in turn means that the transmission coefficient T is very small. 
The reflection coefficient R = | — T, calculated from (4.69) (which expresses the 
conservation of the probability flux) is therefore very close to unity. This is consistent 
with the WKB value R = | obtained directly from (8.212) by noting that the incident 
and reflected waves have the same intensity. 

It is also interesting to compare the approximate WKB transmission 
coefficient (8.213) obtained for a thick, smooth barrier of variable height with the 
result (4.83) derived in Section 4.4 for a thick rectangular barrier of height Vo and 
thickness a. From (8.213) we have 


log T = -= | ‘(QmLV (x) — E}}'"dx (8.214) 


while equation (4.83) yields 


16E(Vo — E) 


log T = log v2 
0 


2Ka (8.215) 


where k = [2m(Vo — E)]'/7/h. Since the second term on the right of (8.215) 
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dominates the first one for a thick barrier, equation (8.215) reduces approximately to 
2 1/2 
log T = —7 2m(Vo — E)]'’*a (8.216) 


and we see that the WKB expression (8.214) is the natural generalisation of the 
result (8.216) to a barrier whose height 1s variable. 


Cold emission of electrons from a metal 


As a first example of the application of our WKB result (8.213) for the transmission 
coefficient, we shall consider the cold emission of electrons from a metal. Within a 
metal the electrons are bound by a potential which, as shown in Fig. 8.8(a) may in 
first approximation be described by a box of finite depth. Because this box is large 
the energy levels are very dense. Moreover, as we shall see in Chapter 10, when the 
metal is in its lowest energy state (at an absolute temperature T = Q) all the energy 
levels in the well are filled up to a certain energy called the Fermi energy Er, with no 
more than two electrons occupying any given energy level®. When the temperature 
rises, a fraction of the electrons are excited to higher energy levels, but even at room 
temperature this fraction is small and will be neglected here. The difference between 
the top of the well (Vo) and the Fermi energy Ef is the minimum energy required to 
remove an electron from the metal; it is the work function W introduced in Section 1.2 
in our discussion of the photoelectric effect. 

Let us now assume that a constant electric field of strength € is applied to the 
metal. The potential function will then have the form displayed in Fig. 8.8(b), where 
the electric potential —e€x has been added to the original potential, x being the 
distance from the surface of the metal. As seen from Fig. 8.8(b), the potential barrier 
now has a finite width, so that electrons have the possibility of tunnelling through the 
barrier and escaping from the metal. This phenomenon 1s known as cold emission 
of electrons, in contrast with thermal emission which occurs when electrons acquire 
enough energy from thermal motion to overcome the barrier. 

A crude estimate of the variation of cold emission with the work function W and 
the applied electric field € can readly be obtained from equation (8.213). For an 
electron at the top of the sea of levels, having an energy E = Er = Vo — W, the 
turning point x, is found by solving the equation 


Vo = eE x = Vo —W (8.217) 


which gives x} = W/e€. The second turning point is of course at the surface of the 
metal, so that x. = 0. Since the potential varies sharply in the vicinity of this turning 
point, the WKB approximation may well break down in this region. This, however, 
should not introduce important errors because the distance x; is usually quite large 
compared to interatomic distances, and the fraction of the transmission coefficient 


© This property is aconsequence of the Pauli exclusion principle, which will be discussed in Section 10.2. 
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Figure 8.8 (a) Schematic representation of the potential function (solid line) binding electrons 
in a metal. The energy Er is the Fermi energy and W = Vo — Ef is the work function. (b) The 
potential function modified by the addition of an external electric field €. The classical turning 
point x; is such that x; = W/e€é. 


coming from the region of rapid variation of the potential near x = O is quite small. 
Thus, using (8.213) with x} = W/e€, x2 = 0 and 
V(x) —-E=Vy)—eEx —-E=W-eEx (8.218) 


we find that the transmission coefficient 1s given approximately by 


9) W/e€ i 
exo; f {2m(W — e€x)} ax] 


4 (2m)'/? ws? 
a emcca| 


T 


(8.219) 


This expression, known as the Fowler—Nordheim formula, is in qualitative agreement 
with experiment. 


Alpha-particle decay of nuclei 


As a final application of the WKB method, we shall now discuss the decay of a 
nucleus into an alpha particle (a He nucleus with charge 2e) plus a daughter nucleus, 
using a simple, successful theory proposed in 1928 by G. Gamow and independently 
by R. W. Gurney and E. U. Condon. Since the parent nuclei emit alpha particles, the 
latter may be supposed to exist as entities within these nuclei, at least for a short time 
before emission. The potential energy V(r) of an alpha particle inside and outside 
a nucleus of radius R may then be represented schematically by the curve shown in 
Fig. 8.9. Inside the nucleus (i.e. for r < R), the alpha particle is acted upon by the 
nuclear forces, which are strongly attractive. In this region the function V(r) is not 
well known and its precise shape will not be needed in what follows. For simplicity 
the potential V(r) shown in Fig. 8.9 has been taken to be a square well of (constant) 
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V(r) 


-Vo 


Figure 8.9 Schematic representation of the potential energy (solid curve) of an alpha particle 
inside and outside a nucleus of radius R. The total energy E of the alpha particle (dashed curve) 
is also the kinetic energy with which it emerges at large distances from the nucleus. The classical 
turning point R; is given by (8.221). 


depth Vo for r < R. Outside the nucleus (ie. for r > R) we shall assume that 
the nuclear forces (which are of short range) may be neglected, so that the alpha 
particle experiences only the Coulomb repulsion with the daughter nucleus. Let Ze 
be the charge carried by the parent nucleus and Z;e that on the daughter nucleus, 
with Z = Z, + 2. The potential energy V(r) of an alpha particle outside the nuclear 
surface is thus given approximately by 


2 
WSs +h (8.220) 

(470 Eg)r 
We note that in the vicinity of the nuclear radius R the potential V (7) must dip sharply 
because of the strongly attractive nuclear forces. In the simple model illustrated in 
Fig. 8.9 this sharp dip of V(r) has been idealised as a potential step. 

Also shown in Fig. 8.9 is the total energy E of the alpha particle. Since the 
Coulomb potential energy (8.220) effectively vanishes at large r, the energy E is also 
the kinetic energy with which the alpha particle emerges at large distances from the 
nucleus. Note that because E is positive, the alpha particle is not considered as being 
initially in a bound state. Indeed, if this were the case the nucleus could not decay. 

It is apparent from Fig. 8.9 that in order to escape from the nucleus the alpha particle 
has to penetrate a potential barrier in the region from R to R,, where R, is a classical 
turning point such that E = V(R-,). Using (8.220) we have 


2Z\e° 


= GneyE (8.221) 


Cc 
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As atypical example, considered the a-decay of the 7*Po (polonium 204) nucleus, for 
which Z = 84. The energy of the emitted alpha particle is measured to be 5.4 MeV. 
Using (8.221) with Z; = 82 we then find that 


2 x 82 x (1.6)* x 10778 


ee ee 
4n x 8.9x 107-!2 x 5.4 x 1.6 x 107-'3 


é 


~ 43x 10°'* m= 43 fm (8.222) 


where | fm (1 femtometer or fermi) = 10~'> m. On the other hand, the radius R of 
a nucleus of mass number A is given approximately by 


R=nA3 (8.223) 


where rp = 1.1 fm. In the case of the 2*Po nucleus, for which A = 204, we have 
R =~ 6.5 fm. The potential barrier is therefore very thick and the ratio R/R, is small 
with respect to unity. Since the energies E of the alpha particles emitted in a-decays 
typically lie in the range 4-10 MeV, and the values of Z; and R do not vary much 
(all alpha emitters being heavy nuclei) the quantity R/R, 1s generally quite small. It 
is also clear that since the maximum of the potential barrier 1s larger than the energy 
E of the alpha particle, the explanation of the a-decay of a nucleus is completely 
beyond the scope of classical mechanics; it 1s a tunnelling phenomenon which can 
only be understood by using quantum mechanics. 

Let us suppose that the alpha particle is in a state of zero orbital angular momentum. 
Using spherical polar coordinates, we may then write its wave function as r~'u(r). 
The function u(r)[= u;~o(r)] satisfies the radial equation (see (7.52)) 


+ V(r)u(r) = Eu(r) (8.224) 


where the reduced mass yz may be taken to be the mass M of the alpha particle, since 
we are dealing with heavy nuclei. The equation (8.224) being identical in form to the 
one-dimensional Schrédinger equation (4.3), we can readily obtain the transmission 
coefficient T for the penetration of the potential barrier by using the one-dimensional 
WKB result (8.213), suitably modified. Thus we have 


T=e 7A (8.225a) 

where 
A= & of = E Ma 8.225b 
7 h R (47 €9)r . ( ’ ) 


Using (8.221) we can also rewrite (8.225b) in the form 


AMZ,e?\'" pRe f(t 1 \'7 
ee eee ae =e dr 8.226 
fa J (; a : cee 
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The integral on the right of this equation can be done exactly, and one finds that 


4MZ,e2R.\'/? R\ RR R2\'? 
ya (eed ea cos”! x) = ze) (8.227) 
h? (Ameo) R, R. R2 


We have seen above that the quantity (R/R-,) is generally fairly small compared to 
unity. Setting x = (R/R,)'/’, using the fact that 


cos"! x = a ~x + O(x3) (8.228) 
and keeping terms through order x 1n the square bracket on the night of (8.227), we 
have 

4MZ,e?R,\'" RY 
Ax (Fe) E 4 (=) | (8.229) 
h (47 €) 2 R. 
Hence, from (8.221), (8.225a) and (8.229) we see that the transmission coefficient 
becomes 
2nZ\e2 (2M\'" 8 Zie? yo 
| ies — —_——_ [| —_ — MR 8.230 
exp| aa ( E ) - h (F 


Let us denote by Ze (with Z2 = 2) the charge carried by the alpha particle and write 
its energy as E = Mv?2/2, where v is the velocity with which it emerges at large 
distances from the nucleus. The result (8.230) may then be written as 


32Z, Zoe" te 
T~Teo exp) MR (8.231) 
EQ 
where the quantity 
2n Z,Ze° 
To = — ——_____ 8.232 
: exp| (47 €o)hu ( ) 


is called the Gamow factor and is seen to inhibit the transmission of the alpha particle 
through the barrier. 

With the help of the expression (8.230) for the transmission coefficient, we shall 
now estimate the lifetime of the alpha emitter. In order to do this, we consider a very 
simple model, in which the surface of the nucleus is considered as a ‘wall’, and the 
alpha particle bounces back and forth inside the nucleus before the emission occurs. 
The probability of getting through the barrier on a single collision with the ‘wall’ is 
equal to the transmission coefficient 7, so that the number of collisions required to 
get out of the nucleus is of the order of T~'. The time interval between successive 
collisions is roughly equal to the diameter of the nucleus (2 R) divided by the velocity 
of the alpha particle inside the nucleus, which we shall assume to be the same as its 
velocity v = (2E/M)'/? after emission. Hence the lifetime is given approximately 
by 


ae (8.233) 
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where 


2R M \'”? 


Using the expression (8.230) of the transmission coefficient, and taking the common 
logarithm (in base 10) of both members of (8.233) we obtain 


Cc 
Log,,t x Log,,At + —=-—D (8.235) 
S10 810 JE 
where C and D are positive constants. 

Let us evaluate the quantities At, C and D for the typical case of the a-decay of 
204Bo, The energy E of the emitted alpha particle being E = 5.4 MeV, we have 
v ~ 1.6 x 10’ ms~!, and since R ~ 6.5 fm we find that At ~ 8 x 10°” s. 
From (8.230) we obtain C ~ 141 if we agree to express FE in MeV, and we also have 
D ~ 30. Thus we may write in that case 

Log,,[t(s)] X = 51 (8.236) 

ee ~ JE (MeV) | 
Although the quantity Log,,At (and hence the second term on the right of the above 
equation) also depends on the energy E, this dependence is logarithmic and hence is 
very weak compared to that contained in the first term. In other words, the energy 
dependence of the lifetime t is almost completely controlled by the term CE7'/2 
which depends entirely on the tunnelling through the barrier. This is fortunate since 
the model we have used to obtain the quantity At is a very naive one. 

The foregoing discussion shows that in first approximation the lifetime t and the 
alpha-particle energy E of an alpha-particle emitter satisfy a relation of the form 

Ci 
Log lt (s)] = ———— - C 8.237 

Ziolt (s)] E (Mev) 2 ( ) 
where the constants C; and C2 should be close to those appearing in (8.236). That this 
is indeed the case is clear from Fig. 8.10, where the formula (8.237) (represented by 
a Straight line) is seen to give a good fit to the lifetime data of a large number of alpha 
emitters. Note that these lifetimes vary over an enormous range, from 3 x 107’ s for 
*12Bo to 4.5 x 10? years for 773U. 


The Gamow factor and thermonuclear fusion 


We have seen above that the Gamow factor (8.232) inhibits the transmission of alpha 
particles through the Coulomb barrier. Let us now consider a collision experiment in 
which a nucleus is bombarded by alpha particles (and more generally by positively 
charged particles of charge Ze) having an energy lower than the maximum of the 
Coulomb barrier at r ~ R. Using a simple one-dimensional model of this process 
it is clear from the above discussion that the Gamow factor (8.232) will also inhibit 
the approach of this charged particle to the nucleus. As a result, the probability of 
reactions between nuclei is small at low relative velocities and (or) when Z, and 
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Figure 8.10 Plot of the half-life (lifetime) t against E, the kinetic energy of the emitted alpha 
particle. The formula (8.237) yields the solid straight line. The small circles correspond to the 
experimental data for various alpha-radioactive nuclei. 


(or) Zz 1s large. This is one of the reasons for selecting reactions between hydrogen 
isotopes (for which Z = 1) in controlled thermonuclear fusion research. In addition, 
nuclei having small values of the mass number A release the most energy per nucleon. 
Possible reactions for controlled thermonuclear fusion are 


D+D— T+p+4.04 MeV (8.238a) 
D+D-— *He +n + 3.27 MeV (8.238b) 
D+T— *He +n+ 17.58 MeV (8.238c) 


where p denotes a proton, n a neutron, D a deuteron (the nucleus of deuterium, the 
isotope of hydrogen with A = 2), and T a triton (the nucleus of tritium, the isotope 
of hydrogen with A = 3). The D-T reaction is considered at the present time as 
the best candidate, because it has a higher probability than the D—D reactions at the 
energies of interest for fusion reactors, and also because the D-T process produces 


more energy per reaction. 


Problems 


Problems # 427 


8.1 Show that the second-order energy correction E“) given by (8.17) can also 
be expressed as 


EO = — (Wy Hy — BO pl), 


8.2 Derive equation (8.18) for the third-order correction EF Me 
8.3 Obtain expressions for E™ and E© in terms ¥, w"? and wy. 
8.4 Show that the second-order correction to the energy in non-degenerate per- 


turbation theory can be written as 


(H)nn — Han)? o> Ey Ane 
Ey EY 4a EB Se) 


(2) _ 
EE, = 


8.5 Obtain the expression (8.38) for E®). 


8.6 Consider a one-dimensional linear harmonic oscillator perturbed by a Gaus- 
sian perturbation H’ = A exp(—ax’). Calculate the first-order correction to the 
ground-state energy and to the energy of the first excited state. 


8.7 Consider an electron in the electrostatic field of a nucleus of charge Ze. Let 
the nuclear charge be distributed uniformly within a sphere of radius R, so that the 
electrostatic potential due to the nucleus is 


Ze? r? 
Vir) = ——__(—-3), rR 
(477 €9)2R \ R2 


Ze? 


; R 
(47 €9)r ie 


Taking the unperturbed Hamiltonian to be the hydrogenic Hamiltonian 
H = —(h’ /2u)V? — Ze*/(4reor) and the perturbation to be the difference 
between V(r) and the Coulomb interaction — Ze? /[(47r€9)r]: 


(a) Show that the first-order energy shift due to this perturbation is 


Ze? a3 r2  2R 
a RG he aa ed 
aoe | [Rn (7) (= uaa )y ’ 


where R,;(r) is a radial hydrogenic wave function. 
(b) Taking R,(r) ~ Rp (0) inside the nucleus show that 


2 e 
(4&9) 5 ain 


510. 


8.8 Derive equation (8.56). 


8.9 Derive equations (8.83) for c,, and c,2. 
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8.10 Starting from the relativistic expression for the energy of a particle 
E = (m*c* + p*c’)'/”, and expanding in powers of p’, obtain the result (8.92) for 
the leading relativistic correction to the kinetic energy. 


8.11 Consider a two-dimensional isotropic harmonic oscillator having the Hamil- 
tonian 


h> ( a Q 
Hy = ( 


l 
cies ee er _k 2 2 
2m \ ax? +oa)+5 ee a 

so that its energy levels are E, = hw(n + 1), with w = (k/m)'/*,n = ny + ny 
andn,,n, = 0,1,.... Assume that a perturbation H’ = Axy is added, where A is 
constant. Find the first-order modifications of the energy of the ground state and of 
the first excited state. 


8.12 Consider a ‘slightly anisotropic’ two-dimensional harmonic oscillator, the 
Hamiltonian of which is 


h? ( a? Q? | 
& + =a) = 5 (kx == kay’) 


where |k, —k.| is small. Given the energy levels En,n, = ha (ny +5) +hw2(ny +4), 
where w, = (k,/m)!/ and a) = (k2/m)'/?, find the change in energy of the levels 
with ny = I,n, = Oandn, = 0,n, = | whena perturbation H’ = Axy is added, 
where A is a constant. 


8.13 (a) By varying the parameter c in the trial function 


do(x) = (c? — x*)?, [x] < 
= QO, |x| 2c 


obtain an upper bound for the ground-state energy of a linear harmonic oscillator 
having the Hamiltonian 


(b) Show that the function ¢; (x) = x@p(x) is a suitable trial function for the first 
excited state, and obtain a variational estimate of the energy of this level. 


8.14 Using the trial functions of Problem 8.13 find estimates of the ground and 
first excited state energies of the cut-off harmonic oscillator 


l 
V(x) = amen (x" =eib) lx| <b 


= 0, |x| > b. 


Consider the two cases c < b and b < c for a fixed value of b, and explain which 
results are more accurate. 
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8.15 Find an estimate for the energy of the ground state of atomic hydrogen by 
taking as a trial function ¢p(r) = exp(—cr’), where c is a variational parameter. 


8.16 Prove the inequality (8.160). 
(Hint: Prove first that |(Wo|@1)|7 < e0.) 


8.17 By substituting the trial function (8.162) into the functional (8.130) and min- 

imising the resulting expression with respect to the parameter c, obtain a variational 
estimate of the first excited level E, of the one-dimensional infinite square well (4.86). 
Compare this variational estimate with the exact result, obtained by setting n = 2 
in (4.95), and verify that the variational estimate gives an upper bound for E). 


8.18 Let E,,, denote the discrete energy levels of a particle of mass m in a central 
potential V(r), corresponding to a given orbital angular momentum quantum number 
1, and let E™" be their minimum value. Prove that E™" < E™" . 

(Hint: Write the Hamiltonian of the particle as 
L? ho 1a/,a 


and note that H, is a purely radial operator.) 


2mr2’ 


8.19 Prove the Hylleraas—Undheim theorem for the case N = 2, namely 

E, <b, Sey Se Se, 
8.20 Using equation (8.204) show that the WKB approximation gives the correct 
energy levels for all states of the linear harmonic oscillator. 


8.21 Consider the motion of a particle of mass m in a potential well V(x) such 
that 


V(x) = 0, |x| >a 


|x| 
= —Vo[ 1 - — |x| <a 
a 


where Vo > 0. Use the WKB approximation to find all the bound energy levels if 
mVoa*/h? = 50. 
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In this chapter we shall continue our study of approximation methods by considering 
systems for which the Hamiltonian depends on the time. In this case it 1s generally 
impossible to obtain exact solutions of the Schrédinger equation. We shall examine 
three approximation schemes, which are all based on the assumption that the actual 
Hamiltonian of the system can in some way be approximated by a time-independent 
Hamiltonian. The first case to be considered will be that for which the time-dependent 
part of the Hamiltonian is small enough compared to the stationary part, so that 
perturbation theory can be used. After discussing the general features of the time- 
dependent perturbation method in Section 9.1, we apply it successively in the next 
two sections to perturbations which are constant and periodic in time. In Section 9.4 
we discuss the adiabatic approximation, which applies to Hamiltonians changing 
very slowly ona time scale set by the periodic times associated with the approximate 
stationary solutions. Finally, we develop in Section 9.5 the sudden approximation in 
order to deal with the opposite situation of a very rapidly varying Hamiltonian. 


Time-dependent perturbation theory. General features 


Let us consider a system for which the total, time-dependent Hamiltonian H can be 
split as 


H =H) +AH'(t) (9.1) 


where the ‘unperturbed’ Hamiltonian Hp is time-independent and A H’(t) is a time- 
dependent perturbation. As in the case of time-independent perturbations, the param- 
eter A, which may be taken to have the value unity for the actual physical problem, 
has been introduced for convenience. It will allow us again to identify the different 
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orders of the perturbation calculation and to pass smoothly from the physical problem 
to the unperturbed one by letting A tend to zero. 

We assume that the eigenvalues Ee’ of the unperturbed Hamiltonian Ho are 
known, together with the corresponding eigenfunctions i, which we assume to 
be orthonormal and to form a complete set. Thus, since 


How) = EO vy (9.2) 


the general solution of the time-dependent unperturbed Schroédinger equation 


ow 
ih —— = HoWo (9.3) 
Ot 
is given by 
Wo = 2 ro Ne exp(—iE\”t/h) (9.4) 


k 
where the coefficients ra are constants and the summation symbol implies a sum 
over the entire set (discrete plus continuous) of eigenfunctions vi, as usual. As- 
suming that Wo is normalised to unity and remembering the discussion of Section 5.3 
(see (5.68)), we can interpret Ic |? as the probability of finding the system in the 
unperturbed energy state ve in the absence of perturbation (A = 0). 

Since the Hamiltonian H is time-dependent, there are no stationary solutions of 
the Schrédinger equation 

ih = = HW (9.5) 

Ot 

so that energy is not conserved. It is therefore meaningless to seek corrections to 
the energy eigenvalues. The problem, instead, is to calculate approximately the 
wave function VY, given the unperturbed wave functions wy corresponding to the 
unperturbed energies E We Shall do this by using an approach known as Dirac’s 
method of variation of constants. 

We first note that because the functions ve form a complete set, the general 
solution Y of the time-dependent Schrodinger equation (9.5) can be expanded as 


w=) eg(t)yy exp(—iE,t/h) (9.6) 
k 


where the unknown coefficients c;(t) must now be regarded as functions of time. 
Since the functions vi are orthonormal, and provided Y is normalised to unity, 
we see that |c,(t)|? = |(W{°|W(t))? is the probability of finding the system in the 
unperturbed state ve at time f, and c; (t) is the corresponding probability amplitude. 
Moreover, 


Yo leet)? = 1. (9.7) 
k 
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Upon comparison of (9.4) and (9.6) we also see that if there is no perturbation (A = 0) 
the coefficients c, reduce to the constants ol, which are therefore the initial values 
of the c,, specifying the state of the system before the perturbation is applied. 

In order to find equations for the unknown coefficients c;,(t), we substitute the 
expansion (9.6) into the Schrddinger equation (9.5) and use (9.1). We then have 


in Dex (t) Wy” exp(—-iEy’'t/h) + D> ca(thEy Wy. exp(-iEy t/h) 
k k 
= [Ho +AH'@)lea (typ exp(—iEyt/h) (9.8) 
k 


where the dot denotes a derivative with respect to time. Now, according to (9.2) 
How. =e a so that equation (9.8) simplifies to yield 


in Y  ex(t)yy? exp(-iEy t/h) =A) A’ (hex (ty exp(-iE, t/h). 9.9) 
k k 


Taking the scalar product with a function vf belonging to the set (Wi) of un- 


perturbed energy eigenfunctions, and using the fact that (Wi Wi) = dpx, we find 
that 


én(t) = (iA) 'A D> AG, (0) explionet cx (t) (9.10) 
k 


where H,,(t) denotes the matrix element 


Hy. (0) = Wy IA (OI, (9.11) 
and a», 1s the Bohr angular frequency 


Eo a Eo 

Op, = —————.. (9.12) 

h 

The set of equations (9.10) for all b constitutes a system of first-order coupled 
differential equations which is strictly equivalent to the Schrédinger equation (9.5), 
since no approximation has been made thus far. We remark in particular that for 
any b the time rate c,(t) depends upon all states ve connected with we via the 
matrix element (9.11) of the perturbation. This can be understood in terms of the 
equation (9.7), which expresses probability conservation. Indeed, a change in one of 
the coefficients, for example cy, implies that other coefficients must also change in 
order to satisfy the constraint imposed by (9.7). 

Let us now assume that the perturbation 47’ is weak. We can then expand the 
coefficients c, in powers of the parameter A as 


Ch = cy) they? +E? ++ (9.13) 
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Substituting this expansion into the system (9.10) and equating the coefficients of 
equal powers of 4, we find that 


ce =0 (9.14a) 
6h) = GAY" S7 AG (0) expliasyt)ey” (9.14b) 
k 
Cp = hy" DY Hy expliontig,  s=0,1,... (9.14c) 
k 


These equations can now in principle be integrated successively to any given order 
in the perturbation. 

The first equation (9.14a) simply confirms that the coefficients e are time- 
independent. As we have seen above, the constants c\”” define the initial conditions 
of the problem. In what follows, we shall assume that the system is initially (that is, 
for t < to) ina particular unperturbed state wy) of energy E. Thus we write 


CO = bea or 8 (k —a) (9.15) 


according to whether the state y is discrete or continuous. 
Substituting (9.15) into (9.14b), we have 


c(t) = Gh)" Hy, (t) exp(i@pat) (9.16) 


(0) 
b 


where wpa = (E, — E)/h. The equation is readily solved to give 


c(t) = Gh)! | Hi t')de’ (9.17a) 


fo 


for b = a, while for b # a one has 


oc} (t) = Gh)! | Hy; (t')exp(iapat’)dt’, ba (9.17b) 


lo 


where the integration constant has been chosen in such a way that c‘!)(t) and oe (t) 
vanish at t = fo, before the perturbation is applied. To first order in the perturbation, 
the transition probability corresponding to the transition a — b (i.e. the probability 
that the system, initially in the state a, be found at time ¢ in the state b # a) is 
therefore 


; 2 
| H,,(t') exp(i@pat’)dt’| , ba. (9.18) 


to 


PLPt) = [dP )? =A? 


9.2 
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It is also worth noting that for t > fo the coefficient c, of the state a is given to first 
order in the perturbation by 


cat) = cP +O) 


[2 


1+ (ih)! | H? (t’)dt’ 


lo 


exp) — 7 | Heat) (9.19) 


to 


I? 


so that |cq(t)|? ~ 1 and the principal effect of the perturbation on the initial state is 
to change its phase. 


Time-independent perturbation 


The results (9.17) take a particularly simple form if the perturbation H’ is independent 
of time, except for being switched on suddenly at a given time (say fg = 0). We then 
obtain 


c(t) = (ih) ' Ht (9.20a) 
and 
(1) Ay, : 
c, (t) = —“[1 — exp(iwpat))], ba. (9.20b) 
Aba 


Note that if the perturbation H’ is ‘switched off’ at time t, the above amplitudes are 
also those at any subsequent time ¢, > ft. 

From (9.19) and (9.20a) we find that the coefficient c,(t) is given to first order in 
the perturbation by 


ca(t) ~ ex(—7 Haat) (9.21) 
Hence 
cat) exp(—iE Ot /h) ~ yO exp) — (B® 4 Het (9,22) 


and we see that in first approximation, the energy of the perturbed state is 
E~E°+H’ (9.23) 


where H_, is the average value of the perturbation in the state a. This is in agree- 
ment with the result (8.15) which we obtained in Chapter 8 using stationary-state 
perturbation theory. 
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F(t, w) 


Figure 9.1 The function F (t, w) of equation (9.25), for fixed ¢. 


Using (9.18) and (9.20b), the first-order transition probability from state a to state 
b #a is given by 


2 / 
POS lH pal F(t, ba) (9.24) 


where we have introduced the function 


—coswt — 2sin*(wt/2) 


A as (9.25) 


Ww Ww? 
and we remark that F(t, @ = 0) = t?/2. 
It is useful for further purposes to study in detail the function F(t, w). This function 
is plotted in Fig. 9.1 for fixed ¢. We see that it exhibits a sharp peak about the value 
w@ = 0. The height of this peak is proportional to t*, while its width is approximately 


2n/t. Setting x = wt/2, we note that 


+00 TOO eae 
| F(t,w)do =r | Bea ce (9.26) 


2 
Oo OO X 


where we have used a standard integral. From equation (A.24) of Appendix A we 
also deduce that in the limit t — oo 


F(t, w) aa mtd(w). (9.27) 
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Let us now return to the result (9.24) and analyse it first for a fixed value of t. 
Since the function F(t, w,,) is sharply peaked about the value w,, = 0, with a width 
approximately given by 27//t, it is clear that transitions to those final states b for 
which w,, does not deviate from zero by more than da), ~ 27/t will be strongly 
favoured. Hence the transitions a —> b will occur mainly towards those final states 
whose energy E - is located in a band of width 


SE ~2nh/t (9.28) 


about the initial energy E®), so that the unperturbed energy is conserved within 
27h /t. This result can readily be related to the time—energy uncertainty relation 
AEAt = h. Indeed, since the perturbation gives a way of measuring the energy of 
the system by inducing transitions a — b, and because this perturbation acts during 
a time ¢, the uncertainty related to this energy measurement should be of order f/f, 
in agreement with (9.28). 

We now examine the transition probability (9.24) as a function of t. We begin by 


considering transitions to a given state b(# a), and distinguish two cases. 
Non-degenerate case 


If wpa # O (ie. if the state b is not degenerate with the initial state a) we have 
from (9.24) and (9.25) 

4|H;,\° 

Pd = oat 

h ba 


sin? (pat /2) (9.29) 


and we see that Pe (t) oscillates with a period T = 271 /|w»,| about the average value 
2| HH; ,|7/A° wz, and is such that 
4|H,,\° 
h°w,, 
We note that for times ¢ small with respect to the period of oscillation we have 
SIN(Wpyt /2) X @Wpgt /2 so that P(t) ae |Hy (70? /Ae increases quadratically with 
time. 

The total (first-order) probability P‘'(t) that the system has made at time t a 
transition away from the initial state a is given by summing the transition probabili- 


ties (9.29) over all final states b 4 a (assuming that none of the states b is degenerate 
with the initial state a). Thus 


Porn (9,30) 


4|H,,I° 
PQ FO=a.)., Soy. sO sin?[(E,) — E®)t /2h]. (9.31) 
b#a b4a (E, — Eg ) 
Clearly, in order that our perturbation treatment be valid, it is necessary that 
P(t) K l. (9.32) 


If this condition is fulfilled, the individual transition probabilities will all be small 


Pit) <1 (9.33) 
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so that there will be little change in the initial state for times t of physical interest. 
From (9.30), (9.31) and the fact that sin? x < 1 we can readily obtain a sufficient 
condition for the validity of our perturbative treatment, namely 


ys 4|Hy |? si or 
bLa (Ey — Ef? 


Remembering that all the states b have been assumed to be non-degenerate with the 
initial state a (so that E)” 4~ E), we see that the condition (9.34) can always be 
satisfied if the perturbation H’ is sufficiently weak. 


Degenerate case 


We now turn to the case for which wp, = 0 so that E - = E\) and the states a and 
b are degenerate. From (9.20b) we then have 


1 / 
c(t) =- 5 Aba (9.35) 
The first-order transition probability is given in this case by 
| eal? 
Pit) = aoe (9.36) 


and hence increases indefinitely with the time. Thus, after a sufficient length of 
time the quantity P(t) will no longer satisfy the inequality (9.33) required by our 
perturbative approach, and will eventually exceed unity, which is clearly absurd. 
We therefore conclude that the present perturbative treatment cannot be applied to 
degenerate systems which are perturbed over long periods of time. 


Two-level system with time-independent perturbation 


As a simple illustration of the foregoing discussion, let us consider a quantum system 
having only two stationary states a and b, with unperturbed energies E and E Me and 
corresponding eigenfunctions yy and ve respectively. Such a two-level system is 
obviously an idealised model, but in a number of interesting situations it is reasonable 
to ‘single out’ two levels of a quantum system, as we shall see later in various 
applications. 


Non-degenerate case 


We begin by considering the non-degenerate case (see Fig. 9.2), so that w,, = 
(E,” — E®)/h #~ 0. We assume that E\? > E® and that the two-level system 
is initially in the ground state a. We also suppose that a constant perturbation H’ is 
switched on at the time tf = 0. The system of equations (9.10) reduces in this case to 
the set of two coupled first-order equations 


ihcg(t) = Hy ,Ca(t) + Ai, exp(—impat)cp(t) (9.37a) 
ihcy(t) = Hy, eXP(i@pat)ca(t) + Hyco (t) (9.37b) 
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E; 


h Wba 


EE 


Figure 9.2 A two-level system with unperturbed energies ES) 4 £,°. The Bohr angular 
frequency wpq is such that wba = (a — EO) th. 


where we have set A = 1. The initial condition that the quantum system be in the 
state a before the perturbation is applied implies that 


Cca(t < 0) = 1, cp(t < 0) = 0. (9.38) 


The equations (9.37) are sufficiently simple so that they can be solved exactly in 
closed form. After some algebra (see Problem 9.4), it 1s found that the solutions c, (¢) 
and c,(t), satisfying the initial conditions (9.38), are given by 


Ct) = exp(—iat)| cos Btt+ i sin pr| (9.39a) 
and 
A, 
cp)(t) = -1 iB exp[—1(a@ — w,,)t] sin Bt (9.39b) 
where 
l 
a= 5p (aa + Ay, + hora) (9.40a) 
if : Ps 
p= 5 | gt — Hi thopa)” + | Aba! (9.40b) 
and 
l 
ye 5p (on — Hi +ho.) =a — HH, /h. (9.40c) 


The probability of finding the system in the ground state a at ttme t > 01s therefore 
given by 


2 
cos” Bt + (Z) sin’ Bt 


Ica (t)|’ 


2 
| Hoa 


. 2 
— ———!— _ sin Bt 9.41 
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where we have used the fact that B? — y? = |H;.,|?/h*. The probability of finding 
the system in the excited state b at time ¢ (the probability that the transition a > b 
has occurred) is 

H,,I° 
Moat” al sin? Bt 

h* B 

\Heal” 7) 
= ——_—4— _ sin Bt (9.42) 
h°y? + |HyI 


Pra(t) = |cp(t)|? 


and we verify immediately from (9.41) and (9.42) that |c,(t)|? + |c,(t)|* = 1. We 

also note that the system oscillates between the two levels with a period T = 2/f. 
Having obtained exact results for this model problem, we can now check the 

accuracy of a first-order perturbative approach. From the initial condition we have 


c®) = land a = 0. Hence, using (9.20) we find that to first order in the perturbation 
0) 4 0G) — een Lp) 
Cat) =e,’ +e,'(t) =14+ Uh) Ht > ex (= Maa (9.43a) 
and 
~ ll) = Ha : 
cp(t) ~c, (t) = — [Il — exp(ia,al)]. (9.43b) 
hwba 


These results are readily seen to agree with the exact results (9.39) to first order in 
H’ and for small times t (Problem 9.5). 


Degenerate case 


We now turn to the situation for which the two energy levels are degenerate, so that 
E® = E)° = E®. Asa simple example, we shall consider the case such that 
Hig = H,, = Oand H,, is real and positive. Using the results of our study of doubly 
degenerate energy levels made in Section 8.2, we find that the correct normalised 
zero-order wave functions are 


| 
a= ea + Mp) (9.44a) 


and 


l 
(0) (0) (0) 
X =z - Yh?) (9.44b) 
b J/2 a b 
the corresponding energies being given to first order in the perturbation by E® + Hj, 
and E) — Hy, respectively. 
Let W(t) be the time-dependent wave function of the system!, and suppose that at 
the initial time t = 0 the system is in the eigenstate y), so that 


W(t =0) = yi. (9.45) 


' In order to simplify the notation, only the time-dependence of is indicated explicitly. 
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Since x exp[—i(E© + A; )t/A] and ri exp[—i(E — H,,_)t /A] are (approximate) 
stationary states, we can write the wave function V(t) for t > O as the linear 
superposition 


W(t) = c, x exp[-i(E® + H,,)t/A] +c2 xX,” exp[—i(E© — H,.,)t/h], 
(9.46) 


The coefficients c; and cz are readily obtained from the initial condition (9.45) and 
the relations (9.44). Indeed, 


W(t = 0) 


0 (0) 
cx + €2X, 
] 


l 
= Bve + Wy )+ age ay, Sa (9.47) 


giving c) = cp = 27'/*. Hence 


. ; 
W(t) = Fee exp[—i(E + H,,)t/A] + Bx exp[—i(E® — Hy,)t/hA] 


| eng deg 
exp(iEt/A) el Xa exp(—iHij,t/A) + x,” exp(iH;,t/h)] 


exp(—iE© ¢/A)[W cos(Hy,t/h) — ivy” sin(H;,t/h)). (9.48) 


At t = 0 this wave function is clearly equal to ¥{°. As time goes on, the function 
wh ‘comes in’, which means that transitions from y°) to wh occur. Whent = 
wh/(2H;,), the system is entirely in the state y;”; subsequently it reverts to py 
and is completely in that state after a time t = 7h/H,,. Thus the system oscillates 
between the two states y and y{” with a frequency 


Ay, 
whi 


p= (9.49) 
proportional to the coupling term H,,,. This oscillation is also referred to as a 
‘resonance’ between the two degenerate levels. 

Let us now compare the above results with the predictions of first-order time- 
dependent perturbation theory. Following this approach, the coefficient c, of the 
Stationary state wv, exp(—iE+/h) grows linearly with time according to (9.35). 
Looking at (9.48), we see that 


cp(t) = —isin(H,,t/h) (9.50) 
which indeed reduces to (9.35) for small times. However, as time passes the re- 


sult (9.35) starts to deviate from (9.50), indicating that perturbation theory is breaking 
down. 
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Transitions to a group of final states. The Golden Rule 


Instead of considering transitions to a particular state b, as we have done so far, it 
is often necessary to deal with transitions to a group of final states n whose energy 
E,, lies within a given interval ( EY” — n, BE + 7) centred about the value E, . 
This is the case, for example, when one studies transitions to states belonging to the 
continuous spectrum. 

Let us denote by p,(E,) the density of levels on the energy scale, so that 
Pn(E, dE, is the number of final states n in an interval dE, containing the energy 
E,,. We shall continue to assume that the perturbation H’ is constant in time, except 
that it is switched on at t = 0. The first-order transition probability P(t) from the 
State a to the group of final states n having energies in the interval (E Me —n,E ve +7) 
centred about E{” is obtained by multiplying P(t), as given by (9.24), by 
Pn(E,)dE, and integrating with respect to E,, 


(1) 2 Eptn 2 
Pog (t) = r* | ” [Hal F(t, Ona) Pn(En)dEn (9.51) 
E, —-n 


where @nq = (E, — E“°))/h. Assuming that 7 is small enough so that H/, and p, (En) 
are nearly constant within the integration range, we have 


() 2 Ns 0) EO +n 
Poa 0) = al Abul PoE, ) J, P(t, Ona) d En. (9.52) 


We shall also assume that f is large enough so that the quantity 7) satisfies the condition 
n> 2th /t. (9.53) 


Now, it is clear from the form of the function F(t, w) (see (9.25) and Fig. 9.1) that 
the integral on the nght of (9.52) will be small except for transitions which conserve 
energy (within 6E = 27f/t). Because of (9.53) we can then write 


EO tn +00 
| F(t, Wng)dE, Ah | F(t, @nag) = Wht (9.54) 
E 


(0) 
b — a 


where we have used the result (9.26). Hence (9.52) reduces to 
(1) 20 2 
Pra (t) = = —|Hpal” P(E) t (9.55) 


with E = E® = E)). Thus the transition probability increases linearly with time 
for energy-conserving transitions to a group of states. It is worth recalling that the 
above result is only soundly based if the condition (9.33) required by our perturbative 
approach is obeyed. 

Introducing the transition probability per unit time or transition rate 


dP ba 
Woa = 
dt 


(9.56) 


9.3 
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we see from (9.55) that to first order in perturbation theory we have 
ch ar 
Woo = —-|Hyal” po(E). (9.57) 


This formula, first obtained by P. A. M. Dirac, was later dubbed by E. Fermi the 
‘Golden Rule’ of perturbation theory. We have derived it here for a perturbation H’ 
which is constant in time (except for being switched on at t = 0). However, as we 
shall see below, it can be generalised to other cases and has wide applications in 
quantum physics. 


Periodic perturbation 


Another case for which the equations (9.17) take a simple form occurs when the 
perturbation H’(r) is a periodic function of time, except for being turned on at t = 0. 
We shall assume first that the perturbation changes sinusoidally in time with an angular 
frequency w. That is 


H'(t) = A’ sinwt 
= Aexp(iwt) + A* exp(—iwt) (9.58) 


where H’ isa time-independent Hermitian operator and A = (1/21) H’. Itis assumed 
that the system is initially (say for t < 0) in the unperturbed bound state y°), of 
energy E\), so that the initial conditions are c(t < 0) = | andc,(t < 0) = 0 for 
ba. 

According to (9.19) we have |c,(t)|? ~ 1 fort > 0. In order to find the coefficient 
c\ (t) for t > 0 and b ¥ a, we substitute (9.58) into (9.17b) and use the fact that 
to = 0. This gives 


t t 
ch) (t) = (ih)! {Ase f exp[i(@pq + w)t’}dt’ + Aba | exp[i(@pq — ora | 
0 0 
(9.59) 
where Aga = (W, |AlW) = (2i)-' Hj, and A; = A*,. Performing the integrals, 
we find that 

ay. — 4, L—expli(E,” — EO + ha)t/A) 

+ 1 —expfi(E,” — E® — hw)t/hl 


tA, EO — £O _ hey oe 


a 


where we have used the fact that hap, = E, — E . From (9.18), the corresponding 
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first-order transition probability 1s 


1 — exp[i(E,” — E® + hw)t/h] 


Pra (t) = | Aba 
EO — EP + hw 


gel expli(E,” — E® — hw)t/Al |? 
TA bag (0) (0) 
EE, —Ea —fhw 


It is clear from the above equations that if t is large enough the probability of finding 
the system in the state b will only be appreciable if the denominator of one or the 
other of the two terms on the right of (9.60) is close to zero. Moreover, assuming that 
E & E (so that the levels E© and E}” are not degenerate), both denominators 
cannot simultaneously be close to zero. A good approximation is therefore to neglect 
the interference between the two terms in calculating the transition probability (we 
shall come back to this point in more detail below). Thus, if the energy E : lies ina 
small band about the value 


(9.61) 


E = E+ ho (9.62) 


only the second term in (9.60) will have an appreciable magnitude, the corresponding 
transition probability being given by 


2 
Pi. (t) = aalApal FU, Wha — W). (9.63) 


The main difference with the expression (9.24), obtained for a time-independent 
perturbation, is that the angular frequency w,, has now been replaced by a», — w. 
From the properties of the function F(t, w) discussed after equation (9.25), it is 
apparent that the transition probability (9.63) will only be significant if E - is located 
inan interval of width 27 A/t about the value E° +w. Hence the first-order transition 
probability (9.63) will be appreciable if the system has absorbed an amount of energy 
given (to within 27 A/t) by hw = E,” — E®. This, of course, is nothing but the 
Bohr frequency rule (1.52). When it is exactly satisfied, resonance is said to occur 
and we see from (9.63) and (9.25) that the first-order transition probability increases 
quadratically with time according to the formula 


+ 12 7 2 


ba (t) f2 An ( ) 

In the same way, if the energy E lies in a small interval in the neighbourhood of 
the value 

E=E” — ho (9.65) 


only the first term on the right of (9.60) will be significant. The corresponding 
first-order transition probability will be given by 


(1) 2 2 
Pra (t) = pe Aba F(t, @ba + w) (9.66) 
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and will only be significant if the system has emitted an amount of energy given 
(to within 27 f/t) by hw = E® — E}°). Again resonance occurs if this condition is 
exactly satisfied, in which case the transition probability (9.66) increases quadratically 
with time. It should be noted that in practice ¢ is large enough (t >> 271 /w) so that the 
two bands of width 277 fA /t about the values (9.62) and (9.65) do not overlap. Thus our 
neglect of the interference between the two terms on the right of (9.61) in calculating 
P.” is indeed justified. 

As in the case of a time-independent perturbation, one can consider transitions to 
a group Of final states n whose energy E,, lies within an interval (E - — 7, Ee +7) 
about the value E{”’ = E + fw (for absorption) or Ey = E© — hw (for emission) 
with n > 27h/t. Let p,(E,) be the density of levels E,, on the energy scale. Under 
conditions similar to those discussed above for a time-independent perturbation, a 
transition probability per unit time (transition rate) can be defined. For transitions in 
which the system absorbs an energy iw = E Ne — E), this transition rate is given to 
first order by (Problem 9.6) 


2m: 
Woa = Aba PoC) (9.67) 


where E = E) + fiw. The above expression is clearly the direct generalisation of 
the Golden Rule (9.57). Similarly, for transitions in which the system emits an energy 
hw ~ E© — E}° by making transitions to a group of final states, the corresponding 
transition rate is given (under the same conditions) by 


Qn 
Wha = S| Abal” P(E) (9.68) 


with E = E) — ho. 

Until now we have considered a perturbation H’(t) which is a sinusoidal function 
of time. However, the generalisation of the above results to a perturbation H’(rt) 
which is a general periodic function of time is straightforward. Indeed, we can then 
develop H’(t) in the Fourier series (see Appendix A) 


H'(t) = Y TA exp(inwt) + A’ exp(—inwt)] (9.69) 


n=] 


where the operators A, are time-independent. For large enough times (t > 27/a), 
there is no interference between the contributions of the various terms of this de- 
velopment to the transition probability, because each term corresponds to a different 
energy transfer. A term of the type A, exp(inwt) will therefore lead to the emission 
by the system of an energy given (to within 27 A/t) by nha = E) — Eo while a 
term of the type A‘ exp(—inwt) corresponds to the absorption by the system of the 
energy nhw = E,” — E© (to within 27 h/t). The corresponding first-order transition 
probabilities are readily obtained, either for transitions to a given state b or to a group 
of final states. 
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Two-level system with harmonic perturbation 


As a simple application of some of the concepts developed above, let us consider 
a two-level system, with unperturbed energies E < E{® and corresponding eigen- 
functions y and y{”, respectively. The system being initially in the state a, a 
perturbation of the form (9.58) is switched on at time t = 0. Setting A = | in (9.10), 
we obtain the two coupled equations 


+ 
ad 


+{Ag, exp(i(Aw)t) + A, exp[—1(@ + @p,)t]}cp (9.70a) 


licg(t) = {Aga exp(iwt) + A, exp(—iwt)}c,g 


and 


ihe, (t) = {Aba expli(@oa + @)t] + At, exp(—i(A@)t)}cu 
+{App exp(iwt) + A,, exp(—iat)}cp (9.70b) 


where wy, = (E\? — E®)/h and we have introduced the ‘detuning’ angular frequency 
AW = W — Why. (9.71) 
The system (9.70) must be solved subject to the initial conditions 
Cat <0) = 1 co(t < 0) = 0. (9.72) 


The equations (9.70) cannot be solved exactly, but if it is assumed that |Aw| << w 
(so that the angular frequency w is always close to its resonant value w = wy»,,) then the 
terms in exp(+i(Aw)?) will be much more important than those in exp[+i(w+ wp), )t] 
and exp(+iwt). This is because the latter terms oscillate much more rapidly and on 
the average make little contribution to c, or cy. Itis therefore reasonable to neglect the 
higher frequency terms. This is known as the rotating wave approximation because 
the only terms which are kept are those in which the time dependence of the system and 
of the perturbation are in phase. In this approximation, the system of equations (9.70) 


reduces to 
Wicg(t) = Aap exp(i(Aw)t)c, (9.73a) 
ihc,(t) = A, exp(—i(Aw)t)cq (9.73b) 


where Ay, = (2i)~!H’, = (2i)~'Hj* and A,, = A*,. This system, which is much 
simpler than (9.70), can be solved exactly (see Problem 9.7). The solutions c, (t) and 
c,(t) Satisfying the initial conditions (9.72) are 


Ca(t) = exp(i(Aw)t /2) cos(wat/2) — (=) sin oat 2] (9.74a) 
WR 
and 
Ay, | | 
cp(t) = exp(—i(Aw)t /2) sin(wet /2) (9.74b) 
hwrp 


9.4 
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where 
\Hy I? 1/2 
OR = (a0 a sat] 
A\A) 2 1/2 
= [(aey oars (9.75) 


is called the Rabi ‘flopping frequency’. 
The probability of finding the system at time ¢ > 0 in the state a is therefore given 
by 
A 2 
Ica(t)|? = cos?(wpt /2) + ( 2) sin? (wet /2) (9.76) 
OR 
while that of finding it in the state b (i.e. the probability for the transition a — b to 
take place) 1s 


|Heal° 
h°w, 
As expected, the excitation is a typical resonance process, since the probability (9.77) 
rapidly decreases when the absolute value |Aw| of the detuning angular frequency 
increases. It is also readily verified from (9.74)-(9.77) that |c,(t)|? + lep(t)|? = 1, 
and that the system oscillates between the two levels with a period T = 277 /wr. 

Having obtained ‘exact’ results for this problem (within the framework of the 
rotating wave approximation), we can compare them with those arising from first- 
order perturbation theory. Using (9.19) we find that to first order in the perturbation 
lca(t)|? ~ 1, in agreement with (9.76) when wrt < 1. From (9.63) and (9.25) we 
also note that the first-order transition probability is given by 


Pra(t) = |ep(t)|? = sin? (wet /2). (9.77) 


2 
Pi (t) = aalAbal Ft, Aw) 


— AL 

— f?(Aw)? 
If Aw 4 Othis result agrees with (9.77) provided that the perturbation is weak enough 
so that one can write wr ~ Aw (see (9.75)). On resonance (Aw = QO), we see that 


pr (t) increases quadratically with time according to (9.64). As expected, this result 
is only in accord with the ‘exact’ expression (9.77) for small enough times. 


sin? ((Aw)t /2). (9.78) 


The adiabatic approximation 


The time-dependent perturbation method we have studied above is based on the 
assumption that the magnitude of the time-dependent part of the Hamiltonian, A H(t), 
is small. In this section and the next one we shall study approximation methods in 
which the key parameter is the rate of change of the Hamiltonian H of the system. 
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We begin here by assuming that H varies very slowly with time. We then expect that 
approximate solutions of the time-dependent Schrédinger equation 


., ow 


can be obtained in terms of the eigenfunctions y;(t) of the ‘instantaneous’ Hamilto- 
nian, such that? 


H(t) Wet) = Ex(t)ye(t) (9.80) 


at any particular time t. We then expect on physical grounds that if the Hamiltonian 
H(t) changes very slowly with time, a system which 1s initially (at t = ft) ina 
discrete non-degenerate state wW,(to) with energy FE, (ty) 1s very likely to go over 
to the corresponding state w,(t) with energy FE,(t) at time t, without making any 
transition. 

In order to prove this statement, which 1s often referred to as the adiabatic theorem, 
we Shall use the adiabatic approximation developed by M. Born and V. Fock in 1928. 
Assuming that the wave function W is known at t = to, we expand W fort > fo in 
terms of the ‘instantaneous’ eigenfunctions y;(f) as 


y= Yc.ervne exe| 5 [ Exc a | (9.81) 


where the yy, are assumed to form an orthonormal and complete set. The instantaneous 
energy levels E;(t) are supposed to be non-degenerate and to form a purely discrete 
spectrum. We emphasise that the terms ‘energy levels’ have only a formal meaning 
since the energy is not conserved for a time-dependent Hamiltonian. 

Substituting the expansion (9.81) into the Schrédinger equation (9.79), we have 


9 
ih Dem + ct = Civ Ex | exp) —> ff Ey (t’ | 


= H(t) ys Cee exp) —5 | Ey (a | (9.82) 
k ty 


where the dot denotes a derivative with respect to time, as usual. Using (9.80) we see 
that the right-hand side of this equation cancels the last term on the left-hand side. 
Pre-multiplying both sides of (9.82) by w(t), where the function w(t) is a member 
of the set of ‘instantaneous’ eigenfunctions {W;,(t)}, integrating over the coordinates 
of the system and using the fact that (w,|wW,) = 5y,, we find that 


Cy(t) = acer 5 [ [E,(t') — Ex(t’) de’ Mv al (9.83) 


2 In writing the equation (9.80) the dependence of H and yx on other variables than ¢ has not been 
indicated for notational simplicity. 
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The set of equations (9.83) for all values of b constitutes a system of coupled 
first-order differential equations for the coefficients C;,(t). We shall now show that 
the diagonal terms (k = 5) in this system can be removed. To prove this, let us first 
consider the quantity 


0 
a(t) = (vs al (9.84) 
Ot 
Using the normalisation condition 
(Wit) W(t) = | (9.85) 
and differentiating this equation with respect to the time, we have 
OW, 0 
ee dn) + (ve ee) = a(t) + a(t) =0 (9.86) 


so that a,(t) is purely imaginary and hence may be written in the form a,(t) = 
iP, (t), where B;(t) is real. Next, let us perform on the coefficients C,(t) the phase 
transformation 


C,(t) = cuinexo| i | pu’) | (9.87) 


Using (9.83), (9.87) and the fact that a,(t) = (W,|dw,/dt) = iBp(t), we find that the 
new coefficients C, (t) satisfy the set of equations 


i f' ri) 
C,=- Y cenew| 5 [ [E,(t') — Ey} (vo (9.88) 


k£b 
where the new ‘instantaneous’ energies E,(t) are given by 
E(t) = Ex(t) + AB, (t). (9.89) 


It should be noted that the phase transformation (9.87) on the coefficients C;,(t) 
amounts to the change of phase 


We = Ve exp| ~i i put’) (9.90) 


on the eigenfunctions y,. Assuming that the phases of the eigenfunctions yy, are 
arbitrary at each instant of time’, this change of phase can be performed on all the 
yw,. From here on we shall assume that it has already been made and shall omit the 
primes. 
We now proceed to examine the quantities (W,|dy,/dt) when k + b. First of all, 
by differentiating (9.80) with respect to the time, we have 
OW, dE, OW, 


dH 
oe pe as | ea 9.91 
Vid aa ae? a Vr eke 2") 


3 This assumption is not correct for the case of cyclic systems, as will be discussed below in connection 
with the Berry phase. 


450 MM Approximation methods for time-dependent problems 


Taking the scalar product with yy, we obtain for b # k 


(vs) wn) 4 (voter) Es( vs al 


Remembering that H is Hermitian and using again (9.80) we can rewrite the second 
term on the left of (9.91) as 


(9.92) 


a) 0 0 
(vnieri t) = (Hv tt) Ess i) (9.93) 
Substitution of this result into (9.92) then yields 
7) 0H /dt 0H /odt 
(vs tt) (0H /dt)ox ey ad / Yok ae (9.94) 
Ep(t) — Ex(t) hwp,(t) 
where we have introduced the notation 
0H 
(2H) = (y] 24m 0.95 
Or 
and 
E,(t) — Ext 
wr (t) = as bxk. (9.96) 
Note that w,,(t) is always different from zero since the energy levels are non- 
degenerate. 


Making use of (9.94) and remembering that we omit the primes, we can therefore 
rewrite (9.88) as 


: _ Cy. (t) OH : f / 
C,(t) = > al a1 ). expfi [ wp. (t )dt | (9.97) 


k£b 


This system of equations (for all 5), like the system (9.10) obtained in Section 9.1, 
is Strictly equivalent to the original time-dependent Schrédinger equation. We recall 
that the system (9.10) was obtained by assuming that the Hamiltonian H could be split 
as H(t) = Ho + AH'(t), where Hp is time-independent, and by expanding the full 
wave function W in terms of the eigenfunctions ve of Ho according to (9.6). In the 
present case the expansion (9.81) 1s used, where yy, (t) and E,(t) are time-dependent. 
As aresult, the quantities w,,(t) appearing in (9.97) depend upon the time, in contrast 
to the Bohr angular frequencies a); occurring in (9.10). 

Both systems of equations (9.10) and (9.97) are equally difficult to solve exactly, 
but provide convenient starting points for approximate solutions if there are ‘small 
factors’ on their right-hand sides. As we have seen above, the system (9.10) is an 
adequate starting point for the perturbative approach, based on the fact that A H’(t) 
is small. In contrast, the system (9.97) is useful when dH /dt is small, that is when 
the Hamiltonian H(t) changes slowly with time. If the Hamiltonian of the system 
were independent of the time (0H /dt = 0), then clearly the equations (9.97) would 
yield the solution C, = constant for all b. Hence, if 0H /dt is different from zero but 
is sufficiently small, we can attempt to solve the equations (9.97) approximately by 
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setting the C, equal to constants on the right-hand side. Assuming that the system 1s 
initially (at ¢ = fo) in the state a, we therefore substitute the values Cy, = dx, in (9.97) 
and obtain 


‘ —I,.-l 0H é i Pu 
Cr(t) =h a, o(S) exp if Wha (t )dt (9.98) 
ba to 


for all b 4 a. For b = a we have C, = Oto the same approximation. Integrating the 
equation (9.98) subject to the initial conditions 


C,(t < to) = 0, bZa (9.99) 
we find that 
t OH (t' r 
C,(t) = nf dt’, 0 ~ ’) exol i vrata" | ba. 
lo ba lo 
(9.100) 


We shall refer to this result as the adiabatic approximation for the probability ampli- 
tude C,(f). 

It is apparent from the above derivation that the adiabatic result (9.100) will only 
be valid if |C,(t)| remains small. Thus, if P,4(t) = |Cp(t)|* denotes the transition 
probability from the initial state a to a state b # a we must have 


Poa(t) «1. (9.101) 


A crude estimate of C,(t) may be readily obtained by assuming that both w,, and 
0H /dt are time-independent. From (9.100) we then have 


0H 
C,(t) = tiny og () {exp[1@pa (t = to) | = 1} (9.102) 
ba 


5) 
Ot / ba 


We note that this transition probability does not exhibit any steady increase over a 
long time interval. Moreover, since sin? x < 1, an upper bound for Pp,(t) is given by 


and hence 
2 


Pya(t) ~ 4h 7?w, 4 sin?[@pa(t — to) /2). (9.103) 


4\(0H/dt)bal? 


Pha (t) < 
h°ws, 


(9.104) 

A criterion of validity of the adiabatic approximation may now be formulated as 
follows. Since T = 277/|w q| is the period corresponding to the transition a —> b, 
we see that 


wo, OF T (dH sinaes 
Wba — = —|{ — : 
: ar ),, 2n\ at ),, 
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is the matrix element of the change of the Hamiltonian occurring during the time 
T/2x. From (9.101), (9.103) and (9.105) we then conclude that the adiabatic 
approximation will be valid if 


ao oH (T /2m)(9 H [tba 
ba or 2 


Ep a Ea 
which means that the matrix element of the change of H during the time 7/27 must 
be small compared with the energy difference |E, — Eq|. 

We remark that in the case for which the Hamiltonian varies extremely slowly, one 
has (0H /dt)p, ~ O. In that case P,, = 0, so that the system, initially in the state 
Wa (to), will essentially remain in that state, which at time ¢ has evolved into wW,(f). 
As we mentioned above, this property is known as the adiabatic theorem. 


< | (9.106) 


Comparison with time-dependent perturbation theory 


Let us now investigate the link between the adiabatic approximation and the first- 
order time-dependent perturbation theory developed at the beginning of this chapter. 
In order to do this we shall assume that the Hamiltonian of the system may be split 
as in (9.1) into a time-independent unperturbed part Ho and a small time-dependent 
perturbation which we shall write as H’(t), thus setting A = | in (9.1). We suppose 
that H’(t), and hence the full Hamiltonian 


H(t) = H+ H'(t) (9.107) 


varies slowly with time. Furthermore, we assume that the perturbation H’ is ‘switched 
on’ at the time fg and off at the time ¢ in a smooth way. According to first-order time- 
dependent perturbation theory, the probability amplitude that the system, initially (at 
t = fg) in the (unperturbed) state a, be found at time ¢ (or any subsequent time) in 
the (unperturbed) state b ¥ a is given by equation (9.17b). Performing the integral 
on the right of that equation by parts, we have 


c(t) = (ih)! | —iw, | [H;, (t’) exp(iapat’)]! 


i) 


_., (f(a) ee 
+1, a : EXP(IWpat')dt’ }. (9.108) 
to a 


Using the fact that 0 H’/dt = 0H/dt (see (9.107)) and remembering that the pertur- 
bation H’(t’) goes smoothly to zero at t’ = fg and t’ = f, we find that* 


COW =A ew! (ee eExp(iw, t’)dt’ (9.109) 
b = ba 3 or’ : p ba : ° 


4 Note that if the perturbation H’ is constant in time, except for being ‘switched on’ suddenly at time 
fo and off at time ¢, then the second term on the right of (9.108) vanishes, and upon choosing f9 = 0 we 
retrieve the result (9.20b) of Section 9.2. 
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This expression bears a close resemblance to the adiabatic result (9.100). We re- 
call, however, that in the perturbation formulae the Bohr angular frequency w,, = 
(E,” — E)/h corresponds to the unperturbed energies E and E;” and is therefore 
independent of the time, while in the adiabatic result (9.100) the angular frequency 
Wpa(t) = [E,(t) — Eg(t)]/h corresponds to the ‘instantaneous’ energies F,(t) and 
E,(t). If in (9.100) the angular frequency a», (t) can be replaced by its unperturbed 
value, then both formulae (9.100) and (9.109) lead to the same transition probability 


‘(OH (t' : 
[( ( ’) EXP(i@pat’)dt’| . 
to dt’ ba 


If in addition 0H /dt is also assumed to be time-independent, then (9.110) reduces to 
the estimate (9.103) obtained above for the transition probability. 

An interesting special case is that for which the perturbation H’(t) oscillates in 
time with an angular frequency w according to (9.58). Then 


Pya(t) = hw? 


(9.110) 


0H 

a = iwlA explior) — A’ exp(—iat)). (9.111) 
In order for the adiabatic approximation to be valid, we assume that the oscillation 
of H’ is slow and hence 0H/dt is small. As in Section 9.3, we suppose that 
the perturbation is switched on at fg = O. Inserting (9.111) into the adiabatic 
formula (9.100) and neglecting the time dependence of w»,, we find that 


expli(E,” — E® + hw)t/h] — 1 


60) 
C,(t) ~ —|A 
wa “al ° EO _ EY + ho 


+ expli(E,” — EO — het /h] J (9.112) 


~ ““ba ) 0 
Ey — Ey” —ho 


It is apparent from this result that the transition probability P,,,(t) = |C,(t)|? will 
not increase steadily over long periods of time, except in the two resonant cases 
EO) = E — hw and EO = E) + fw, for which P,_(t) increases quadratically 
with time. Thus when resonance occurs the adiabatic theorem will be violated. If 
E = E) — fw (resonant emission), the second term in the bracket on the right 
of (9.112) can be neglected, and we have w/w, = —1. On the other hand, if E,” = 
E‘) + fq (resonant absorption), the first bracket term in (9.112) can be neglected, 
and w/Wpq = +1. Hence in both resonant cases we see that (9.112) agrees with the 
result (9.60) which we obtained from first-order time-dependent perturbation theory. 

It should be stressed that in the above discussion the perturbation H’(t) in (9.107) 
has been assumed to be weak and slowly varying in time, in which case we found that 
first-order perturbation theory and the adiabatic approximation lead to very similar 
results. Of course, if H’(t) is weak but does not vary slowly with time, then we are 
only entitled to use perturbation theory. On the other hand, if the full Hamiltonian 
H(t) cannot be split as in (9.107) into an unperturbed part Ho and a weak perturbation 
H'(t), but does vary slowly with time, then only the adiabatic approach should be used. 
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Charged harmonic oscillator in a time-dependent electric field 


As an application of the adiabatic approximation, let us consider a charged-particle 
linear harmonic oscillator, acted upon by a spatially uniform, time-dependent electric 
field €(t). If mis the mass and q the charge of the particle, the Hamiltonian of the 


system Is 
oe an ee 
iG ae ee ep 9.11 
(t) mn ge + ah gE (t)x (9.113) 
or 
a | | 
HG) SS 2 2 ae oka (t 9.114 
(t) om Dx + 5 [x —a(t)] aKa (t) ( ) 
where 
ad) = TE (t) (9.115) 


Except for the term —ka*(t)/2 which is constant at a given time, the Hamilto- 
nian (9.114) is that of a linear harmonic oscillator of the same angular frequency 
w = (k/m)'/* as the undisturbed oscillator (without the electric field), but whose 
equilibrium position is displaced at x = a(t). The instantaneous energy eigenfunc- 
tions of (9.114) can thus be obtained by making the substitution x — x — a in the 
linear harmonic oscillator wave functions (4.168), and hence are given by 


1/2 
Wn(x —a) = (=) exp[—a?(x — a)?/2]H, [a(x — a)]. (9.116) 
The corresponding instantaneous energies are 
l l 
E(t) = (x + 5) — skar(t), | a 0 ee (9.117) 


and we note that the angular frequencies 


Ew (t) = E,,(t) _ 


; (n’ —n)w (9.118) 


On'n = 
are independent of the time and equal to their ‘unperturbed’ values (n’ — n)w. 

Suppose that the electric field €(t) is applied at the time fo and that it varies slowly 
with time. Assuming that the harmonic oscillator is initially in its ground state 
(n = Q), we shall use (9.100) to evaluate the probability that it will be left in an 
excited state at time ft}. From (9.114) the time derivative of the Hamiltonian is 


0H 
Or = —kax (9.119a) 
where 
da(t dé (t 
pe te (9.119b) 
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Now, using (4.174) the matrix element x,9 = (Wn|x|Wo) 1s seen to vanish whenn $ 1, 
while for n = 1 we have 


i 1/2 
Xo = 27a! = (=) (9.120) 


2mw 


where we have used the fact that a = (mw/h)'/? (see (4.134). The only non-vanishing 
transition probability is therefore that corresponding to the transition 0 —> 1. Making 
use of (9.100) and (9.118)—(9.120), this transition probability at the time f, is given 


by 
"(0H . 
exp(—iwto) | — exp(iwt)dt 
lo dt 10 


f 2 
| oe) exp(iwr)dt 
fo 


2 


Pio(ty) = [Cy(t)) (2 = A 72w 


q’ 


2mha* 


9.121 
ay ( ) 


Looking back at (9.110), we note that the same result may be obtained by using 
first-order perturbation theory, where 


Hoes hi (9.122) 
m 


is the Hamiltonian of the linear harmonic oscillator in the absence of the electric field, 
provided that the perturbation 


H’(t) = —gE(t)x = —ka(t)x (9.123) 


is assumed to be ‘switched on’ at f = fo and ‘switched off’ at time t = ¢, in asmooth 
way. 

A quick estimate of the probability (9.121) may be obtained by assuming that 
d€ (t) /dt is constant. Then 


9) 2 
Pio(ti) ——— ae | exp(iwt,) — exp(iwty) |” (9.124) 
Now 
q |d€l Rae | a ; aes) 
2mhw>| dt} 2mhw  \ (2hw/m)'/? ; 


and we note that the quantity vy. = (Aw/m)'/? is the maximum speed of a ‘classical’ 
oscillator having the zero-point energy Aw/2. Hence, the condition of validity (9.101) 
of the adiabatic approximation will be satisfied if the equilibrium point moves slowly 
with respect to the speed v,. In the limit of a very slow motion of the equilibrium 
point (corresponding to an electric field €(t) which changes very slowly) we see that 
Pio X O so that the harmonic oscillator remains in the ground state (n = 0), in 
agreement with the adiabatic theorem. 
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The Berry phase 


In discussing the adiabatic approximation, it has been assumed that the phases of the 
eigenfunctions y(t) are arbitrary at each instant of time. This was the generally 
accepted position until 1984, when M. V. Berry showed that in a cyclic system in 
which the Hamiltonian at time ¢; 1s the same as at time fg there is a relative change in 
phase between yx (fo) and Wx (t¢) which cannot be removed by a phase transformation 
and which has observable consequences. Infact, before Berry demonstrated this result 
generally, a particular case had been discovered by C. A. Mead and D. Truhlar which 
explained some anomalies observed in molecular spectra. 

Let us consider the case in which H(t) 1s varying so slowly that the adiabatic 
theorem applies and the system always remains in the initial non-degenerate state with 
energy E,(t) and eigenfunction w(t). The (approximate) solution of the Schrédinger 
equation (9.79) is then a single term of the expansion (9.81), and 


W(t) = Cal volt) exp] — 5 | Esa | (9.126) 


The wave function V(t) can be normalised to unity and as the system is in the state 
W,(t) at t = tog we can set C,(to) = 1. Since wy, (t) is also normalised to unity, C, (ft) 
for t # to 1s a phase factor, so that 


Ca(t) = expliys(t)] (9.127) 


where y,(t) is real and y,(to) = 0. By inserting W(t) given by (9.126) into (9.79) 
and using (9.80), y(t) is seen to satisfy 


a 0 
1Va(t) Wa(t) = — 5, val) (9.128) 
with the solution 
d “i ) 
Ya(t) = if (Ya(t)| - de’. (9.129) 
i) 
If the system is cyclic so that H(t) returns to its value at t = fo at a later time fy, 
A(t) = H(to) (9.130) 
with the consequence that 
E(t) = E, (to), Wa (tf) = Wa (to). (9.131) 
The accumulated phase change over the period from f to ty is the Berry phase yz, 
where 
ee ) - ) 
Ya = ify (Wa (t')| ——— “ ——-) dr’. (9.132) 
fo 


Let us try to eliminate the phase y, by making a transformation in which y(t) is 
replaced by w(t), where 


Wi(t) = Walt) expfin(t)). (9.133) 
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Under this transformation the Berry phase becomes y,,, where 


0 
if (wi'’y| Vea 


i [vate He ya - far 


Va 


dt’ 
= Ya — H(t) + H(to). (9.134) 


Since Wa(ts) = Wa(to) and wi (tr) = Wa (to), it follows that n(t-) — n(to) = 27n, 
where n is zero or an integer. Consequently the factor exp(iy,) = exp(iy,) cannot 
be removed by a phase transformation of the eigenfunction w,. The phase y, is an 
observable and its existence gives rise to experimentally verifiable consequences, an 
example of which will be discussed in Chapter 12. 

The Hamiltonian H(t) may derive its time dependence through a number of 
parameters, each of which is slowly varying with time. A frequently encountered 
case is when the parameters are the components of external electric or magnetic 
fields which interact with the system under consideration. Another example arises in 
developing the theory of diatomic molecules. In this case the Hamiltonian describing 
the motion of the electrons depends on the relative position vector R of the two nuclei. 
Because of the large mass of the nuclei compared with that of the electrons, R can be 
treated as a slowly varying parameter. This will be studied in Chapter 10. 

Let us consider the case in which H(t) depends on ¢ through three parameters 
c(t), c2(t), c3(t), so that 


Ai):= ACG). 2S 122;3. (9.135) 


Since H(t¢) = H(to), we have c;(ts) = ci(to) and using a vector notation (9.132) 
can be written as 


Ya =1 ) (Wa(e)|VeWale)) - de (9.136) 


where V, is the gradient in parameter space. The integral in (9.136) is a line integral 
taken around the closed curve c = c(t) in parameter space. The quantity A(c) defined 
as 


A(c) = 1(Wa(€)|VeWa(e)) (9.137) 


is known as the Berry connection or as the Berry gauge potential. Since the Berry 
phase depends on the closed curve ¢, it is often called a geometrical phase and such 
phases have been shown to arise in many non-adiabatic situations in addition to the 
strictly adiabatic context discussed here. By applying Stokes’s theorem y, can be 
expressed as 


Ya = favo -de = [x -dS (9.138) 
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9.5 


where the integral on the right is over a surface S bounded by the closed curve c and 
B=V,.~x A(c). (9.139) 


The Berry connection A acts as a kind of vector potential and B is the corresponding 
field (in parameter space) known as the Berry curvature. The significance of these 
considerations will become apparent when we discuss the Aharonov-Bohm effect in 
Chapter 12, where B will be taken to be a magnetic field, but it should be emphasized 
that the formalism is quite general and can be extended to systems depending on any 
number of parameters c; (ft). 


The sudden approximation 


In this section we shall consider the case for which the Hamiltonian H of the system 
changes with time very rapidly. We have already treated in Section 9.2 the case of 
a small perturbation which is ‘switched on’ suddenly at a given time; we shall now 
generalise this treatment so that we may handle large disturbances as well. In order 
to do this, let us first consider the situation in which the Hamiltonian H changes 
instantaneously at t = 0 from Ho to H;, where Ho and H, are both constants in time. 
Thus fort < 0 we have H = Ho, with 


Ho, = Ev, (9.140) 


where the superscript zero emphasises that we are dealing with eigenfunctions and 
eigenvalues of Hp. The eigenfunctions vi are assumed to be orthonormal and to 
form a complete set (which is not necessarily discrete). Fort > 0, we have H = H,, 
with 


Hye? = EV ge (9.141) 


and the eigenfunctions ¢‘") are also assumed to form a complete, orthonormal set. We 
can therefore write the general solution of the time-dependent Schrédinger equation 
for this problem as 


Bt) = yO exp(-iE'r/h), = < 0 (9.142a) 
k 
and 
W(t) = Yd @™ exp(-iE,r/h), > 0 (9.142b) 


where the summation symbol implies a sum over the entire set (discrete plus continu- 


ous) of eigenfunctions. Assuming that W is normalised to unity, the time-independent 


coefficients c,” and d‘") are respectively the probability amplitudes of finding the 


system in the state yy,” att < O and in the state 6") att > 0. 
We now recall that since the time-dependent Schrodinger equation, ihodW/dt = 


HY, is of first order in the time, the wave function Y(t) must be a continuous 
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function of ¢t. This is true in particular at t = 0. We may therefore equate the two 
solutions (9.142a) and (9.142b) at t = 0, and we find in this way that 


va =). oO. (9.143) 
k n 


This relation allows one to express the d coefficients in terms of the c coefficients. 
Indeed, taking the scalar product of both members of (9.143) with a particular 
eigenfunction ¢“") of A, we find that 


d= eo Wy, (9.144) 
k 

The above relation is an exact one for the ideal case of an Hamiltonian H which 
changes instantaneously att = 0. In practice, the change in H happens during a finite 
interval of time t. If this interval is very short (we shall give a more precise meaning 
to this statement below), we may in first approximation set tT = 0 and continue to use 
equation (9.144) to obtain the probability amplitudes d‘"); this procedure is known 
as the sudden approximation. 

A simple criterion of validity of the sudden approximation may be obtained as 
follows. Let us assume that H = Ho fort < 0, H = H, fort > tr and that during the 
‘intermediate’ period O < t < t wehave H = H;, where H; is also time-independent. 
If { x?) denotes a complete, orthonormal set of eigenfunctions of H;, such that 


Hix)? = EP x? (9.145) 
we can expand the general solution of the time-dependent Schrédinger equation as 
W(t) = Bes  exp(—iE,t/h), t<0 (9.146a) 
yO _ = pli) 
= exp(—iE, 't/h), O<t<tT (9.146b) 
= > di) 6) exp(-iE(?1/h), t>T (9.146c) 


where the coefficients ae are also time-independent. Expressing that the wave 


function Y(t) is continuous at t = 0 we obtain from (9.146a) and (9.146b) 
ye COYO = > ax (9.147) 
k I 
so that 


aS ela We (9.148) 


k 


Similarly, the continuity of W(t) at t = t yields from (9.146b) and (9.146c) 


a res exp(—iE}/h) = » do exp(-iEr/h) (9.149) 
l n 
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and by taking the scalar product of both members of this equation with a particular 
eigenfunction ¢") of H), we find that 


A” = Ya;  1x/?) expli(E.) — E;?)t/h). (9.150) 
l 


Using (9.148), we can also write the above relation as 


BM = ce Lx xf We”) expli(E — Ey”)t/A). (9.151) 
k l 


Let us compare the above result with the sudden approximation expression for d‘? 
given by (9.144). First of all, we note that if tr = 0 we can use the closure relation 
satisfied by the eigenfunctions rds to perform the summation on 7 in (9.151). The 
resulting expression for d‘”) is then given by (9.144), as expected. When t # 0 it 
is apparent that the difference between the exact expression (9.151) and the sudden 
approximation result (9.144) arises from the fact that exp[i(E“”) —E Ns /h] differs 
from unity. In order for the sudden approximation to be valid, it is therefore necessary 
that t be small in comparison with all the quantities A/|E) — E, |, This rather 
complicated condition can be simplified by making use of the fact that highly energetic 
new states of motion (having short periodic times) usually have a relatively small 
probability of being excited. A useful criterion of validity of the sudden approximation 
is then obtained by requiring that the time t be small with respect to a typical period 
associated with the initial motion. 

Let us now return to the sudden approximation result (9.144). An interesting special 
case is that for which the system is initially (for tf < 0) ina particular stationary state 
WO exp(-iE©r/h), where y is an eigenstate of Ho. Then ce = dx4, So that 
the probability amplitude of finding the system in the eigenstate ¢“') of Hj after the 
sudden change in the Hamiltonian has occurred 1s 


AY) = (POO), (9.152) 


Comparison with time-dependent perturbation theory 


It is interesting to compare the method used above to obtain the sudden approximation 
results (9.144) and (9.152) with that employed in Section 9.2 to treat the case of a 
perturbation H’(t) which is “switched on’ suddenly at t = O and is then constant in 
time. In both cases the Hamiltonian of the system is equal to Ho at t < 0, and the 
solution of the time-dependent Schrédinger equation is expanded in the complete set 
of eigenfunctions vi of Ho as (see (9.4) and (9.142a)) 


W(t) = oe wy exp(-iE t/A), = t <0. (9.153) 
k 
The two methods, however, differ in the way of handling the situation fort > 0. In 


the case of the sudden approximation, the wave function W(t) is expanded for t > 0 
in terms of the eigenfunctions ¢"") of H,, namely (see (9.142b)) 


W(t) = ye de? exp(—iE(t/h), t>0 (9.154) 
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and one obtains the (time-independent) probability amplitudes d‘") of finding the 
system in the eigenstate ¢“') of H,. It should be stressed that the sudden approximation 
results (9.144) and (9.152) are valid whatever the magnitude of the disturbance, 
provided that the time interval t is sufficiently short. On the other hand, in the 
perturbative approach one starts from the exact expansion of W(t) in terms of the 
eigenfunctions vi of Ho (see (9.6)) 


Wit) = Do cx(t)yy exp(-iEy't/h), — t > 0 (9.155) 
k 


in which the coefficients c;,(t) depend on the time because the perturbation H(t) 
can cause transitions between the eigenstates of the unperturbed Hamiltonian Hp. In 
Section 9.2 the coefficients c,(t) were determined to first order in the perturbation, 
assuming that a weak enough perturbation H(t) is turned on at ¢ = O and is 
subsequently constant in time. If the system is initially in the eigenstate w of 
Ho (so that a = dx), the first-order probability amplitude ci) of finding it att > O 
in a different eigenstate ve of Ho is then given by (9.17b). 

It is also interesting to note that since (9.154) and (9.155) are two expansions of 
the same wave function W(t) for t > 0, we may write 


YS ce(t) Wp exp(-iEy t/h) = Be exp(-iEt/h), t>0. (9.156) 
k 


Multiplying both members of this equation on the left by we, integrating over the 
coordinates of the system, and using the orthonormality of the functions ve, we find 
that 


co) = dint 016) expfi(EO — E)t/A], tt > 0. (9.157) 


In particular, if the system is initially in the eigenstate wy of Ho and the time interval 
t is short enough so that the sudden approximation 1s valid, the probability amplitudes 
d\") are given by d\) = (@!|w) (see (9.152)), and we have 


colt) = doe 16h?) (G0 LW) expli(E,” — EM?)t/h], = t > 0. (9.158) 


n 


Charged harmonic oscillator in a time-dependent electric field 


As a first application of the sudden approximation, we shall consider once again a 
charged-particle linear harmonic oscillator acted upon by a spatially uniform, time- 
dependent electric field E(t). The Hamiltonian of this system is therefore given 
by (9.114). Att = 0 the electric field is switched on suddenly (i.e. in a time t much 
shorter than w~', where w is the angular frequency of the oscillator), and afterwards 
it is assumed that it has the constant value €&). Thus we have 

h? &? I; 


H= Ho ale ee) + 5 kx 5 t <0 (9.159) 
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and 
a on a ce 
Ne: ie ee) iad ; {>T (9.160) 
with 
E i 
pa (9.161) 
k mo? 


The Hamiltonian Ho being that of a linear-harmonic oscillator, its eigenfunctions 
are the harmonic oscillator wave functions w,,(x) given by (4.168). We shall assume 
that the oscillator is initially (at t < 0) in its ground state Wo(x). The Hamiltonian 
H, is, except for the constant term —ka*/2, that of a linear-harmonic oscillator of 
the same angular frequency w as Ho, but oscillating about the point x = a. The 
eigenfunctions ¢"')(x) of H, are therefore given by 


b" (x) = Wn(x — a) (9.162) 


where w,, (x —a) are the ‘displaced’ linear-harmonic oscillator wave functions (9.116), 
with the constant a given by (9.161). The corresponding eigenenergies of H are 


l l 
a ( + | ) no — <ka’ 


2 Z 
l ae, 
: (n+ 5) tw — 2°, Oe cc2.: (9.163) 


Let us now calculate the probability amplitude that the oscillator, initially (att < 0) 
in the ground state Wo(x) of Ho, be found in the eigenstate ¢") of H, after the 
sudden change in the Hamiltonian has occurred. Using the sudden approximation 
expression (9.152) with w = wWo(x) and 6{” = w,(x — a), we have 


+00 


i = Wk (x — a)Wo(x)dx. (9.164) 


This integral can be evaluated with the help of the generating function (4.156) for the 
Hermite polynomials. The result is (Problem 9.9) 


(—1)"(aa)" exp(—a’a*/4) 


(1) 
a = POLE (9.165) 
where a = (mw/h)'/?. The corresponding probability is 
PO = gq? = (wa)™ exp(—a*a*/2) (9.166) 
n n ann ' 
and we note that it may be written in the form of a Poisson distribution? 
ee (9.167) 


n! 


> See, for example, Feller (1970). 
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where the mean n has the value 
q°€) 
2mhw> 


l 
A= 5 (aay = (9.168) 
The above calculation of P‘" is valid if the time t during which the Hamiltonian 
changes is very short (t < w !'), whatever the strength € of the electric field. In 
the limiting case for which |g&y| >> (mfiw*)'/*, corresponding to strong coupling, 
we have n > | and we see from (9.167) that 


P\? =exp(—”) «1. (9.169) 


The probability of finding the system in the ground state of H, after the electric field 
has been applied is therefore very small, in complete contrast to the result obtained 
in Section 9.4 under adiabatic conditions (see the discussion following (9.125)). In 
fact, for large n the maximum of P\") occurs for the value n = A, so that the energy 
se of H, which will be excited with the highest probability is that having the energy 
Bo 

‘Inthe opposite limiting case, |g&o| K (mhw")'/”, corresponding to weak coupling, 
we expect the results of the sudden approximation to agree with those of first-order 
time-dependent perturbation theory. To verify that this 1s indeed the case, we first note 
that the weak coupling condition |g&o| « (mfw*)'/? implies thatn «< 1. Hence, 
from (9.167) the probability of finding the system in the eigenstate pi = W,(x —a) 
of H, after the electric field has been turned on is given by 


py ~ (9.170) 
n n! 
We see from this equation that P\”’ ~ 1. We also have 
2¢2 
PY ~,— 4 “0 9.171 
yO  Umhor aoe 
so that Pp < 1. For higher values of n the probabilities P\’ become utterly 


negligible. Now, from (9.157) and (9.165), we can also obtain the probability of 

finding the system at timet > Oina particular eigenstate of the unperturbed harmonic 

oscillator Hamiltonian Ho. Using the fact that jaa| = |gEo|/(mhw*)'”? is small with 

respect to unity in the weak coupling limit, itis straightforward to show (Problem 9.10) 

that the only eigenstate of Ho which will be excited with a sizeable probability is the 

first excited state yw, (x), the corresponding transition probability being 

2¢2 

Pio(t) = lat) |? x ao sin? (wt /2). (9.172) 
mhaw? 

This result agrees exactly with that obtained from the first-order perturbation theory 

formula (9.24), as is readily checked by noting that (a) the perturbation is H’(t) = 

—q€ox and (b) the only non-vanishing matrix element of H'(t) connecting the ground 
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state to another state of Ho is 


Ayo = —qg&ox10 


hi 1/2 
= -ao( ) (9.173) 


2mMw 


where we have used (9.120). 


Beta decay of the tritium nucleus 


A second interesting illustration of the sudden approximation is provided by the 
following problem. Consider a tritium atom containing a nucleus 7H (the triton, also 
denoted by the symbol T) and an electron. The triton nucleus, which has a mass 
number A = 3, contains one proton and two neutrons. It is an unstable nucleus, since 
by beta emission® it decays into the nucleus *He (which contains two protons and one 
neutron), an electron e” and an electron antineutrino v,. That is, 


3H — *He +e7 + ie. (9.174) 


Assuming that the tritium atom is in its ground state before the B-decay of >H takes 
place, what is the influence of this decay on the atomic electron? 

In order to answer that question, we first note that in the B-decay process (9.174) 
the electron is emitted from the triton nucleus with an energy which, in most cases’, is 
of the order of several keV. The velocity v of the 6-electron is therefore usually much 
larger than the velocity v9 = ac X c/137 of the atomic electron in the ground state of 
tritium. Thus, if a9 denotes the first Bohr radius (1.66), the B-electron will leave the 
atom in atime t ~ ag/v, which is much shorter than the periodic time T = 27aq/ v9 
associated with the motion of the atomic electron. As a result, one can say for all 
practical purposes that when the tritium nucleus *H decays by beta emission into *He, 
the nuclear charge ‘seen’ by the atomic electron changes instantaneously from Ze to 
Z'e, where Z = | and Z’ = 2. The Hamiltonian of the system is therefore given for 
t < 0 by that of the original tritium atom (7H + e7): 


H=h=-—V —_——_—_—— Z=1 (9.175) 


and for t > O by that of the (He + e7) ion: 


H=H, _ Vp Ze Z'=2 (9.176) 
2m (47 €o)r 


© Beta decay is discussed, for example, in Burcham and Jobes (1995). 

7 More precisely, the energy of the B-decay is shared between the three particles in the final state, so 
that there is a whole spectrum of electron energies, extending from zero to about 17 keV. However, only a 
very small fraction of the electrons emitted in the process (9.174) have a velocity less than or comparable 
to that of the atomic electron; the effect of these low-velocity 6 electrons may therefore be neglected in 
first approximation. 
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where m is the mass of the electron. In writing the above equations we have made 
the infinite nuclear mass approximation, so that small recoil effects are neglected. 

The eigenfunctions of the Hamiltonians Ho and H, are clearly hydrogenic wave 
functions corresponding respectively to the atomic number Z = | and Z’ = 2. Since 
the tritium atom is assumed to be initially in its ground state (with quantum numbers 
n = 1,1 =0,m = 0) the probability amplitude d‘,?_, of finding the atomic electron in 
a discrete eigenstate (n’l’m’) of the (*He +e) hydrogenic Hamiltonian H, att > 0 
is given from (9.152) by 

di‘) = ( or We} 


n'l'm’ n'l'm’ 


= | 2 rye) we) dr (9.177) 


where VO (r) denotes a discrete hydrogenic wave function, the atomic number Z 
being indicated explicitly as a superscript. 
The overlap integral (9.177) can be simplified by remembering that the hydrogenic 


wave functions ys! (r) are given by (see (7.134)) 


nlm 


Voim(P) = Ruy (Yim, ) (9.178) 
where R®(r) are normalised radial hydrogenic wave functions (see (7.139)) and 
the functions Y),,(@, @) are the spherical harmonics. From the orthonormality prop- 
erty (6.103) of the Y;,, we find that the only non-vanishing probability amplitudes 


As are those corresponding to s-states (/’ = m’ = 0), which are given by 
ce , 
d\), = | RO) ry Rm? rr? dr (9.179) 
0 
Let us consider first the particular case for which n’ = 1. Using the first radial 


function (7.140) with a, = ao, we find that 
we (Z'=2 Z=1) 
aa. = ] RV‘ - (r) Rie (r)r°dr 


oO 
= hat drr’ exp(—3r/do) 
0 


16/2 
a 9.180 
7 ( ) 
Hence the probability that the (*He + e~) ion be found in its ground state is 
512 
Pi = Idi? = =— X 0.702. 9.181 
100 = !4jo0! 739 ( ) 


The total probability for excitation and ionisation of the (He + e7 ) ion is therefore 
equal to [1 — P\j)] ~ 0.298. 
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Problems 


More generally, the integral (9.179) can be performed for any value of the quantum 
number n’. The resulting probability of finding the (*He + e7 ) ion in an s-state with 
principal quantum number n’ is found to be 
2 (n' _ Dy 


Pea = (9.182) 


(n’ ats 2)2n'+4 
In particular, the probabilities of excitation of the first few s-states are given by 
3 
ay 993° 92 


PX? = 0.250, PS ao'= 0.013, Pi) = aa 0.004 (9.183) 


and the ionisation probability is 


©, @) 
Pion =). Pegg = 0026: (9.184) 
n'=1 
9.1 Consider a particle of charge g and mass m, which 1s in simple harmonic 
motion along the x-axis so that its Hamiltonian is given by 
nd | 
Ay = —— + —kx? 
oom dx? 2 
A homogeneous electric field €(t) directed along the x-axis is switched on at time 
t = 0, so that the system is perturbed by the interaction 
H'(t) = —qx€(t). 
If €(t) has the form 
E(t) = Eyexp(—t/t) 
where & and t are constants, and if the oscillator is in the ground state for t < 0, 
find the probability that it will be found in an excited state as tf — oo, using (9.17). 
9.2 A particle of charge qg, in simple harmonic motion along the x-axis, is acted 
on by a time-dependent homogeneous electric field 
E(t) = Ey exp[—(t/t)*] 
where & and t are constants. If the oscillator is in its ground state at t = —oo, find 
the probability that it will be found in an excited state as t — oo. 
(Hint: Use the integral (2.48).) 
9.3 A hydrogen atom is placed in a time-dependent homogeneous electric field 


given by 
E(t) = E(t? +17)! 


where & and t are constants. If the atom is in the ground state at t = —oo, obtain 
the probability that it will be found in a 2p state at t = +00. 
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(Hint: Use the integral [7~ e! (t? + t7)~'dt = (/t)e~".) 
9.4 Verify that c,(t) and c,(t) given by (9.39) satisfy the equations (9.37). 


9.5 Show that the expressions (9.43) agree with the exact results given by (9.39) 
to first order in H’ and for small times t. 


9.6 Prove equation (9.67). 
9.7 Verify that c,(t) and c,(t) given by (9.74) satisfy the equations (9.73). 


9.8 Consider a charged-particle linear-harmonic oscillator acted upon by a ho- 
mogeneous time-dependent electric field 


E(t) = Ey exp[—(t/t)’] 


where €o and t are constants. Assuming that d€(t)/dt is small, and that at t = —co 
the oscillator is in the ground state, use the adiabatic approximation to obtain the 
probability that it will be found in an excited state as tf — oo. Compare your result 
with that obtained in Problem 9.2 by using perturbation theory. 


9.9 Using the generating function (4.156) for the Hermite polynomials, perform 
the integral on the right of (9.164) to obtain the result (9.165). 


9.10 Consider a charged-particle linear-harmonic oscillator, the Hamiltonian Ho 
of which is given by (9.159). At t¢ = Oa constant electric field & is suddenly 
switched on, so that for t > O the Hamiltonian H, of the system is given by (9.160). 
Show that in the weak coupling limit the only eigenstate of Hg which will be excited 
with a sizeable probability is the first excited state wy, (x), and that the corresponding 
transition probability Pio(t) is given by (9.172). 


9.11 A particle is in the ground state of a one-dimensional infinite square well with 

walls at x = Oand x = L. At time t = 0, the width of the well is suddenly increased 
to 2L. Find the probability that the particle will be found in the nth stationary state 
of the expanded well. 


9.12 A particle is in the ground state of a one-dimensional infinite square well 
with walls at x = 0 and x = L. At time t = O the walls are suddenly removed so 
that the particle becomes free. 


(a) Find the probability M(p,)dp, = |¢(p,)|’dp, that a measurement of the 
momentum of the particle will produce a result between p, and p, + dp,. 

(b) Explain why a measurement of the energy of the particle after the walls are 
removed need not give the same result as the initial energy. 

(c) Calculate the corresponding probability Il(p,)dp, = |@(px)|*dpx for the case 
in which the particle is initially in the nth energy eigenstate. Show that your 
result is in agreement with the uncertainty principle and that for large 7 it is in 
accord with the correspondence principle. 
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In this chapter some illustrative examples of applications of quantum mechanics to 
systems containing two or more particles will be described. Following a review of 
the general formalism, we discuss in Section 10.2 the special features which arise for 
systems of identical particles. In Section 10.3 we study the ground state of a gas of 
spin-1/2 fermions. In the next two sections we show how the theory can be applied 
to analyse the structure of atoms, and the following section deals with the elements 
of molecular structure. Finally, in Section 10.7 we consider some examples drawn 
from nuclear physics. 


Introduction 


Let us consider a quantum mechanical system of N particles. The basic dynamical 
variables of the ith particle are its position vector r;, momentum p; and — if this 
particle possesses spin — its spin angular momentum S;. Let q; be a complete set 
of commuting observables for particle 1, for example its position r; and the third 
component of its spin S;-. In the Schrédinger picture and the position representation, 
the system is described by a wave function W(q, qg2, ... , gn, ft) which satisfies the 
time-dependent Schrédinger equation 


a) 
Mee ea ,qn,t) = HW(q, q2,.--.9Nn,1) (10.1) 
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where the Hamiltonian H is the sum of the total kinetic-energy operator T and the 
potential-energy operator V 


H=T+V. (10.2) 


In terms of the momentum operators p; and the masses m; of the particles, the kinetic 
energy operator is given by 
N 2 
T= —, (10.3) 


The potential energy V can in principle depend on all the basic dynamical variables 
of the N particles (coordinates r;, spins S; ...). In the presence of an external field 
V can also be a function of the time variable ¢t, but in this chapter we shall restrict our 
attention to systems for which V (and hence the Hamiltonian /7) is time-independent. 
As a result, there exist stationary-state solutions of the Schrédinger equation (10.1) 
having the form 


Wig... dnt) = Wig... que (10.4) 


where EF is the total energy of the system and W(q\,...,qyn) 1S a Solution of the 
time-independent Schrodinger equation Hw = Ew. 

The observables r; and p; satisfy the commutation rules discussed in Section 5.4: 
all operators referring to one particle commute with all those referring to another, 
while for an individual particle 1 the Cartesian components (x;, y;, z;) of r; and 
(Pix, Piy, Piz) Of pj; satisfy the basic commutation relations (5.89). Moreover, we 
recall that in the position representation the operators r; and p; are given respectively 
by (Fj )op = Fj and (pj )op = —ih Vj. 

The total orbital angular momentum of the system is the vector sum of the individual 
orbital angular momenta L; = r; x p;: 


N 
L=) Lj. (10.5) 
i=] 


Similarly, if the particles possess spins S;, the total spin angular momentum is 


N 
S=) §,. (10.6) 
i=] 


The total angular momentum J is the vector sum of the total orbital- and total spin- 
angular momentum vectors: 


J=L+S. (10.7) 


In what follows we shall as a rule use capital letters to denote the values of the 
quantum numbers associated with the total orbital angular momentum, total spin and 
total angular momentum of systems containing more than one particle. 

In an isolated system (that is a system not acted on by external fields), the total 
angular momentum must be conserved. This implies that J? and J. commute with 
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Figure 10.1 A set of Jacobi centre-of-mass coordinates for a three-particle system. The centre 
of mass of particles 1 and 2 is located at A and the centre of mass of the whole three-particle 
system is at B. 


H and simultaneous eigenfunctions of H, J? and J, can be found. The energy 
eigenvalues depend, in general, on the value of the total angular momentum quantum 
number J, but not on the quantum number M, associated with J.. This is because 
in the absence of external fields there is no preferred direction in space, the energy 
cannot depend on the arbitrary choice of z-axis and hence cannot depend on the value 
of M,. The system is said to be rotationally invariant. 

In general, the motion of the centre of mass of the system 1s not of interest, since 
in the absence of external fields the centre of mass 1s either at rest or moves with a 
constant velocity. We have already seen how, in the case of a two-particle system, 
the motion relative to the centre of mass is described by the one-body Schrédinger 
equation 


2 
oie. 3 e— | - =v + vin) [ver t) (10.8) 
Or 2p 


where « = mym)/(m, + mp2) is the reduced mass and r = r; — r> 1s the relative 
position vector of the particles 1 and 2. Suitable sets of centre-of-mass coordinates 
(which are not unique) can be constructed for systems containing any number of 
particles. For example, for a three-particle system with masses m,, m2, m3, we can 
Start by introducing the relative position vector r and reduced mass yz of a two-particle 
sub-system, for instance particles 1 and 2. The motion of this sub-system relative to 
the third particle, in the centre-of-mass system, is then described in terms of p, the 
relative position vector of particle 3 and the centre of mass of particles 1 and 2 (see 
Fig. 10.1), and a corresponding reduced mass jz’ = (m, +™2)m3/[(m, +m2)+m3]. 
In this case, the Schrédinger equation is 

new = Ay an V w 10.9 
Lary np. = [=> roy at r.p)| (r, p,t). (10.9) 
A four-particle system can be treated either by considering the motion of particle 4 
relative to the centre of mass of the three-particle sub-system, or by considering 
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the relative motion of two sub-systems each containing two particles. In coordinate 
systems of this kind, called Jacobi coordinates, the kinetic energy is separable, no 
cross terms like V,.V, appearing. This approach, while straightforward for systems 
containing a few particles, is not usually convenient for many-particle systems. A 
more suitable general procedure for N-electron atoms can be found in Appendix 8 of 
Bransden and Joachain (1983). 

An interesting special case is one in which there is no interaction between any pair 
of particles but each particle may interact with an external potential. This occurs, for 
instance, when the particles are so far from each other than their mutual interaction 
is negligible. In this case the Hamiltonian of a system of N particles is the sum of N 
single-particle Hamiltonians h;: 


N 
H= yo hi (10.10) 
i=l 


Let us denote by u,(g;) the normalised eigenfunction of h; corresponding to the 
eigenenergy E,: 


hju;(qi) = E,u,(qi) (10.11) 
A solution of the Schrodinger eigenvalue equation 
HwW(q1,492,---,49n) = EW(q1, q2,---49N) (10.12) 


is then given by the product 


W(Qt, 92,+-. 59N) = Ualqiup(q2)...Ua(qi)...Uy(qn) (10.13) 
where each of the symbols a, 6,...A,...v represents a set of quantum numbers 
characterising the individual (one-particle) states uy, ug,...U,,...uy. In addition, 
the total energy E is just the sum of the individual energies 

EF=EF,gt+tEgt:::+&at+:: + &y. (10.14) 


The product wave function (10.13) describes an uncorrelated system such that 
measurements of the properties of one particle can be made independently of the 
others. Wave functions for systems of mutually interacting particles can never be 
expressed, except approximately, as a single product of one-particle wave functions. 
They are said to be entangled; the corresponding states are also said to be entangled 
and measurements cannot be made on one particle without affecting the others. 


Systems of identical particles 


Two particles are said to be identical when they cannot be distinguished by means of 
any intrinsic property. While in classical physics the existence of sharp trajectories 
makes it possible, in principle, to distinguish ‘classical’ particles by their paths, in 
quantum mechanics there is no way of keeping track of individual particles when the 
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wave functions of identical particles overlap. As a result, it is impossible in quantum 
mechanics to distinguish between identical particles in regions of space where they 
may be found simultaneously, such as in their interaction region. As we shall now 
see, this quantum mechanical indistinguishability of identical particles has profound 
consequences. 

Let us consider a quantum-mechanical system of N identical particles, and let q; 
denote the ensemble of the (continuous) spatial coordinates r; and (discrete) spin 
coordinate of particle i. Because the N particles are identical, all observables 
corresponding to this system must be symmetric functions of the basic dynamical 
variables. In particular, the Hamiltonian H of the system must be symmetric in the 
interchange of any pair of particles i and j. Specifically, if we denote by Pj; an 
operator which interchanges the variables q; and q; of particles i and j, then this 
operator commutes with the Hamiltonian: 


[Pi;, H] =0. (10.15) 


In general, an exact eigenfunction w(qg),... , gn) of H has no particular symmetry 
property under the interchanges of the variables g;. However, it is important to recog- 
nise that if W(q1,...,qGi,--->4j,-++» Qn) Is an eigenfunction of H corresponding 
to the eigenvalue E, then so is P;;, where 


PisW(q,.---. a / eee >QDjr-e- Gn) = W(q,-.- »Qjo--- 1 Gis oes Gn). (10.16) 
Since two successive interchanges of q; and q; bring back the original configuration, 
Pi=l (10.17) 


so that the eigenvalues of the operator Pj; are ¢ = +1. Wave functions corresponding 
to the eigenvalue ¢ = | are such that 


PisW(q,---. »Qj,-.-- »Djrees GN) = W(qi,.-- >Jjr--- »qis--- Gn) 
= W(q1.---5Gi,---5Qj,---,9n) (10.18) 
and are said to be symmetric under the interchange P;;. On the other hand, wave 
functions which correspond to the eigenvalue ¢ = —1 are such that 
PisWd,..- 1 Gis +--+ »QVjs--- Gn) = W(q,.-- >Gjr---5QGi,--- Gn) 
= —wWiqi,... »qir--+ 5Qjs--- Gn) 
(10.19) 
and are said to be antisymmetric under the interchange P;;. 
More generally, there are N! different permutations of the variables g),... , gy. 
Defining P as the permutation operator that replaces g,; by gp, q2 by Gp2,-.-.- .4Nn 


by gpw and noting that P can be obtained as a succession of interchanges, we have 


[P,H]=0. (10.20) 
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A permutation P is said to be even or odd depending on whether the number of 
interchanges leading to it is even or odd. If we let the operator P act on a wave 
function W(q1,...,qn) we have 


Pw(q.-.--,9n) = W(qpi,--- 5 9PN).- (10.21) 


It is important to note that except for the case N = 2 the N! permutations P 
do not commute among themselves. This is due to the fact that the interchange 
operators P;; and P;,(k # j) do not mutually commute. Therefore the eigenfunctions 
w(qi..-.,9Qn) Of H are not in general eigenfunctions of all the N! permutation 
operators P. However, there are two exceptional states which are eigenstates of H 
and of the N! permutation operators P. The first one 1s the totally symmetric state 


Ws(qi,--- qn) which satisfies (10.18) for any interchange P;;, so that for all P 
Pws(qi,--..9n) = Ws(41,--- > 9N)- (10.22) 
The second one is the totally antisymmetric state Wa(qi,...,q9n) Which 


satisfies (10.19) for any interchange P;;. Thus, for all P 


yes y Qn) for an even permutation 

Pwa(q,---,9n) = Vala aN r . «  (10.23) 
—Wa(qi,--.,9Qn) for an odd permutation 

We also remark that the equation (10.20) implies that P is aconstant of the motion, so 

that a system of identical particles represented by a wave function of a given symmetry 

(S or A) will keep that symmetry at all times. 


Bosons and fermions 


According to our present knowledge of particles occurring in nature, the two types 
of states Ws and Wa are thought to be sufficient to describe all systems of identical 
particles. This is called the symmetrisation postulate. Particles having states de- 
scribed by completely symmetric wave functions are called bosons; they are said to 
obey Bose-Einstein statistics. Experiment shows that particles of zero or integer spin 
(s = 0,1,2,...) are bosons. For example, all the mesons (such as the 7 and K 
mesons, which have spin s = 0, the p meson, which has spin s = 1, etc.) are bosons. 
The photon (which has spin s = 1) is also a boson, as are the newly discovered W and 
Z particles, which also have spin s = 1, and are called ‘intermediate vector bosons’. 
On the other hand, particles having states described by totally antisymmetric wave 
functions are called fermions; they are said to obey Fermi—Dirac statistics. Experiment 
shows that particles having half-odd-integer spin (s = 1/2, 3/2, ...) are fermions. 
For example, all the leptons (such as the electron, the muon and the neutrinos, which 
have spin | /2) are fermions, as are the baryons (such as the proton, the neutron and 
the hyperons). 

If a system is composed of different kinds of bosons (fermions) then the corre- 
sponding wave function must be separately totally symmetric (antisymmetric) with 
respect to interchanges of each kind of identical particle. For example, in the case 
of the hydrogen molecule Ho, the total wave function must be antisymmetric under 
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the interchange of the (space plus spin) coordinates of the two electrons and also 
antisymmetric under the interchange of the (space plus spin) coordinates of the two 
protons. 


Construction of totally symmetric and antisymmetric wave functions 


We now turn to the problem of constructing totally symmetric and antisymmetric wave 
functions, starting with wave functions which do not possess symmetry properties 
under the interchange of the variables q;. 

Let us begin by considering a system of two identical particles. We denote 
by w(q1,.q2) an unsymmetrised eigenfunction of the Hamiltonian of this system 
corresponding to the eigenvalue E. The symmetric and antisymmetric eigenfunctions 
corresponding to the same eigenvalue E are given respectively by 


1 
’ = = , , 10.24 
Ws(q1, 42) Flv a q2) + W(q2, 41)] ( a) 
and 
1 
; — : — : 10.24b 
Wa(qi, 92) Wriidel q2) — W (42, 41)] ( ) 


where the factor 2~!/2 has been introduced for further convenience. According to the 
foregoing discussion, the symmetric wave function (10.24a) must be used in the case 
of a system of two identical bosons while the antisymmetric wave function (10.24b) 
must be used when the system contains two identical fermions. 

The generalisation to systems of N identical particles is straightforward. For 
example, in the case N = 3, we can construct from the unsymmetrised wave function 
W(q1, 42, q3) the completely symmetric wave function 


1 
Ws(q1, 92,43) = ely a 2B) + W(q2, 91, 93) + W(q2, 43, 91) 
+wW(q3, 42,491) + W(q3, 91,92) + (G1, 93, 92)] (10.25a) 


which is appropriate for a system of three identical bosons. For a system of three 
identical fermions, we must use the completely antisymmetric wave function 


1 
Wali, 92,93) = Ely a BD) — (42, 91,93) + W(Q2, 43, 41) 
—W (93, 92,91) + W(43, 91, 92) — Wi, 93, 92)). (10.25b) 


Let us consider again the special case in which the Hamiltonian H is the sum 
of N single-particle Hamiltonians h;, as in (10.10), but where the N particles are 
now all identical. In general, the wave function (10.13) has no particular sym- 
metry with respect to interchanges of the coordinates g;. However, the total sym- 
metric (antisymmetric) wave functions required to describe systems of identical 
bosons (fermions) can be readily constructed from the individual wave functions 
Ua (qi), Up (G2), .-. ,Uv(qn). 
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Consider first the simplest case, N = 2. The symmetric and antisymmetric wave 
functions corresponding to the energy E = E, + Eg, are given by 


Ws(41, 92) = Sglita(anp an + Ua (q2)Up(qi)] (10.26a) 
and 
Wal, 92) = Sg lta(auduatan) — Ug (q2)Ug(q1)). (10.26b) 


The symmetric and antisymmetric wave functions ws and wa are not in the form 
of a single product and are thus entangled. This has the consequence that whereas 
the two-particle states are eigenstates of energy corresponding to a definite energy 
E = E, + Eg, neither of the particles | and 2 is in an energy eigenstate, being partly 
in the state a and partly in the state 8. A measurement of the energy of one of the 
particles in the ensemble of identically prepared two-particle states represented by 
the wave functions Ws or wa will either produce the energy Ey or the energy Eg on 
a fifty—fifty basis. 

For the general case of N identical particles, the totally antisymmetric wave 
function built from the one-particle states ug(q1), Ug(q2),-.. ,Uv(gn) IS given by 
the Slater determinant 


Ug(qi) Up(qi)---Uy(q1) 


1 |4a(q2) Up(q2)- >: uv(q2) 


Wa(qi. 92, ee »9Nn) = JN! (10.27) 


Ug (qn) up(qn) a u,(qn) 


This wave function is indeed completely antisymmetric, because if we interchange 
the (spatial and spin) coordinates of two particles (say q, and q2) this is equivalent 
to interchanging two rows, so that the determinant changes sign. The corresponding 
totally symmetric wave function Ws(q1,.-. , qn) can be obtained by expanding the 
determinant (10.27), and making all the signs positive. The factor (N!)~'/? appearing 
in (10.27) is anormalisation factor, arising from the fact that there are N! permutations 
of the coordinates g,,...,gn. Recalling that P denotes a permutation of these 
coordinates, we may rewrite the Slater determinant (10.27) in the compact form 


Wa(Q,92,--.,9N) = 7a L(V" Pali) p(42) -+-Uy(qn) (10.28a) 


where the symbol (—1)/ is equal to +1 when P is an even permutation and to —1 
when P is an odd permutation, and the sum ts over all permutations P. Likewise, 
we can write the totally symmetric wave function constructed from the one-particle 
states Ua(qi), Up(q2).--Uy(qn) as 


] 
Ws5(G1,925---59n) = mi as Pug (qi )Up(q2)---Uv(qn). (10.28b) 
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The Pauli exclusion principle 


Let us return to the Slater determinant (10.27) giving the totally antisymmetric wave 
function, built from one-particle states, which describes a system of N identical 
fermions. It 1s apparent that if two or more sets of individual quantum numbers 
a, B,..., are identical, the wave function (10.27) vanishes. As a result, only one 
fermion can occupy a given individual quantum state. This statement expresses the 
Pauli exclusion principle, formulated in 1925 by W. Pauli in order to explain the 
structure of complex atoms. 


Quarks and colour 


As an example, let us consider the discovery of ‘colour’ in the quark! model of 
elementary particles. This model was introduced in 1964 by M. Gell-Mann and 
independently by G. Zweig in order to explain the diversity of the strongly interacting 
particles called hadrons. The hadrons are classified into the baryons (which are 
fermions) and the mesons (which are bosons). According to the quark model, quarks 
can combine in two different ways to form hadrons: three quarks bound together 
constitute a baryon while a bound system of a quark and an antiquark is a meson. 
The quarks have spin 1/2 and are therefore fermions. Originally, Gell-Mann and 
Zweig introduced three kinds (now called ‘flavours’) of quarks, denoted by u C up’), 
d (‘down’) and s (‘strange’). The u quark has charge 4 se, the d quark —ie and 
the s quark also —ie. All the hadrons known at that ‘ine could be ‘explained’ as 
combinations of these three quarks and the corresponding antiquarks U, d and §. For 
example, the proton can be considered as a (uud) bound state, the neutron as a (udd) 
bound state, the 7 mesonasa/( ud) bound state and the Kt meson as a (us) bound state. 

Among the hadrons there is a particle called the Att baryon, which has charge 2e 
and a total angular momentum quantum number J = 3 i Z. oe Daliets is expected to 
be a (uuu) bound state. Indeed, this system has charge 4 aC tS <e+% se = 2e; in addition, 
since quarks have spin 1/2, the total angular nonientuin J =3/ ) could be accounted 
for if each of the three u quarks were in a completely symmetric spatial state of zero 
orbital angular momentum. Now, if the three u quarks were identical in all respects, 
then by the Pauli exclusion principle no more than two of them could occupy such a 
State (One with spin ‘up’ and the other with spin ‘down’). A way out of this difficulty 
is the suggestion that the quarks possess an additional internal quantum number called 
‘colour’ and that each of the three u quarks in the A** particle has a different colour. 
Since the quantum numbers of the three quarks are no longer the same, the Pauli 
exclusion principle is not violated. This suggestion, which looks rather ad hoc, has 
been confirmed by its success when applied to many other situations and is now well 
established. 


| The term ‘quark’ was taken by M. Gell-Mann from a passage in James Joyce’s Finnegans Wake: 


“Three quarks for Muster Mark 
Sure he hasn’t got much of a bark” 
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Spin-1/2 particles in a box. The Fermi gas 


There are a number of physical systems which can be modelled approximately by a 
large number of identical non-interacting spin-1/2 particles contained in a box with 
impenetrable walls. If the box is large enough, the properties of the system are 
independent of the shape of the box, and if the number of particles is very large such 
a system is called a Fermi gas. After considering the basic properties of the state 
of lowest energy of a Fermi gas, we shall discuss briefly applications to the thermal 
properties of metals, and to the structure of white dwarfs and neutron stars. 

Since the particles in the Fermi gas are non-interacting and are contained in a 
box having impenetrable walls, the spatial part of the wave function of each particle 
(having mass m) satisfies inside the box the free-particle Schrédinger equation 


h? ( a? 0° a? 
mate 
while y% = 0 at the boundary. Let us take the box to be a large cube of side L and 


choose the origin of coordinates to be at one corner of the cube. Using the result (7.29), 
the spatial part of the wave function of a particle is given by the standing wave 


Vn nwn.X,y,Z) = csin( x) sin( "2 y) sin( 2) (10.30) 


where C = (8/L*)!/? is a normalisation constant and n,, n,, n- are positive integers. 
The corresponding allowed values of the energy of a particle are given by (see (7.30) 
and (7.31)) 


Jucr y,z) = Ewtx, y, Z) (10.29) 


hen? , 
i 10.31 
2mL2" ene 
with 
n> =n +n, +n? (10.32) 


and we recall that since each energy level (10.31) can in general be obtained from a 
number of different sets of values of (n,, ny, n-), it is usually degenerate. 

Because the particles have spin 1/2, we must multiply the spatial part (10.30) of 
their wave function by the spin functions x ee with m,; = +1/2. The individual 
particle wave functions are therefore the spin-orbitals 


Wisin an (q) = Wnnyn. (x, y, Z)X1.m, (10.33) 


where qg denotes the ensemble of the spatial and spin coordinates, as usual. Clearly, 
for every spatial wave function Wann. there are two spin-orbitals Wain.n-m,, one 
corresponding to spin ‘up’ (m, = 1/2) and the other to spin ‘down’ (m, = —1/2). 
As a result, the degeneracy of the individual energy levels (10.31) is multiplied by 
two. 

Since the energy spacings are very small for a macroscopic box of side L, itis a good 
approximation to consider that the energy levels are distributed nearly continuously. 


10.3 Spin-1/2 particles in a box. The Fermi gas ™ 479 


We may then introduce the density of states or density of orbitals D(E), which is 
defined as the number of particle quantum states (i.e. the number of spin-orbitals) 
per unit energy range. Thus D(E)dE is the number of particle states for which the 
energy of a particle lies in the interval (EF, E + dE). 

In order to obtain the quantity D( E), we consider the space formed by the axes n,, 
n, and n- (see Fig. 10.2). Since n,, n, and n- are positive integers, we are interested 
only in the octant for which n, > 0,n, > O and n-_ > 0. As seen from Fig. 10.2, 
each set of spatial quantum numbers (n,, 2,, 2.) corresponds to a point of a cubical 
lattice, and every elementary cube of the lattice has unit volume. Hence, apart from 
small values of (n,, n,, n-), the total number of spatial orbitals for all energies up to 
a certain value E is closely equal to the volume of the octant of a sphere of radius 
n = (n2 +n2+n72)!'/*, The total number N, of individual particle states for energies 
up to E is therefore given approximately by 
14_, #J| , 


mh = —-7n (10.34) 


Neo= 2 
8 3 3 


where the factor 2 is due to the two spin states per spatial orbital. Using (10.31) and 
setting V = L?, we may rewrite this result as 


Lf 2my 248 


The number D(E)dE of particle states within the energy range (FE, E + dE) 1s thus 
given by dN,, so that 


pig) = OM = (2) yee 10.36 
(= 2 =55(F) | ee 

The total wave function describing the system of N identical spin-1/2 particles must 
be totally antisymmetric in the (space and spin) coordinates q; of the particles. It is 
therefore a Slater determinant constructed from the individual spin-orbitals (10.33). 
In this way only one particle can occupy each state (specified by the quantum numbers 
ny, ny, n- and m,), in agreement with the Pauli exclusion principle. The total energy 
is the sum of the individual energies of the particles. Assuming that the system is 
in the ground State (i.e. that the Fermi gas is at an absolute temperature JT = 0), the 
lowest total energy is obtained when the N particles fill all the spin-orbitals up to an 
energy Fr, called the Fermi energy, the remaining orbitals (with energies E > Ef) 
being vacant. This is illustrated in Fig. 10.3, which shows the density of states D(E) 
as a function of E, the occupied spin-orbitals corresponding to the ground state of 
the Fermi gas being represented by the shaded area. It is worth stressing that if the 
particles were identical bosons instead of fermions, or if they were all distinguishable, 
the Pauli exclusion principle would not apply, so that all the N particles would be in 
the level of lowest energy at zero absolute temperature. 

The Fermi energy Ef can be evaluated by requiring that the total number N of 
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Figure 10.2 Three-dimensional n-space used in the calculation of D(E ). With each set of integers 
(Nx, Ny, Nz) is associated a cube of unit volume. For fairly large values of (nx, ny, nz) the total 
number of spatial orbitals within n = (nz + 1m, + 12)'/? equals the volume of one octant of a 
sphere of radius rn in n-space. 


D(E) 


0 Ex E 


Figure 10.3 The density of states D(E) = dN,/dE as a function of the energy E. The occupied 
levels corresponding to the ground state of a Fermi gas are represented by the shaded area. 
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particles in the system should be equal to 


Er 
N= | D(E)dE. (10.37) 
0 


In writing this equation we have used the fact that the system contains many particles, 
so that the integral (10.37) is a good approximation to the corresponding sum over 
discrete states. Moreover, since N is large, it does not matter whether the highest 
occupied energy level contains one or more electrons. Using the result (10.36), we 
have 


3/2 
N= =a(52) vf E'dE 
21? hi? 0 


| 2m ae 3/2 
so that 
2 
Er; = — (307 p)?/? (10.39) 
2m 
where 
N 
=— — 10.40 
aT ( ) 


is the number of particles per unit volume, 1.e. the density of particles. The total 
energy of a Fermi gas in the ground state (at absolute temperature T = 0) is 


Er 
Fvot = | ED(E)dE 
0 


1 (2m\*? pee 
=a(5r) v | E°°dE 
20 h 0 


— NE; (10.41) 


where we have used (10.36) and (10.38). The average particle energy at T = 0 is 
therefore 


E= = —Ep. (10.42) 


It is also instructive to study the problem of the Fermi gas by imposing periodic 
boundary conditions on the spatial part of the wave functions of the particles, that is 
by requiring these wave functions to be periodic in x, y and z with period L. Instead 
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of the standing waves (10.30), we then have travelling, plane-wave solutions of the 
Schrédinger equation (10.29), having the form 


War) = expli(k,x + kyy + k,z)] (10.43) 
where the allowed components of the wave vector k = (k,, ky, kz) are given by (7.19), 
namely 

270 20 20 
k, = —n,, k,=—n,, k, = —n. (10.44) 
L a L 


where n,,, and n- are positive or negative integers, or zero. The number of spatial 
wave functions in the range dk = dk, dkydk, is (L/2m)*dk,dkydk,, and this number 
must be multiplied by 2 to take into account the two possible spin states. A unit 
volume of k-space will therefore accommodate V/4zr° fermions (with V = L?). 
Thus, the individual particle states having energies up to E = h*k*/2m are contained 
within a sphere in k space, of radius k. The number of these states is given by 


NS See eS = VC 


RKP 
= (+) V EP? (10.45) 


in agreement with (10.35). 

We have seen above that in the ground state of the Fermi gas the N fermions fill 
all the levels up to the Fermi energy Ef. Thus in k-space all states up to a maximum 
value of k equal to kg are then filled, while the states for which k > kg are empty. 
In other words, all occupied single-particle states of a Fermi gas at zero absolute 
temperature fill a sphere in k-space having a radius kp. This sphere, called the Fermi 
sphere, therefore contains 


I 
ee Viz =N (10.46) 


single-particle states, so that 
kp = 377p)'?. (10.47) 


At the surface of the Fermi sphere, known as the Fermi surface, the energy is the 
Fermi energy 

ee 

Er = 5, MF (10.48) 

and we see that the result (10.39) follows upon substitution of (10.47) in (10.48). It 
is also convenient to introduce the Fermi momentum pr and Fermi velocity vg such 
that 

Di | 4 


EF = am = Pies (10.49) 
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Figure 10.4 The probability f(E) that a level of energy E in a Fermi gas is occupied at T = 0 
and at T > 0, where T « Ef¢/k. 


Thermal properties of metals 


As an example, consider the conduction electrons in a metal. In metals, some of the 
electrons are free to move and are responsible for the electrical conductivity. These are 
called conduction electrons, in contrast to those electrons bound to the nuclei situated 
at fixed centres in the metallic crystals. Classical statistical mechanics predicts that 
a free particle should contribute to the heat capacity of a system an amount 3k/2, 
where k is Boltzmann’s constant. If the conduction electrons move freely through 
the metal, then the electronic contribution to the heat capacity should be (3/2)kN, 
where N is the number of such electrons. The observed electronic contribution is less 
than 1% of this value and this proved impossible to explain using classical statistical 
mechanics. This difficulty was overcome in the free-electron model developed in 
1928 by A. Sommerfeld, in which the conduction electrons are considered to form a 
Fermi gas confined by the boundaries of the metal. In the common conductors, silver, 
gold and copper there is one conduction electron per atom so that the number density 
p is equal to the number density of the atoms. For silver 9 ~ 5.8 x 1078 atoms m7? 
and using (10.39) with m set equal to the electron mass, one finds that the Fermi 
energy is given by Ef ~ 8.8 x 107!? J ~ 5.5 eV. From (10.42), the average energy 
per electron at T = 0 is E ~ 3.3 eV. Now, in order for a classical gas to have an 
average energy per particle equal to that of a Fermi gas at zero absolute temperature, 
E, this classical gas would have to be raised to a temperature JT, such that 


3kT, = E. (10.50) 


Thus, in the present case, with E ~ 3.3 eV, we see that T. ~ 2.6 x 104 K. 

When thermal energy is supplied to a Fermi gas of electrons, some electrons make 
transitions to occupy energy levels with E > Ep. At room temperature 7, ~ 300 K 
the thermal energy available is (3/2)kT, ~ 0.039 eV. It is so small compared with 
E¥ that only very few electrons with energies close to Ef can be excited. Thus the 
energy distribution remains close to that at absolute zero (see Fig. 10.4), the fraction 
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of electrons excited being of the order 7,/ 7; = 0.005, where T— = Ef¢/k is the Fermi 
temperature. This in turn means that the conduction electrons only contribute a very 
small proportion of the specific heat of a metal, which is almost entirely determined 
by the thermal motion of the ions (the nuclei + bound electrons). This discovery of 
Sommerfeld cleared up what had been a long-standing puzzle. 


Degenerate matter in stars 


As a second example of the use of the Fermi-gas model near zero temperature, we 
consider briefly stars near the end of the evolutionary process — white dwarfs and 
neutron stars. A star of mass M and radius R can be considered to be in hydrostatic 
equilibrium, the gravitational pressure being balanced by the pressures due to the 
thermal agitation of its constituents and to radiation. As the nuclear fuel of the stars 
is used up, the star contracts and the pressure increases. Ultimately, the constituent 
fermions in the core of the star are found in the lowest possible energy state of the 
system, and are said to form a degenerate Fermi gas. Stars of mass smaller than, or 
comparable to, that of the Sun collapse to white dwarfs, of the order of 10000 km 
in diameter. Under these conditions the main source of the pressure balancing the 
gravitational pressure is due to the Fermi gas of electrons. Stars with much larger 
densities can be formed in supernova explosions. Ata typical density of 10'* kg m~?, 
most of the electrons have been absorbed by protons (inverse beta decay), so forming 
neutrons. These stars are called neutron stars and are some tens of kilometres in 
diameter. In this case, the pressure balancing the gravitational potential is due to the 
Fermi gas of neutrons. 

Consider first the case of white dwarf stars, for which the mass densities d are 
typically in the range 10’ kg m~> < d < 10'* kg m™ and the temperatures T are 
less than 10’ K. Since these stars are towards the end of their lives, nuclear fusion 
reactions will have converted most of the hydrogen nuclei to '*C or '°O nuclei in 
the core of the star surrounded by outer layers of *He nuclei. For the sake of an 
order-of-magnitude model, we shall suppose that the nuclei are all of the same kind 
with atomic number Z and mass number A = 2Z. For densities d > 10’ kg m~?, and 
A < 16, the internuclear spacing is less than the radius of a one-electron atom with 
nuclear charge Ze. For this reason the atoms are totally ionised (pressure ionisation) 
and the electrons form a free Fermi gas, the Fermi energy being given by (10.39), 
where p— is the number density of the electrons and m is the electron mass. Since 
there are Z electrons per nucleus and each nucleus is approximately of mass AM,, 
where M, is the proton mass, we have that p ~ Zd/(AM,). For typical densities and 
temperatures one has KT < Ef, so that the electron gas can be taken to be degenerate 
and contributes a total kinetic energy Ex = (3/5)N Ef, where N is the total number 
of electrons. This is a non-relativistic expression which must be modified if the 
energy becomes large. The total energy contributed by the thermal motion of the ions 
is small compared with the kinetic energy of the electrons and can be neglected. In 
this approximation we find by using (10.39) that the total (kinetic plus gravitational) 


10.4 
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energy of the star is 


_— 3 GM? 
= K 5 R 
3h? (3n?Zd\*°  3GM?2 
_ vy dhe (32 i (10.51) 
10m AM, 5 R 


where R and M are the radius and mass of the star, respectively, and G is the 
gravitational constant, G = 6.67 x 107'' Nm’? kg~?. Since N ~ ZM/(AM,), 
and d = M/(4m R°/3) we can write Ey in terms of R and M as 


M/S) 3GM? 
Ey =a ar (10.52) 
where 
i/3\ san 7 Zo 
aero ee (ee 10.53 
‘ 5(5) . alae) 


For equilibrium at a given value of the mass M, Ey must be a minimum as a function 
of R, which is treated as a parameter, so that dE;/dR = 0. This condition provides 
the relationship between the mass of a star and its radius. Thus using (10.52), we find 
for equilibrium the relation 

R= ou". (10.54) 

3G 

It is seen that an equilibrium configuration always exists for any star mass M in this 
non-relativistic case. This is not correct for higher densities, for which relativistic 
expressions must be used. It is then found (see Problem 10.3) that there is an upper 
limit to the star mass, called the Chandrasekhar limit, above which the star becomes 
unstable. 

For neutron stars, in a relativistic treatment, one finds (as in the case of white dwarfs) 
that there is a critical mass — the Chandrasekhar limit — above which equilibrium is 
not possible (see Problem 10.3). If no allowance is made for the interaction between 
neutrons the critical mass is found to be about twice the mass of the Sun, which is a 
little larger than the Chandrasekhar mass limit for white dwarfs. 


Two-electron atoms 


We now turn to systems composed of a small number of particles, starting with atoms 
(or ions) consisting of a nucleus of mass M and charge Ze, and two electrons each of 
mass m and charge —e. Thus if Z = | the system is a negative hydrogen ion (H_ ), 
if Z = 2 it is a helium atom, if Z = 3 a positively charged lithium ion (Li*), and so 
on. To a good approximation the nuclear mass M can be taken to be infinitely large 
compared with the electronic mass m. Let us choose the origin of our coordinate 
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system to be the nucleus, and denote by r, and rp the position vectors of the two 
electrons. The Hamiltonian of the system is then 


he, fe, Ze? Ze* : e 
2m | Im * (47 €o)ry (47 €9)r2 (47 €o)ri2 


where r}2 = |r, — r2|. In writing (10.55), we have taken into account the Coulomb 
interactions between the particles, but have neglected small corrections arising from 
spin—orbit and spin-spin interactions. The Schrédinger eigenvalue equation to be 
solved reads 


Hw(q1, 92) = Ew(q, q2) (10.56) 


where g; denotes collectively the position and spin variables of the ith electron. Since 
the Hamiltonian (10.55) is spin independent, the operators S? and S. commute with 
H, where S = S; + S» denotes the total spin operator and S; is the spin operator of 
electron i. The operators L? and L, also commute with H, where L = L, + L; is the 
total orbital angular momentum operator, L; being the orbital angular momentum of 
electron i. The simultaneous eigenfunctions of H, L’, L., S? and S. can be written 
as products of spatial eigenfunctions @(r), r2) satisfying the Schrodinger eigenvalue 
equation 


AHo(ri, r2) a E(t, rz) (10.57) 


A= (10.55) 


and of two-electron spin functions x(1, 2), which are eigenfunctions of S? and S,. 
Thus we have explicitly 


W(q1, 92) = Ox.m, (11, ¥2)Xs.m5(1, 2) (10.58) 


where the eigenvalues of L’, L., S? and S. are L(L + 1)h?, MLA, S(S + 1)A? and 
M sf, respectively. 

The spin functions xs.y, have already been obtained in Section 6.10. The two 
possible values of the total spin quantum number are S = O and S = 1. When S = 0, 
there is only one spin function, the singlet spin state xo9 given by (6.301), which has 
Ms = 0 and is antisymmetric in the interchange of the spin coordinates of the two 
electrons. When S = |, there are three spin states x; y,, with Ms = 1,0, —1, given 
by (6.302), which form a spin triplet. These three spin states are symmetric in the 
interchange of the spin coordinates of the two electrons. 

Let us now introduce the space-symmetric wave function ob; Mm, (1,12) such that 


OF my, (Fi. 02) = Of yu, (F241) (10.59) 
and the space-antisymmetric wave function @, M, (¥ 1 ¥2) satisfying the relation 
P.M, (Tr), rz) = —9i M, (r2, r)). (10.60) 


Since electrons are fermions, the complete wave function w(q, g2) of a system of 
two electrons must be antisymmetric under the interchange of the (space plus spin) 
coordinates g; and q2. From (10.58) and the foregoing discussion, it follows that in 
order to obtain such antisymmetric wave functions w(q1, g2) we must either multiply 
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space-symmetric wave functions $7" a, by the antisymmetric (singlet) S = O spin 
state (6.301) 
= l 
va, 42) = OF y, (1, r2) Fela()B2) — B(1)a(2)] (10.61) 
or multiply space-antisymmetric wave functions ¢, y, by one of the three symmetric 
spin functions (6.302) belonging to the S = | spin triplet 


a(l)a(2) 
WP" (41, 42) = b7.m, (P12) x 4 gle) B(2) + B(Da(2)] (10.62) 
B(1)B(2) 


Perturbation theory 


Our next task is to determine the spatial solutions or M, (¥1, ¥2) of the Schrédinger 
equation (10.57), and the corresponding eigenenergies. Because of the presence 
of the electron—electron interaction term e?/(47ré9rj2) in the Hamiltonian (10.55), 
this equation cannot be solved exactly. Approximation methods must therefore be 
used. We shall begin by investigating the problem with the help of time-independent 
perturbation theory. 

Let us rewrite the Hamiltonian (10.55) as 


H=H)+H' (10.63) 
where Hp, the ‘unperturbed’ Hamiltonian, is chosen to be 
he iz 7 Zz 7 2 
Hy = -—V? - a ene (10.64) 
2m 2m (4reo)r, = (470) ra 


and the ‘perturbation’ is the electron—electron interaction 


e- 


 —————— ee 10.65 
(47 €0)ri2 


We see that Ho is the sum of two Hamiltonians for one-electron hydrogenic atoms: 


Hp =h, +h (10.66) 
where 
hi Ze? 
eS NS "e j= 1,2. 10.67 
2m ' (47 €0)r; ( ) 


The normalised wave functions p,m, (i) and the corresponding eigenenergies E,, 
of the one-electron Schrédinger equation 


h; Wn, l,m, (r;) = En, Wn,lm, (r;) (10.68) 


have been obtained in Section 7.5. Using these functions Wn, m,, one can construct 
the space symmetric (+) and space-antisymmetric (—) zero-order wave functions 


b4 (F152) = Waytm (Pr) Wnglems (12) £ Wa ytim, (F2) Wnotoms (F1) (10.69) 
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which are eigenfunctions of Ho corresponding to the unperturbed total energy 


a ee Zte* (1 a (10.70) 
te — (47 €9)2ao 2 2 : 


Hy ES 

where ay = 47 €oh*/(me?) is the Bohr radius. The total orbital angular momentum 
quantum number L can take the values L = |/, — dj, |l; —b| 4 1,...,4 +b, 
and for a given L the possible values of the quantum number M, are M; = —L, 
—L+1,...,L. It is customary to associate to the value of the total orbital angular 
momentum quantum number L a code letter according to the correspondence (see 
Section 6.3) 


The ground state 


Let us focus our attention on the ground state. It is apparent from (10.69) and (10.70) 
that the unperturbed state of lowest energy is obtained when each of the two electrons 
is in the ground state of the one-electron system. That is, each electron is in a(1s) level 
so thatn,; = no = 1 and!,; = = m, = mz = 0 (which implies that L = M; = 0). 
Inspecting (10.69), we see that only the space-symmetric wave function can be of that 
form, since the space-antisymmetric wave function vanishes when both electrons are 
in the same state. Within the framework of this independent-particle model the ground 
state of two-electron atoms (ions) can thus be designated by (1s)*, which means that 
both electrons are in the Is level. Using (10.70), the unperturbed ground-state energy 
is seen to be 


Z*e? 


ES SS 
(47 €9)ao 


(10.71) 


Since e? /[(47 €0)2a9] = 13.6 eV is the ionisation potential of a hydrogen atom (with 
infinite nuclear mass), we see that the value of E® is E© ~ —2Z* x 13.6 eV. The 
corresponding unperturbed wave function, normalised to unity is 


1/Zz\? 
(ri, 72) = Wis(ri) Wis(r2) = ~(=) exp[—Z(r; + r2)/ao] (10.72) 


where the L = 0, M; = Oand (+) indices have been omitted for notational simplicity. 
To first order in the perturbation, the ground-state energy is 


E= E+ EO (10.73) 


where E“!), the first-order energy correction, is given from (8.15) and (10.65) by 


2 


EY = [6% rrr anan, (10.74) 
(47 €9)ri2 
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We shall calculate this integral by using a general procedure which is very useful in 
many atomic physics calculations. With the help of the generating function (6.82) of 
the Legendre polynomials, we first expand the quantity | /rj)2 as 


| | 
eg Pe *) micose), ry) > 12 
ra (ry — 2rirgcosO + 7r5z)'/? ory 4 


l Sac ry 
é ) P,(cos@), ri <r 


M2 1=0 \"2 
(10.75) 
where @ is the angle between the vectors r,; and r> so that 
cos @ = cos 6, cos 6) + sin @; sin 62 cos(¢@; — ¢>). (10.76) 


Here (6, @;) and (@2, @2) are the polar angles of the vectors r; and ro, respectively. 
The formula (10.75) can be rewritten in the more compact form 


—= = (" _p, (cos 0) (10.77) 


rig’ Ga 7 


where r. is the smaller and r, the larger of r; and r,._ Using the addition theo- 
rem (6.129) of the spherical harmonics, we also have 


Let us now substitute this expansion in (10.74) and use the fact that the spherical 
harmonics are orthonormal on the unit sphere (see (6.103)). Since the function 
@(r1, rr), given by (10.72), is spherically symmetric, and because Yoo = (471) ~'/2, 
we obtain at once by integrating over the polar angles (0), @,) and (02, ¢»), 


e2 oo)=6C +I (47)? ore) oe) (r_)! 
EY = > | dn? [ dryr3|o (r1.r2)/? 
0 0 


Are 4 (rit) 
[=0 m= 


x fac fa 2(01.41)¥on | 4% Yoon Oe, 


e- co 8=— +-'"! (42)? OO : i _y 
= (0) 
~~ Ameo >: Ds +1 | dni [ dror3|@ (ry, 12) (r Gray 81.05m.0. 


[=0 m=-] 
(10.79) 
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Table 10.1 Values of the ground-state energy of various two-electron atoms and ions (in eV). 


A B C D 
Z System E (9) EM 4 -M) Variational Accurate 
values 
2 He —108.85 —74.83 —77.50 —79.02 
3 Lit —244.90 —193.88 —196.52 —198.10 
4 Be2+ —435.39 — 367.36 —370.08 —371.71 
5 B3+ —680.29 — 595.39 —597.84 —599.47 
6 ctt —979.62 —877.57 —880.30 —881.93 


A= Unperturbed values from (10.71). 

B = First-order perturbation theory using the expression (10.81) of E". 
C = Rayleigh-Ritz method using (10.87). 

D = Rayleigh-Ritz method using elaborate trial functions. 


Thus all the terms in this double sum vanish, except the first one, for which! = m = 0. 
Using the expression (10.72) for 6 (71, r2), we then have 


(1) e ZN Ee 2 [~ 2 I 
E“ = 16 drir; drgrz exp[—2Z(r; + r2)/ao]— 
0 0 r 


4 Eq \ ao > 


e2 7 6 ee) ; ] ry ; 
= 16 — | drir; exp(—2Zr,/ao)| — drzr5 exp(—2Zr2/ao) 
0 ri JO 


An Eo \ ao 


+| dror2 exp(~2Zra/an)}. (10.80) 


r| 
The integrals are now straightforward, and yield the result 


2 
ay > e 


7 8 (47 €9)ao aie 


In Table 10.1, the unperturbed energies E© and the first-order perturbed values 
E® +4 E are given for several values of Z and are compared with accurate values 
obtained using the Rayleigh—Ritz variational method with elaborate trial functions. 
As Z increases the perturbation 1/7r,2 becomes relatively less important compared 
with the interactions between the electrons and the nucleus, and the accuracy of the 
simple first-order result improves. 


The variational method 


The variational method discussed in Section 8.3 can also be used to determine the 
energy levels of atoms. We recall that if H denotes the Hamiltonian of a quantum 
system, and @ a physically admissible trial function, the functional 

(| H |) 


Elé) = 10. 
l= a) (10.82) 
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provides a variational principle for the discrete eigenvalues of the Hamiltonian. 
Moreover, it also yields a minimum principle for the ground state energy (see (8.145)). 
Thus, if we follow the Rayleigh—Ritz variational method and use trial functions @ 
depending on variational parameters A), A2,... , the expression (10.82) becomes a 
function E(A,,A2,...) of the parameters A), A2,..., and the optimum ground-state 
energy is obtained by minimising E (A), A2, ...) with respect to the parameters A;. 

In the case of two-electron atoms (ions) which we are studying here, the Hamilto- 
nian H is given by (10.55). The basic defect of the zero-order (unperturbed) wave 
function (10.72) — from which the first-order energy correction (10.81) was obtained 
— is that each electron moves in the fully unscreened field of the nucleus. In order 
to take into account approximately the screening effect of each electron on the other 
one, we choose a simple one-parameter trial function of the form 


ee 
o(A,ri,r2) = -(=) exp[—A(r; + r2)/ao] (10.83) 
Tw \ ago 


where A is a variational parameter. Upon comparison with (10.72) we see that Ae may 
be interpreted as an ‘effective charge’. Since the trial function (10.83) is normalised 
to unity, the variational expression (10.82) becomes 


E(A) = [ oA. r)HOQ.n rade dry (10.84) 
This is readily evaluated (see Problem 10.4), giving 
BOSH (92 = 2704 >* = (10.85) 
7 8 (47 €9)ao ; 


The minimum of EF as a function of A 1s obtained when dE /dA = 0, from which 
condition we obtain 


5 
A=Z-—. (10.86) 
16 
With this value of A, the minimum of the energy is given by 
5\° 
ee eee ee (10.87) 
16 (47 Eg )ao 


The values of E for various two-electron atoms are included in Table 10.1. By 
recollecting that the variational estimate of a ground-state energy is an upper bound, it 
is seen that the variational values in Table 10.1 are more accurate than those provided 
by first-order perturbation theory. To obtain the accurate values shown in the last 
column of Table 10.1 much more elaborate trial functions are required depending on 
many variational parameters. It is worth noting that the accurate value —79.02 eV of 
the non-relativistic ground-state energy of helium quoted in Table 10.1 corresponds 
to an ionisation potential of 198 345 cm~! which is in very good agreement with the 
experimental value (198 310.82 +0.15) cm~!'. When allowance is made for the finite 
mass of the nucleus and for further relativistic and radiative corrections, the theoretical 
helium ionisation potential is found to be 198 310.699 cm™!, which is in phenomenal 
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agreement with the experimental value. As Z increases, the relativistic corrections 
become more important, and for highly charged helium-like ions the non-relativistic 
approximation used in this section breaks down. 

Details of further calculations of ground-state and excited-state energies of two- 
electron atoms and ions may be consulted in Bransden and Joachain (1983). 


Many-electron atoms 


Let us consider an atom or ion containing a nucleus of charge Ze and N electrons. 
Neglecting all but the Coulomb interactions, and taking the mass of the nucleus to 
be infinitely large compared with the electron mass, we write the Hamiltonian of this 
system as 


N 2 2 N 2 

h Ze e 

H= (-5 7 — aes) + y- —_——— (10.88) 
(47 €9)r; jeje (AM Eo) rij 

where r; denotes the position vector of the electron i with respect to the nucleus, 

rij = |r; —1r,| and the last summation is over all pairs of electrons. The correspond- 

ing time-independent Schrédinger equation for the N-electron atom wave functions 


W(qi,--.,qN) reads 
Awi(q,---,9n) = EW(q,.--,49n) (10.89) 


and since electrons are fermions we want totally antisymmetric solutions of (10.89). 

Because of the presence of the electron-electron interaction terms e* / (4x €0ri;) 
in (10.88) the Schrédinger equation (10.89) is not separable, and approximation 
methods must be used. In the previous section we saw that very accurate results can be 
obtained for the energy levels of two-electron atoms (ions) by performing Rayleigh— 
Ritz variational calculations in which elaborate trial wave functions containing a 
large number of variational parameters are used. Extended variational calculations 
of this kind have also been carried out for other light atoms (such as lithium), but this 
approach becomes increasingly tedious when the number of electrons increases. 

The starting point of calculations on many-electron atoms is the central-field 
approximation. This approximation is based on an independent-particle model, in 
which each electron moves in an effective central potential V(r) which represents the 
attraction of the nucleus and the average effect of the repulsive interactions between 
this electron and the other ones. 

We may readily obtain the form of the central potential V(r) at small and large 
distances. Indeed, when an electron is close to the nucleus it experiences the full 
Coulomb potential due to the nuclear charge Ze, and we have 


Ze? 
V(r) > 


30 (4rep)r_ om 
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On the other hand, at large distances, an electron experiences a Coulomb potential 
due to the nucleus screened by the (N — 1) other electrons. Thus 
[Z —(N — Ile? 
Vir) > -———— (10.91) 
roo (47 €9)r 

The determination of the effective potential at intermediate distances is a much more 
difficult problem, to which we shall return shortly. At this point, however, it is 
important to stress that for intermediate values of r the potential V(r) — which 
represents the attraction of the nucleus plus the average repulsion of the other electrons 
— must depend on the details of the charge distribution of the electrons, or in other 
words on the dynamical state of the electrons. As a result, the same effective potential 
V(r) cannot account for the full spectrum of a complex atom (ion). However, if we 
limit our attention to the ground state and the first excited states, it is reasonable to 
assume that a given central potential V(r) can be used as a Starting point. 

Let us now return to the Hamiltonian (10.88). From the foregoing discussion it is 
clear that a meaningful separation of H into an unperturbed part and a perturbation 
can be achieved by writing 


H=H.+ A, (10.92) 
where 
hi 
H, = ——V?2 4+ V(r; 10.93a 
: D(a Yen) (10.93a) 
N he 
= So hi. h; = —_—-V? + V(r;) (10.93b) 
= 2m 
is the Hamiltonian corresponding to the central-field approximation and 
N 2 N ; 
e Ze 
a eee + V(r; 10.94 
2» (47 €0) rij >( (47 €0)r; ape ) ' 


is the remaining part of the Hamiltonian. 

Let us focus our attention on the central-field Hamiltonian H,. We see from (10.93b) 
that it is the sum of N identical, individual Hamiltonians h;. The (normalised) 
eigenfunctions of h; are one-electron, central-field orbitals u,1m,(r) satisfying the 
equation 


2 
(-=7 + V¢r) enim = EntUnim, (¥) (10.95) 
2m 


where the subscript : has been omitted. From our study of central-field problems in 
Chapter 7, it follows that the energy eigenvalues E,,, are independent of the magnetic 
quantum number m, and that the orbitals uy),,(r) are products of radial functions 
times spherical harmonics 


Unim, (r) = Rai (r) Yim, (0, d). (10.96) 
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The principal quantum number n can take the values n = 1, 2,..., while the allowed 
values of the orbital angular momentum quantum number / are/ = 0,1,...,2—1 
and those of the magnetic quantum number m, are m, = —/, —1+ 1,... ,/. In order 


to take into account the electron spin, we multiply each one-electron spatial orbital 
Unim (tr) by a spin-1/2 function x: ,,,. thus forming the (normalised) spin-orbitals 


Unimim, (q) = Unim, (M)X1 om, , m,=+ ] ge (10.97) 


characterised by the four quantum numbers 2, /, m,; and m,. Since the energy E,, 
does not depend on the quantum numbers m, and m,, we see that each individual 
electron energy level is 2(2/ + 1) degenerate. 

Because the central-field Hamiltonian H, is just the sum of the individual Hamil- 
tonians h;, the total energy FE, of the atom in the central-field approximation is the 
sum of the individual electron energies 


N 
Ee Eas (10.98) 
i=] 


The corresponding total central-field wave function ¥.(q1,... ,qn) iS a totally an- 
tisymmetric wave function built from the single electron spin-orbitals (10.97). It 
is therefore a Slater determinant of the form (10.27), in which each of the indices 
a, B,... , v, designates a different set of four quantum numbers (n, /, m;, m,), so that 
the Pauli exclusion principle is satisfied. 

The order of the individual energy levels E,,,; does not depend in a crucial way on 
the form of the potential V(r). Starting with the most tightly bound, this order is 
given by 


Is, 2s, 2p, 3s, 3p, [4s, 3d]. 4p, [5s, 4d], 5p, [6s, 4f, 5d], ... (10.99) 


where as usual the figure represents the principal quantum number and the letter 
the value of /, with / = 0,1, 2,3,..., corresponding to s, p,d,f,.... The brackets 
in (10.99) enclose levels which have so nearly the same energy that their order can vary 
from one atom to another. Electrons in orbitals having the same value of the quantum 
number n are said to belong to the same shell. The shells are labelled K,L,M,N,..., 
according to whether n = 1, 2,3, 4,.... Electrons having the same value of n and / 
are said to belong to the same subshell. According to our foregoing discussion there 
are 2(2/ + 1) electron states having the same value of n and / but different values of 
m, and m,, so that the maximum number of electrons in a subshell is 2(2/ + 1). As 
seen from (10.98), in the central-field approximation the total energy E.. of the atom 
depends only on the number of electrons occupying each of the individual energy 
levels E,;. Therefore, this total energy 1s determined by the electron configuration, 
that is the distribution of the electrons with respect to the quantum numbers n and /. 


The periodic system of the elements 


We are now equipped with the necessary information to discuss the electronic structure 
of atoms or ions. In what follows we shall restrict our attention to the ground state 
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of neutral atoms. The Z electrons of an atom of atomic number Z then occupy 
the lowest individual energy levels in accordance with the requirements of the Paul 
exclusion principle. The ground-state configuration of an atom is therefore obtained 
by distributing the Z electrons among a certain number f of subshells, the first ( f — 1) 
subshells being filled and the last one (corresponding to the highest energy) generally 
not, except for particular values of Z (2, 4, 10, 12, 18,...). The least tightly bound 
electrons, which are in the subshell of highest energy, and in insufficient numbers to 
form another closed subshell, are called valence electrons. In going from one atom 
having atomic number Z to the next one, with atomic number Z + 1, the number of 
electrons increases by one, the Z + | electrons occupying the lowest energy levels 
allowed by the exclusion principle. 

The first element (Z = 1) is atomic hydrogen, which has the ground-state con- 
figuration ls. For Z = 2 (helium), both electrons occupy the Is level and the 
configurations is (1s)*, where the superscript denotes the number of electrons occu- 
pying the (n/) orbital. Since no more than two electrons can occupy Is orbitals, the 
two electrons of helium fill the K shell (x = 1), which is said to be ‘closed’. For 
Z = 3 (lithium), the ground-state configuration is (1s)?2s because the configuration 
(1s)? is forbidden by the Pauli exclusion principle. The next element is beryllium 
with Z = 4. The fourth electron can also occupy the 2s level, so that the ground 
state configuration of beryllium is (1s)?(2s)?. For Z = 5 (boron) the K shell and the 
2s subshell are full so that the fifth electron must occupy a 2p level. As Z increases 
from 5 to 10 (neon), the 2p subshell progressively fills up. At Z = 10 (neon) the L 
shell (n = 2) is full and for Z = 11, (sodium), the eleventh electron must go into a 
3s level, belonging to the M shell. 

From Z = 11 to Z = 18 (argon), the 3p levels fill progressively. At Z = 19 
(potassium), it might be expected that the nineteenth electron would go in the 3d 
level, but in fact the 4s level has a lower energy than the 3d level, so the configuration 
of potassium is (1s)?(2s)?(2p)°(3s)? (3p)*4s. 

In the same way, the electronic configuration of all the elements with higher values 
of Z can be studied. Additional information is provided by the term value which 
indicates the total orbital and spin angular momentum quantum numbers (L and S, 
respectively), and also the total angular momentum quantum number J. The term is 
written in the so-called Russell—Saunders notation as 


ae Da 


where we recall that the code letters S, P, D, F, ..., correspond to L = 0,1, 2,3,.... 
The noble gases (He, Ne, Ar, Kr, Xe) have a full K shell or p subshell and are 
chemically inert because it takes an appreciable amount of energy to perturb these 
atoms. If there is one valence electron outside a closed shell as in the alkalis (Li, Na, 
K, Rb, Cs), it is easily detached and these elements are very reactive. Similarly, the 
halogens (F, Cl, Br, 1) which lack one electron to make up a closed shell, also are 
highly reactive because of their tendency to capture an electron from another atom. 
The noble gases (He, Ne, Ar, Kr,... ), the alkalis (Li, Na, K,... ) and the halogens 
(F, Cl, Br, I) are all examples of the recurrence as Z increases of similar chemical 
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properties. These recurrences were classified by Mendeleev in 1869 in the periodic 
table of the elements, and are basically consequences of the Pauli exclusion principle. 


The determination of the central potential 


Several methods have been proposed to obtain the central potential V(r), the most 
important of them being the Thomas—Fermi and the Hartree-Fock models. We shall 
only describe here the main features of these two approaches’. 

The theory developed independently by Thomas and Fermi for the ground state 
of complex atoms (ions) having a /arge number of electrons is based on statistical 
and semi-classical considerations. The N electrons of the system are treated as a 
Fermi electron gas in the ground state, confined to a region of space by a central 
potential V(r) which vanishes at infinity. It is assumed that this potential is slowly 
varying over a distance comparable with the de Broglie wavelengths of the electrons, 
so that many electrons are present in a volume where V(r) is nearly constant, and 
the statistical approach used in studying the Fermi electron gas can be applied. In 
addition, since the number of electrons is large, many of them have high principal 
quantum numbers, and semi-classical methods can be employed. The Thomas—Fermi 
method has the advantage of simplicity: it leads to a ‘universal’ equation, which can 
readily be solved numerically, and from which the central potential V(r) and the 
electron density p(r) can be obtained for any multi-electron atom. The method is 
particularly useful in calculating quantities which depend on the ‘average electron’ 
(such as the total energy of the atom). On the other hand, quantities which rely on the 
properties of the ‘outer’ electrons (such as the ionisation potential) are poorly given 
in the Thomas—Fermi model. 

A much more elaborate approximation for complex atoms is the Hartree-Fock 
or self-consistent field method. In this approach, it 1s assumed, in accordance 
with the independent particle approximation and the Pauli exclusion principle, 
that the N-electron wave function is a Slater determinant (10.27), in which 
Ua(Gi), Up(q2),--.,Uv(qn), are individual electron spin-orbitals, where each 
of the subscripts a, B,...,v, denotes a different set of four quantum numbers 
(n,l,m;,m,). The optimum Slater determinant is then obtained by using the 
variational method to determine the best individual electron spin-orbitals. The 
Hartree-Fock method is therefore a particular case of the variational method, in 
which the trial function @ for the N-electron atom is a Slater determinant whose 
individual spin-orbitals are optimised. It should be noted that the N-electron-atom 
wave function W(q1,q2,-...,qn), Solution of the Schrodinger equation (10.89), 
can only be represented by an infinite sum of Slater determinants, so that the 
Hartree-Fock method can be considered as a ‘first step’ in the determination of 
atomic wave functions and energies. We also remark that the application of the 
Hartree—Flock method is not confined to atoms or ions, but can also be made to other 
systems such as the electrons of a molecule or a solid, or the nucleons of a nucleus. 


? A more detailed account can be found in Bransden and Joachain (1983), Chapter 7. 
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Let us consider the functional E[@] = (¢|H|@) of the variational method, in which 
H is the Hamiltonian (10.88), and the trial function @ is a Slater determinant (nor- 
malised to unity) containing the one-electron orbitals ug(qi), Up(q2),.-- ,Uv(qn), 
to be determined. Upon variation of E[@] with respect to the spin-orbitals, it is 
found that the spin-orbitals must satisfy a system of coupled equations, known as the 
Hartree—Fock equations, which have the form 


he 
-5¥3 + via) sian = F4u,(qi); A= a, B, oe mee ©, (10.100) 


where the Hartree-Fock potential V(g;) represents the field in which the electron i 
moves when the atom is in a given state (for example the ground state). 

The Hartree-Fock equations (10.100) look similar to individual Schrédinger eigen- 
value equations for each of the spin-orbitals u,. They are not genuine eigenvalue 
equations, however, since the Hartree-Fock potential V(q;) depends on the (N — 1) 
other spin-orbitals u,,, with x #4 A. In fact, to solve the system of Hartree-Fock 
equations (10.100) one proceeds by iteration. Starting from approximate individual 
spin-orbitals uw“), ut’, ... , uw“), one first calculates the corresponding approximate 
expression V"!) of the Hartree-Fock potential. The Hartree-Fock equations are then 
solved with this potential V") to obtain new spin-orbitals u”’, us ,...,U), which 
in turn yield a new potential V°). This procedure is then repeated until the final spin- 
orbitals give a potential VY“ which is identical (within the desired approximation) to 
the potential V“—') obtained from the preceding cycle. The Hartree-Fock potential 
determined in this way is known as the self-consistent field of the atom (ion). In 
general, the Hartree-Fock potential V is spin-dependent and depends also on the 
angular coordinates. A central potential V(r) of the type discussed above can then 
be obtained by averaging over the angular variables and the spin states. 


Corrections to the central-field approximation. L-S coupling and j-/ 
coupling 


Let us now consider the main corrections to the central-field approximation. The 
first important correction to the central-field Hamiltonian H, is the term H, given 
by (10.94), which represents the difference between the actual Coulomb repulsion 
of the electrons and the average electron repulsion contained in the central field 
V(r). In particular, if V(r) is a (central) Hartree-Fock potential, the term H, leads 
to the so-called correlation effects, the correlation energy Eo, being defined as the 
difference between the exact (non-relativistic) energy EF of a given atomic state and 
the corresponding Hartree-Fock energy Eyr: 


coor = E — Eur. (10.101) 


For light atoms (ions) the relative error F,o,/E in the Hartree-Fock energy of the 
ground state is about 1%. Correlation effects can be studied by using perturbation 
theory, starting with the Hartree—Fock energies and wave functions as the ‘zero-order’ 
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10.6 


approximation. Alternatively, the variational method can be used with a trial function 
@ which is a linear combination of Slater determinants 


=) cdi (10.102) 


where the coefficients c; are variational parameters. The various Slater determinants 
g; differ in the choice of the spin-orbitals occupied by the electrons, and correspond 
therefore to different electronic configurations. This approach is known as the 
configuration-inte raction method. 

A second important correction to the central-field approximation is due to the spin— 
orbit interactions of the electrons, which we have ignored so far. Working within 
the framework of the independent particle model, we write the spin-orbit correction 
term in a form which is an extension of (8.102), namely 


A = YE) LS; (10.103) 


where L,; is the orbital angular momentum operator of electron /, S; is its spin angular 
momentum operator, and 


] ] dV(r;) 
2m2c2 r; dr; 


E(r;) = (10.104) 
Adding the corrections H; and H; to the central-field Hamiltonian H,, we obtain the 
total Hamiltonian 


H = H.+ Hi + A. (10.105) 


In order to study the effects of the terms H; and HM, one can use perturbation 
theory, starting from the eigenfunctions and eigenenergies of H, as our zero-order 
approximation. The manner in which the perturbation calculation 1s to be carried out 
depends on the relative magnitude of the two perturbing terms H, and H>. The case 
for which |H,| >> |H>| occurs for atoms with small and intermediate values of Z 
and is called the L—S coupling case. The situation for which |H>| >> |A| arises for 
atoms with large Z and is known as the j—j coupling case. The situation for which 
both perturbations H, and H> are comparable is known as intermediate coupling. 


Molecules 


The study of molecular structure is considerably more difficult than that of isolated 
atoms, but fortunately the problem is simplified because the mass of the electrons is 
much smaller than that of the nuclei, while the forces to which the electrons and the 
nuclei are submitted are of comparable intensity. As a result, the motion of the nuclei 
is much slower than that of the electrons, and the nuclei occupy nearly fixed positions 
within the molecule. 

Evidence from X-ray diffraction and molecular spectra shows that when atoms 
associate to form molecules, the tightly bound inner shells of electrons are nearly 
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undisturbed, and remain localised about each nucleus. The outer electrons, on the 
other hand, are distributed throughout the molecule, and it is the charge distribution 
of these valence electrons that provides the binding force. The order of magnitude of 
the separation of energy levels for the electronic motion of the valence electrons can 
be estimated by using the following argument. Let a be a typical average distance 
of the nuclei in a molecule. From the uncertainty principle, the magnitude of the 
momentum of the valence electrons is of the order of i/a, so that a rough estimate 
of their kinetic energy, and hence of the magnitude EF, of the electronic energies, 1s 
given by 
h 
ee (10.106) 
ma 
where m is the electron mass. Since neutron diffraction experiments indicate that 
a ~ 1A, wesee that E, is of the order of a few eV. The result (10.106) clearly gives 
also an estimate of the energy separation between low-lying electronic energy levels 
of the molecule. The corresponding line spectra are observed in the ultraviolet and 
visible regions. 

Let us now consider the nuclear motions. These can be classified into translations 
and rotations of the entire (quasi-rigid) equilibrium arrangement, and internal vibra- 
tions of the nuclei about their equilibrium positions. The translational motion can 
be separated by introducing the centre of mass, which moves as a free particle in the 
absence of external fields. In what follows we shall assume that the separation of the 
centre of mass motion has been performed, and we shall only consider the vibrational 
and rotational motions of the nuclei. To estimate the vibrational energy, we can use 
the following classical argument. If the electrons are bound to the molecule by a force 
of magnitude F, the nuclei must be bound by an equal and opposite force. Taking 
this force to be simple harmonic, with a force constant k, the angular frequency of the 
electronic motion will be w. = (k/m)'”? and that of the vibrational nuclear motion 
will be wy = (k/M)'/*, where M is of the order of a typical nuclear mass. The 
ratio of the energy of the vibrational motion to that of the electronic motion is thus 
hiwn /hw. =~ (m/M)'/? and the energy E, associated with a low mode of vibration is 
given approximately by 


NWP 
| eae () Ex: (10.107) 
M 


The ratio m/M being in the range 10~° to 107°, we see from (10.107) that E, 
is roughly a hundred times smaller than E,, so that typical vibrational transitions 
between adjacent vibrational levels, without change of the electronic state, lie in the 
infrared part of the spectrum. 

To estimate the rotational energy E,, let us consider the simple case of a diatomic 
molecule, with each of the nuclei having the same mass M and being a distance 
a apart. The moment of inertia of the molecule is then J = Ma?’/2. Using the 
result (6.136) which was obtained in Chapter 6 for the rigid rotator, we see that the 
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order of magnitude of the energy associated with a fairly low mode of rotation is 


fies de 10.108 
pe Ee (10.108) 
Thus the rotational molecular energies are smaller than electronic energies by a factor 
of the order of m/M, and smaller than vibrational energies by a factor of the order of 
(m/M)'/?. The rotational motion leads to a ‘second-order’ splitting of the electronic 
spectrum, the spacing being of the order of 0.001 eV, which is very small compared 
with the ‘first-order’ splitting of about 0.1 eV produced by the vibrational motion. 
The rotational motion has also the effect of splitting the vibrational spectra for which 
the electronic state does not change, thus giving rise to the rovibrational band spectra 
referred to in Section 6.4. Transitions between rotational levels, belonging to the 
same electronic and vibrational level give rise to the rotational band spectra which are 
observed in the far infrared and microwave regions at wave numbers of | to 10? cm™!. 
Because of the small ratio of the electronic mass to the nuclear mass (m/M ~ 
10-3 — 10>), and since the period of a motion is of the order of h divided by its 
energy, we See from (10.106)—(10.108) that the nuclear periods are much longer than 
the electronic periods. Thus the electronic and nuclear motions can essentially be 
treated independently, and it is a good approximation to determine the electronic states 
at each value of the internuclear separation by treating the nuclei as fixed. The charge 
distribution of the electrons is then a function of the nuclear positions and determines 
the nuclear motions. This decoupling of the electronic and nuclear motions is known 
as the Born—Oppenheimer approximation. In what follows we shall apply these ideas 
to the study of the simplest molecule: the hydrogen molecular ion. 


The hydrogen molecular ion 


The hydrogen molecular ion H; is asystem composed of two protons and one electron. 
A centre-of-mass system of coordinates can be constructed by introducing the relative 
position vector R of the two protons A and B, and the position vector r of the electron 
with respect to the centre of mass of A and B (see Fig. 10.5). The Schrédinger 
equation is 


hi? 5 h 5 e? e? e- 
yee ee 
2 AB 2[e (47e9)ra (47€0)rp  (47E0) R 


Ever R) = 0 
(10.109) 


where ra and rg are the distances of the electron from the protons A and B. The 
reduced mass of the two-proton system 1s Uap = M,/2, where M, is the proton mass 
and j1e 1s the reduced mass of the electron with respect to the two-proton system 
se (10.110) 
SS = m e 

eS m+2M, 
where m is the mass of the electron. 

Since the nuclear motion is very slow compared with that of the electrons, an 
electronic Hamiltonian H,(r, R) can be introduced in which R can be considered to 
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Figure 10.5 A coordinate system for the hydrogen molecular ion H3 . 


be a slowly varying parameter, and 


2 2 2 2 


h 3 e e e 
H.(r, R) = ——V 


= —————— — ———. +- —_.. 10.111 
2m *  (4meq)ra (47° €0) rp - (47r€9)R ( ) 


For each (fixed) value of R aset of eigenenergies E,(R) with corresponding orthonor- 
mal eigenfunctions x,(r, R) can be found which satisfy the electronic Schrédinger 
equation 


H.(r, R)x,(r, R) = E,(R) x, (r, R). (10.112) 


The functions x, are known as molecular orbitals, in analogy with the atomic orbitals 
introduced in the previous section. 

The adiabatic theorem (Section 9.4) tells us that as R is slowly varying, if the 
system is prepared in the level k with wave function x, it will remain in that level 
and not make a transition to any other. It follows that the full time-independent wave 
functions w(r, R) can be written for a particular level k in the Born—Oppenheimer 
form: 


wir, R) = F,(R)xx(r, R), (10.113) 


where F;(R) is a wave function describing the nuclear motion. Inserting (10.113) 
into (10.109) and using (10.112) we find that 


h2 2 
xXx (r, R)(- Ve t+ Ex(R) — E) F(R) — [Fi (R) Vex (r, R) 
2MLAB 2LAB 
+2V RF. (R)-Verx(r, R)] = 0. (10.114) 


Multiplying on the left by x/(r, R) and integrating over r, the equation satisfied by 
F(R) is found to be 


he h? 
- Ve + ——iA(R).Vp+ U(R) —- E| F(R) =0 (10.115) 
2M AB LLAB 
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where 
A(R) =i (xx (r, R)|Vrxx(r, R)) (10.116) 
and 
2 
U(R) = E,(R) — (xe (r, R)|Vexe(r, R)) (10.117) 


2UAB 
On comparing (10.117) with (9.137), taking ¢c = R and Wz = xx, It is seen that 
A(R) is a Berry connection which in (10.115) is a vector potential coupling to the 
heavy particle momentum P = —ifiV kr. In addition a scalar potential U(R) is also 
generated. If x, is non-degenerate and is chosen to be real then by differentiating 
the normalisation condition (x,(r, R)|x,(r, R)) = 1, it is seen that A(R) = 0. The 
second term in (10.117) is small since x; is slowly varying with R, and if itis neglected 
the wave function F;(R) satisfies the nuclear Schrédinger equation 


2 

- : Va t+ Ex(R) — E| F,(R) = 0 (10.118) 
2MAB 

in which E;(R) serves as a potential. 

Although the Berry connection A(R) does not appear in (10.118) it is not always 
the case that it can be removed. For example the component of the angular momentum 
along the internuclear axis of a diatomic molecule can take the values +Afh where 
A = 0,1,2..., so that except for A = O the energy levels E,(R) are doubly 
degenerate. If the adiabatic equation (10.115) is modified to take this into account, it is 
found that A becomes a 2 x 2 matrix, and cannot be removed by a phase transformation. 
Very often the Hamiltonian for a complex system can be expressed as the sum of a 
fast varying part Hy and a slowly varying part H,. Under these circumstances the 
wave equation for the slowly varying motion always takes a similar form to (10.115) 
with both vector and scalar potentials generated by the fast motion. 


The electronic ground state 


We shall investigate the lowest electronic levels of Hy using the Rayleigh-Ritz varia- 
tional method of Section 8.3. For this purpose, we first note that since ra = r+ R/2 
and rg = r — R/2 the electronic Hamiltonian 


ee, Aa aie (10.119) 
~"" om * (4r€9)\ra rp R / 


is invariant under the reflection r — —r. If P is the parity operator which changes 
r to —r, P commutes with H, and hence we can find simultaneous eigenfunctions 
of ? and H. In the present context the eigenfunctions of P are called gerade if the 
parity is even and ungerade if the parity 1s odd 


P xx.g(F, R) = Xk.g(F, R), Pxxull, R) = —Xxkulf, R). (10.120) 


If R is large, the system separates into a hydrogen atom and a proton. As we are 
interested in the states of lowest energy, we shall look at those functions x;,(r, R) 
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which separate as R — oo to W)5(ra) or W1;(7gB), where yy, 1s the ground-state wave 
function of a hydrogen atom. This suggests that approximations to x, and xy (we 
drop the subscript k as we are only interested in the lowest states of each symmetry), 
can be taken as 


Xe = Wis(ra) + Wis(rp), Xu = Wis(ra) — Wis(rp).- (10.121) 


In (10.121) the particular combinations of ¥1,(r4) and W1;(rg) are chosen to provide 
the gerade or ungerade symmetry. This approximation in which atomic orbitals 
are linearly combined to represent molecular wave functions is known as the lin- 
ear combination of atomic orbitals (LCAO) method and can be extended to more 
complicated molecules. Substituting the functions (10.121) into the Rayleigh-Ritz 
functional (8.130), we see that 


f Xeull, R) A Xe.u(r, R)dr 
J \Xg.u(r, R)|?dr 


provides an upper bound on the energies of E,(R) and E,(R) for each value of R. 
We shall not go into the details of the evaluation of the integrals of (10.122). The 
results are 


E,4(R) = (10.122) 


e2 


a (47 €)R 
(1 + R/ao) exp(—2R/ag) + [1 — (2/3)(R/ao)*] exp(—R/ao) 
1+ [1 + (R/ao) + (1/3)(R/ao)?] exp(— R/ao) 


E,(R) = Es 


(10.123a) 


and 
2 


e 
a (47 €9) R 


. (1 + R/ao) exp(—2R/ao) — [1 — (2/3)(R/ao)*] exp(—R/a0) 
1 — [1 + (R/ao) + (1/3)(R/ao)7] exp(— R/ao) 


E\(R) = Es 


(10.123b) 


where dg is the Bohr radius and F), is the ground-state energy of atomic hydrogen. 

The two curves [E,(R) — Ej] and [E,(R) — E},] are plotted in Fig. 10.6 as a 
function of R. The curve E,(R) — E\, arising from the symmetrical (gerade) orbital 
exhibits a minimum at Ro = 2.49 a.u. (1.32 A) and it is found that E,(Ro) — E\s = 
—0.065 a.u. = —1.77 eV. As a result, this curve represents an effective attraction 
between the two nuclei, leading to the formation of a stable molecular ion. Since 
the nuclear vibration about the stable position is small, the value 1.77 eV is an 
approximation to the ground-state binding energy of Hj. In contrast, the function 
F',(R) — EF), is always repulsive and has no minimum, so that a molecular ion H; 
in this state will dissociate into a proton and a hydrogen atom. A more accurate 
calculation leads to an equilibrium distance of Ro = 2 a.u. (1.06 A) and a value of 
E,(Ro) — Eis = —0.103 a.u. = —2.79 eV. 
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Figure 10.6 The lowest electronic potential energy curves of H5. The lines labelled A show 
Eg(R) — Eis and Ey(R) — E45 calculated from the approximate expressions (10.123). The lines 
labelled B show the same quantities calculated by a more accurate method. Energies are given 
in atomic units (1 a.u. of energy = 27.2 eV) and electronvolts, while the internuclear distance R 
is given in atomic units (1 a.u. of length = ap = 5.29 x 107'! m). 


Rotational and vibrational motion of H2T 


To examine the motion of the nuclei in H5 about the equilibrium position R = Ro, 
we return to the Schrédinger nuclear equation (10.118) setting E,(R) = E,(R) for 
the ground state. The energy E,(R), being a function of the radial coordinate only, 
acts as a central potential. We can therefore obtain solutions of the form 


F(R) = R7"'Fy.1(R)Y im, (9, ®) (10.124) 


where F, ,(R) is a radial function and the spherical harmonic Y; yy, which depends 
on the polar angles (9, ¢) of R, is a simultaneous eigenfunction of L* and L.. 
Inserting (10.124) into (10.118), we find the radial equation 


(ee - 4 E.(R)— E|F.7(R) =0 10.125 
2HaB \ dR? R2 ane ae eer 
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Since the nuclear motion is confined to a small distance about R = Rp, it is useful to 
approximate E,(R) by expanding it about R = Ro 


E_(R) = Eq(Ro) + (R — Ro)| —2™ + 4¢R = Roy?| SEe® 
Sie ake oy “LOR beep” 2 © L dR? dace, 
| 
~ E,(Ro) + sk(R — Ro)’ (10.126) 
where in the second line we have used the fact that dE,(R)/dR is equal to zero 
at the equilibrium position R = Ro (a minimum of E,(R)) and we have set 
k = [d°E,(R)/dR?]r-pR,. At the same time the rotational energy can be 


approximated by evaluating the centrifugal term in (10.125) at R = Ro, 
2 


E, L(L +1). (10.127) 


~ 2wapRe 
In this approximation, the molecule behaves like a rigid rotator, as we have already 
discussed in Section 6.4. The rotational energies are of the order of 107° eV, 
and are very small compared with the spacing of the electronic levels. With these 
approximations the eigenvalue equation (10.125) for the vibrational motion becomes 


Lan + LER Ro)? — Ey |Fy..(R) = 0 (10.128) 

Vis dR2 9 0 Vv v.L = : 
where Ey, = E — E,(Ro) — E,. This is the equation for simple harmonic motion, and 
it follows that in this approximation the nuclei vibrate with energies 


l 
Ly = ha ( + :) v= 07152. (10.129) 


where wy = (k/pap)!/*. The vibrational energies are of the order of 107! eV, 
confirming that the vibrational and rotational motions can be ignored (to a good 
approximation) when calculating the energies of the electronic levels. The treat- 
ment we have outlined can be extended to other diatomic molecules (Bransden and 
Joachain, 1983). 

Transitions between the energy levels of a molecular system can take place with the 
emission or absorption of radiation, giving rise to molecular spectra. The simplest 
of these are the pure rotational spectra involving only transitions between rotational 
states of the molecule which belong to a given electronic and vibrational level. The 
pure rotational spectrum of a molecule consists of a set of closely spaced lines in the 
infrared or the microwave region. Transitions involving changes in the vibrational as 
well as in the rotational state of the molecule give rise to vibrational-rotational band 
spectra which are observed in the infrared part of the spectrum. When spectrographs 
of sufficient resolving power are used, one finds that the bands exhibit a fine structure 
due to the rotational transitions. Finally, molecular spectra for which changes in the 
electronic as well as in the vibrational and rotational states of the molecule occur 
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10.7 


are called electronic spectra. As the energy differences between electronic levels are 
much larger than those corresponding to transitions without a change in the electronic 
state, the lines associated with electronic spectra lie in the visible or in the ultraviolet 
part of the spectrum. When observed with small dispersion, electronic spectra appear 
to consist of bands. However, when a better resolving power is used, it is found as in 
the case of vibrational—rotational spectra that the bands exhibit a fine structure in the 
sense that they consist of many individual lines, due to the rovibrational transitions. 


Nuclear systems 


We conclude this chapter by discussing briefly two applications to nuclear physics. 
The first concerns the calculation of the binding energy of the deuteron (the nucleus 
composed of a single proton and a single neutron), and the second is a model of 
heavier nuclei based on a Fermi-gas picture. Later, in Chapter 11, the theory of the 
photodisintegration of the deuteron is outlined, and in Chapter 13 neutron—proton 
scattering 1S treated. 

In this book, we are interested in nuclear physics as providing examples of the 
applicability of quantum theory. For a systematic development of the subject the 
reader is referred to the text by Burcham and Jobes (1995). We shall note here only 
those facts which are strictly necessary for an understanding of our examples. 

Neutrons and protons (collectively called nucleons) are fermions of spin one-half, 
neutrons being electrically neutral and protons possessing a positive charge e which 
is equal in magnitude to the electronic charge. Both particles have roughly equal 
mass. In fact, the mass of the neutron is M, = 1.67492 x 1072’ kg and that of the 
proton is M, = 1.67265 x 10-2’ kg, which are ~ 1840 times the mass of the electron. 
The masses of all nuclei are very nearly integral multiplies of the mass of the proton, 
from which it can be inferred that nuclei are composed of nucleons interacting with 
one another through attractive forces. As discussed earlier in Section 10.2, modern 
theories show that the nucleons themselves are built from fundamental particles called 
quarks, but this inner structure can be ignored in the first instance in building a picture 
of the nucleus and its properties. 

Each nucleus can be characterised by its charge Ze, and a mass number A, which 
is defined as the closest integer to the ratio M/M,, where M is the mass of the 
nucleus and M, is the mass of the proton. Thus a nucleus characterised by A and Z 
contains (A — Z) neutrons and Z protons. In naturally occurring nuclei, Z ranges 
from 1 (hydrogen) to 92 (uranium), and A from | to 238. On average, there are 
about three stable nuclei called isotopes with differing A for each value of Z. As A 
increases the ratio of the number of protons to the number of neutrons in stable nuclei 
decreases and this can be attributed to the repulsive Coulomb forces acting because 
of the electric charge on the protons. 

Scattering experiments, between neutrons and protons, and between protons and 
protons, show that the internuclear force is of short range and is negligible for 
internuclear distances r > a, where a, the range, is of the order 2 x 107! m. 
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Confirmation of the short-range nature of the nuclear force comes from the study 
of binding energies. The binding energy, Eg, is defined as the energy required to 
dissociate a nucleus completely into Z free protons and (A — Z) free neutrons. Using 
the Einstein mass-energy relationship, Eg is equal to[ZM, + (A — Z)M, — Mc’. 
E. Wigner showed that it was impossible to explain the increase in binding energy” 
per particle in the sequence deuteron (A = 2,Z = 1,Ep/A = 1.11 MeV), 
triton (A = 3,Z = 1, Eg/A = 2.83 MeV) and alpha particle (A = 4,Z = 2, 
Ep/A = 7 MeV), if the internuclear forces were of long range and decreased as an 
inverse power of the internuclear separation. For nuclei heavier than the alpha particle, 
the binding energy per particle does not continue to increase and becomes nearly 
constant, so that the total binding energy becomes proportional to A. This saturation 
of the nuclear force is quite different from the expected behaviour if the nuclear force 
were uniformly attractive, in which case the binding energy would increase with the 
number of pairs of interactions between nucleons, and be proportional to A”. There is 
evidence that at very short distances the internuclear potential changes to a repulsion 
which is large in magnitude and which prevents nucleons becoming much closer 
than ~ 0.5 x 107! m. This is sufficient to explain the saturation of nuclear forces. 
However, since this distance is smaller than the average spacing of nucleons in a 
deuteron, or that probed by low energy nucleon-nucleon scattering experiments, the 
two-nucleon system at low energies can be discussed approximately in terms of an 
effective short-range central potential V(r) which 1s everywhere attractive. 


The deuteron 


The deuteron, the bound state of a neutron and a proton, is found to have a total 
angular momentum quantum number J = 1. Since the magnetic moment of the 
deuteron is approximately the sum of the magnetic moments of the neutron and of 
the proton, it can be inferred (see Chapter 11), that the orbital angular momentum 
quantum number is L = QO, and hence the total spin quantum number is S$ = 1. 
Using the Russell—Saunders notation, the corresponding state is designated as °S,. 
From measurements of the non-zero electric quadrupole moment, it can be shown 
that there is a small admixture of an L = 2 (7D) term in the wave function, which 
arises from a non-central component in the internuclear potential. However, as this 
only amounts to about 5%, in a discussion of the binding energy it can be neglected 
to a first approximation. 

From this discussion, we see that the effective potential between a neutron and a 
proton in the triplet state, >V, can be taken to be central, attractive and of short range. 
Various model potential shapes can be adopted, for example a square well 


*V(r) = — Vo, r<a 
— 0, r>a, (10.130) 


+ It is usual to express nuclear energies in MeV (million electron volts), where 1 MeV = 
1.60219 x 107'3 J. 
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a Yukawa potential 

SV(r) = —? Vor! exp(—r/a) (10.131) 
or an exponential potential 

3V(r) = — 3 Voexp(—r/a). (10.132) 


In each case the two parameters, the well depth * Vp and the range a can be adjusted 
to obtain the observed binding energy of 2.22 MeV. 

Since no singlet bound state exists in the zero-spin state, it 1s clear that the potential 
in this state must be weaker and that the corresponding depth and range parameters 
are different (see Chapter 13). 

In the centre-of-mass system, the Schrodinger equation for a neutron—proton system 
in the triplet state is 


2 
|-F-v? +°V(r)— E]wen =0 (10.133) 
vs 


where pz 1s the reduced mass 
MM, _ | 


= ome (10.134) 
p n 


LL 


and r is the internuclear coordinate. Note that we do not need to display the spin part 
of the wave function because we are dealing only with the S = | state. As the wave 
function for the bound state corresponds to L = 0, it has no angular dependence and 
we can write 


wr) =r '!¥(r). (10.135) 


Introducing (10.135) into (10.133), we find that the function Y (r) satisfies the equation 


d2 
— —3U(r)—d7 |Y¥(r) = 0 (10.136) 
dr2 
where 
2 
3U(r) = a 3 V(r) (10.137) 
and 
2p Qu 
272 = 
= —a3E — 7 EB. (10.138) 


Eg being the binding energy. Since E < 0 for a bound system, the parameter A? is 
positive. The boundary condition that y(r) should be finite everywhere implies that 


Y(0) = 0 and Y(r) ~ Oasr> ww. (10.139) 
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This problem has been discussed in Section 7.4 for a square well potential such 
as (10.130). The solution satisfying the boundary conditions (10.139) is 


Y(r) = C, sin Kr, r<a 
= C2 exp(—Ar), r>a (10.140) 
where 
K*=°Uj-, Up = Vo. (10.141) 


Joining the solution inside the well smoothly to that outside gives the condition 
(see (7.87)) 


K cotKa =—-.. (10.142) 


To obtain a binding energy Ep = 2.22 MeV, with arange of the order of 2 x 107° m, 
the depth of the well has to be of the order 30-40 MeV. It follows that Eg is small 
compared with ? Vo, that is, A is small compared with K. Thus cot Ka = (—A/K) is 
small and negative, so that Ka 1s a little larger than 7/2. (The value 32/2 would not 
do as this would give rise to a node in the wave function.) Setting Ka ~ 2/2 and 
neglecting 47 compared with K? in (10.141) we see that the condition for a bound 
state reduces to 


K7a? ~ 3Upa? = 17/4. (10.143) 


A similar condition for the product *Upa? can be found for any other potential shape, 
provided that it is of short range. 

The extent of the wave function is measured by A~'. This quantity is determined 
by the value of the binding energy Ep = 2.22 MeV, and from (10.138) A7! = 
4.32 x 107"? m. We see that A~! > a, which is consistent with the inequality K > i. 
This implies that most of the wave function of the deuteron is outside the potential 
well. For many purposes, the wave function can thus be approximated by its form 
outside the well which is 


w(r) = C2 exp(—Ar)/r. (10.144) 


This function does not obey the proper boundary condition at r = 0. Nevertheless it 
can be normalised by requiring that 


| lw (r)|?dr = 1. (10.145) 
Integrating over angles we have 

An (C2)? | 7 exp(—2Ar)dr = 1 (10.146) 
from which 


Cy) = (A/2n)!”. (10.147) 


510 @ Several- and many-particle systems 


Defining the radius of the deuteron to be the expectation value of the radial coordinate 
r, and using the approximation (10.144) for w(r), with the normalisation constant C> 
determined from (10.147) we have 


[wore rar 


1 
rs 2.15 x 107" m. (10.148) 


(r) 


The Fermi model of the nucleus 


The size of nuclei can be determined through scattering experiments with electrons. 
Since electrons are charged these experiments measure the charge distribution, that 
is the distribution of the protons in the nucleus. It is found that the nuclear radius can 
be expressed as 


R=nA'? (10.149) 


where A is the mass number and ro is a constant. A similar result is obtained from 
nucleon scattering (which depends on the neutron as well as the proton distributions). 
The average value of ro is 


ro = 1.1 x 107" m. (10.150) 


A model of a heavy nucleus can be obtained by treating the protons and neutrons 
as independent Fermi gases, each confined within a sphere of radius R, by a constant 
potential (within the sphere) V = — Vo. In a better approximation, the neutron and 
proton gases can be considered to move in slightly different potentials, allowing for 
the Coulomb repulsion which affects only the protons. 

From (10.150), the nucleon number density is constant, being 


3A 3 
gn a 0.18 x 10* nucleons m~?. (10.151) 
mR: Tr¢ 


p 


If we take the case of nuclei with equal numbers of neutrons and protons, the number 
density both of the neutron gas and the proton gas is 


Pp = Pn = 2/2. (10.152) 


In the ground state the nucleons fill successively the lowest levels in the well. The 
energy of the last occupied level, the Fermi energy, is given by (10.39), where m must 
be set equal to M, the nucleon mass, and ¢ must be set equal to the number density 
Pp OF Pn. We obtain in this way 


2 


h 2 
EF = ay OF Pp)” 


h? Qn)? 
SECT ACENT (10.153) 
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and by using (10.42) the average kinetic energy per nucleon is found to be 


2M 


E--—Er=< 10.154 
F ro)? ( ) 


3 3 ( h* \ On)? 

5 5 ( ) 
On evaluating (10.154) using ro = 1.1 x 107? m, E is found to be 23 MeV. 
Empirically, the energy required to remove one nucleon from a heavy nucleus is 
roughly constant, and 1s about 16 MeV. Using this estimate together with the 23 MeV 
for the average kinetic energy per particle, one finds the depth of the attractive well 
in which the nucleons move to be (23 + 16) MeV = 39 MeV. In principle, this 
could be related to the parameters of the internucleon potential which we discussed in 
connection with the binding energy of the deuteron. This, however, is a very difficult 
task. 


10.1. = Write down the Schrédinger equation for a four-particle system using three 
different sets of centre-of-mass (Jacobi) coordinates. 


10.2 Consider a Fermi gas in which N particles confined within a large cube 
with sides of length L move in a constant potential V = Vo. Show that the properties 
of the gas are the same as in the cases discussed in Section 10.3, where we took 
Vo = 0, with the exception that a particle now has energy 


E,=WteE, 
where E, is given by (10.31), and the total energy is now 


B= Evo ais NVo 


tot 


where EF is given by (10.41). 


10.3 (a) By using the ultra-relativistic expression Er = Ackp = hc(327p)'? 
for the Fermi energy of an electron gas, and approximating the total kinetic 
energy of a white dwarf star by N Ef, where N is the total number of electrons, 
show that the total energy Ey is 


bM*/3 3GM? BN ee LZ 
EPS — -——; pale): ie 
R 5 R 3 MA3\A 


For the star to be in equilibrium Ey must be such that Ey < 0. Using this 
condition, show that the Chandrasekhar limit (i.e. the critical mass M. above 
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which the star becomes unstable) is given by 
Sb Senay ZY 
M.=(|— = ——_—_ | — 
3G 2 3MF OG AM, 


(b) Obtain the corresponding expression for the Chandrasekhar limit of a neutron 
star. 


10.4 Obtain the result (10.85) by substituting the trial function (10.83) in the 
expression (10.84). 

(Hint: To evaluate the quantity (plrj5' |), follow the method used to evaluate the 
first-order energy correction (10.74)). 


10.5 Using the rules of addition of angular momenta find the possible 
values of the total angular momentum J of an atom in the following states: 
1S, °S-"F, Ps Dy “D: 


10.6 —_ List the possible spectral terms *°+'L, resulting from the following two- 
electron configurations: 


(nsn’s), (nsn’p), (nsn’d), (np, n’p) 


10.7. Show that if in the hydrogen molecular ion Hj the electron is replaced 
by a muon sj, the equilibrium separation of the nuclei in the ground state is Ro = 
6.5 x 1073 m. 

(Note: The mass of the muon p~ is 207 times the mass of the electron, and the 
charge on the muon pz” is the same as that on the electron). 

This system is of interest, since if the protons are replaced by a deuteron and a 
triton, the overlap of the nuclear wave functions may be sufficient for the fusion 
reaction 


D+T— *He+n 


to take place at a useful rate. 


10.8 Themoment of inertia zap Rf of the molecule H ”’Bris3.30x 10~* kg m’. 
Using (10.127) calculate the first five rotational levels of this molecule in eV. Find 
the internuclear distance Ro in angstroms. 


10.9 The wave number of the fundamental vibrational motion of H ’’Br is 
2650 cm~'!. Calculate (a) the energy of the lowest state and first excited state in 
eV, (b) the force constant k in SI units. 


10.10 Inthe text we considered a model in which the nucleon-nucleon interaction 
was taken to be central. Consider a more general case in which the nucleon— 
nucleon potential depends on spin and orbital angular momentum, as well as on 
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the internucleon distance. Show that the possible states for low values of the total 
angular momentum are: 


J = 0 'So 3Py 
J=1 'P, 3P, 3S, +2D, 
: i — ID, 3D, 3P, + 3F,. 
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One of the most striking achievements of quantum theory is the explanation of the ob- 
served emission and absorption spectra of atoms and molecules. We have already seen 
that the frequencies of spectral lines are determined by atomic energy levels which can 
be calculated accurately by quantum mechanics. However, not all pairs of energies 
correspond to observed lines, and there are marked differences in intensity between 
one line and another. To explain these phenomena the interaction of electromagnetic 
radiation with systems of charged particles must be discussed. In this chapter we 
will examine the interaction of atoms with electromagnetic radiation, concentrating 
on atomic hydrogen and one-electron ions. Transitions between discrete levels will 
be discussed first and then photoionisation. Finally, as an example of the interaction 
of radiation with a nuclear system the photodisintegration of the deuteron will be 
considered. 

An atomic or nuclear system can interact with electromagnetic radiation in three 
ways. First, these systems can make spontaneous transitions from an excited state to a 
State of lower energy with the emission of photons. This process is called spontaneous 
emission and takes place in the absence of any external field. It can be looked upon as 
the quantum analogue of the effect predicted by classical electromagnetism that any 
accelerated particle of charge g emits radiation, the power emitted being determined 
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11.1 


by the Larmor formula! 


2 2 
q‘ |al 


61 CE Gin) 
where a 1s the acceleration of the particle and c is the velocity of light in vacuo. 
Second, a system can emit radiation under the influence of an applied radiation field. 
This process 1s called stimulated emission and has an important practical application 
in lasers which produce intense beams of coherent radiation. Finally, a system can 
absorb photons from radiation making a transition from a state of lower to a state of 
higher energy. 

In an exact treatment, we would have to start by developing the quantum theory 
of the electromagnetic field, in which the field is expressed in terms of its quanta — 
the photons. However, even in comparatively weak fields the photon density 1s very 
large (see Problem 11.1). If this is the case, the number of photons can be treated as a 
continuous variable and the field behaves classically, being described by Maxwell’s 
equations. The interaction of the field with an atom can then be accounted for by 
a semi-classical theory in which the radiation field is described classically, but the 
atomic system is quantised. Since usually only one photon at a time is emitted or 
absorbed, the influence of the atom on the applied radiation, which contains many 
photons, can be neglected. Clearly none of these assumptions hold for spontaneous 
emission, which takes place in the absence of an applied field and for which a ngorous 
treatment requires the development of quantum electrodynamics. Fortunately in this 
case the transition rate can be found by using a statistical argument due to Einstein. 


The electromagnetic field and its interaction with one-electron 
atoms 


The classical electromagnetic field is described by electric and magnetic field vectors 
€ and B, which satisfy Maxwell’s equations, and which can be generated from scalar 
and vector potentials @ and A by 


0 
E(r,t) = —Vod(r,t) — a, ale t), (11.2a) 
Bcr,t) = V x A(r, t) (11.2b) 
The potentials are not completely defined by these equations. In particular, E and B 
are unaltered by the substitutions A —~ A+ Vx,¢ — @ — 0x/dt, where x is an 


arbitrary real differentiable function of r and t. This property of gauge invariance 
allows us to impose a further condition on A, which we shall choose to be 


V.A=0 (11.3) 


| Useful texts on electromagnetism are those by Duffin (1968) and Jackson (1998). 
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When A satisfies this condition, we are said to be using the Coulomb gauge. This 
choice of gauge is convenient when no sources are present, which 1s the case consid- 
ered here. One may then take ¢ = 0, and A satisfies the wave equation 


V-A eo) ee a 0, (11.4) 


where c is the velocity of light in vacuo. 
A monochromatic plane wave solution of equation (11.4) corresponding to the 
angular frequency w (i.e. to the frequency v = w/27) is 


A(r, t) = Ao(w)€ cos(kK.r — wt + dy), (11.5) 
where k is the propagation vector, 6,, 1S a real constant phase and 
o=ke. (11.6) 


The vector potential A has an amplitude |Ag(w)| and is in the direction specified 
by the unit vector €, called the polarisation vector. In addition, equation (11.3) is 
satisfied if 


k.é = 0 (11.7) 


so that € is perpendicular to k and the wave is transverse. 
Using the Coulomb gauge, with @ = 0, the electric and magnetic fields are given 
from (11.2) and (11.5) by 


E(r,t) = €)(w)eé sin(k.r — wt + 4,), (11.8a) 
Bir, t) = &(w)w '(k x €) sin(k.r — wt + 5,) (11.8b) 
where £€)(w) = —wAo(w). The electric field vector € has an amplitude |€)(q@)| and is 


in the direction of the polarisation vector €. We also note that the vectors €, B and k 
are mutually perpendicular. An electromagnetic plane wave such as (11.8), for which 
the electric field vector points in a fixed direction €, is said to be linearly polarised. 
A general state of polarisation for a plane wave propagating in the direction k can 
be described by combining two independent linearly polarised plane waves with 
polarisation vectors €,(A = 1,2) perpendicular to k, where the phases of the two 
component waves are, in general, different. Any radiation field can be expressed as a 
superposition of monochromatic fields with different polarisations, so that it is only 
necessary to study the interaction of the field defined by (11.8) with quantum systems. 

It is interesting to relate the energy density of the field to the photon density, keeping 
in mind that each photon at a frequency v carries a quantum of energy of magnitude 
hv = hw. The energy density of the field is given by 


| 
5 (e0lEl’ + |Bi*/u9) = e9€2 (w) sin? (K.r — wt + 5,) (11.9) 
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where € and {lg are the permittivity and permeability of free space, and e949 = c~?. 
The average of sin’(K.r — wt + 4,,) over a period T = 27/w is given by 


ae i l 
— | sin’ (K.r — wt + 6,,)dt = -. (11.10) 
T Jo Z 


Using this result the average energy density p(w) 1s 
p(w) = £0€5 (a). (11.11) 


If the number of photons of angular frequency w within a volume V is N(w), the 
energy density is AwN(w)/V, and equating this with (11.11) the amplitude of the 
electric field is found to be 


\Eo(w)| = (20(w)/é0)'/? = [2hwN (w) /(eoV)]'”. (11.12) 


The average rate of energy flow through a unit cross-sectional area, normal to the 
direction of propagation of the radiation, defines the intensity /(w). Since the velocity 
of electromagnetic waves in free space is c, we have 


I(w) = p(w)c = hwN(o)c/V. (11.13) 


No radiation 1s perfectly monochromatic, although it may be nearly so, but E and 
B can always be represented by a superposition of monochromatic plane waves. If 
each term in the superposition has the same direction of propagation and is polarised 
in the same direction, €, the most general expression for E is 


E(r,t) = e | Eo(w) sin(k.r — wt + d,,)dw (11.14) 
0 


and B can be expressed correspondingly. When the radiation is nearly monochro- 
matic, the amplitude €9(w) is sharply peaked about some value wo of w. The radiation 
from a hot gas or glowing filament arises from many atoms each emitting photons 
independently. As a result, within the integral over w the phases 6, are distributed 
completely at random, and the radiation is said to be incoherent. This is characteristic 
of light from all sources with the exception of lasers. Because of the random phase 
distribution, when the average energy density is calculated from the squares of € and 
B, the contributions to the energy density from each frequency can be added together, 
the cross terms averaging to zero”. The average energy density p and intensity / for 
radiation composed of a range of frequencies can then be expressed as 


p=| p(w)dw, I -/ I (w)dw (11.15) 
0 0 


where p(w) and / (w) are the energy density and intensity per unit angular frequency 
range, given by (11.11) and (11.13), respectively. 


2 While this is intuitively clear, a detailed proof is too long to be given here. This point is discussed by 
Marion and Heals (1980). 
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Charged particles in an electromagnetic field 


In Chapter 5, equation (5.231), we wrote down the Hamiltonian operator for a spinless 
particle of mass m and charge q moving in an electromagnetic field described by a 
vector potential A(r, ¢) and a scalar potential @(r, ¢). It is 

= p 2 
In the position representation, p is the operator —ihV and the time-dependent 
Schrédinger equation is 


7) h 
oe Fv? wins = (A. V+V.A) +3 1 n+ 49 Wr, f). 
(11.17) 
We note that this equation can be obtained by starting from the classical field free 
relation E = p*/2m between the energy and momentum of the particle, making 


in it the substitutions E > E — q¢d,p — p — @A (see (5.230)) and using the 
correspondence rule (see (3.25)) 


0 
ESE = Le , DP — Pop = —1AV. (11.18) 


An important property of equation (11.17) is that its form is unchanged under the 
gauge transformation 


Acr, t) = A’(r,t) + Vx(r, 0), (11.19a) 
p(r,t) = @ (r,t) — x(n t), (11.19b) 
W(r,t) = W'(r, t) expliq x (r, t)/A] (11.19¢) 


where x is an arbitrary real, differentiable function of r and t. That is, the wave 
function W’(r, t) satisfies the equation (see Problem 1 1.2) 


a h? 
iA We, t) = -sv? + +ih (A.V + V.A) +5 LA? +48 W'(r, t). 
m 
(11.20) 


Since, as seen from (11.19c), a gauge transformation is a particular case of a uni- 
tary transformation, measurable quantities (such as expectation values or transition 
probabilities) calculated in different gauges must be the same. The property of gauge 
invariance allows us to adopt the Coulomb gauge defined by (11.3) and to take @ = 
0, as we have seen above. The Schrédinger equation (11.17) then reduces to 


a: a re q > 
ih— V(r, t) = | -—V° +1h—A.V 4+ —A‘ Wr, £) (11.21) 
ot 2m m 2m 
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where we have used the fact that 


V (AV) = A.(VY) + (VAD 
= A.(VW). (11.22) 


Interaction of one-electron atoms with an electromagnetic field 


Let us now consider the interaction of the electromagnetic field (11.8) with a one- 
electron atom, containing a nucleus of charge Ze and mass M and an electron of 
charge g = —e and mass m. Since M is very large compared with m, the interaction 
between the nucleus and the electromagnetic field can be ignored to a high degree of 
accuracy. However, we must include in the Hamiltonian the electrostatic Coulomb 
potential —Z e’ /(4m egr) between the electron and the nucleus. It is convenient to 
regard this electrostatic interaction as an additional potential energy term, while the 
radiation field is described in terms of a vector potential alone, as discussed above. The 
time-dependent Schrodinger equation for a one-electron atom in an electromagnetic 
field then reads 


0 iA 2 
ih— (r,t) = | Hy - —-A.V + —A2 Wr, 1) (11.23) 
Ot mW 2 
where 
h Ze 
re a ee (11.24) 
2 (47 €9)r 


is the Hamiltonian of the unperturbed atom and u = mM/(m + M) ts the reduced 
mass (7.93). 

We shall treat the weak field case in which the term in A” is small compared with 
the term linear in A. Accordingly we shall drop the term in A? and treat the linear 
term as a small perturbation. In terms of photons, this means that we shall only treat 
the emission or absorption of one photon at a time. The simultaneous emission or 
absorption of two (or more) photons is indeed negligible for weak fields. This is not 
the case, however, for strong fields which can be generated by lasers. 


The dipole approximation 


A simplification arises because the radiation field across an atom can usually be taken 
to be uniform. For example, the wavelength of the transitionn = 2 — n= 1 ina 
one-electron atom is A = (1.2/Z*) x 107-7 m. This value can be compared with the 
size of the charge distribution of the atom, typified by the expectation value (r) of the 
radial coordinate r, which depends mainly on n (see Problem 7.16). In particular, for 
1 =0, (r) = (0.8n7/Z) x 107'° m. It follows that the wavelength of the radiation is 
much larger than the size of the atom and the electromagnetic field can be taken to be 
uniform over the whole atom, and equal to its value at the nucleus. This is called the 
dipole approximation, a terminology which will be explained a little later. Making 
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this approximation, we find that the vector potential (11.5) of a monochromatic plane 
wave reduces to 


A(t) = Ao(w)€ cos(wt — 4,). (11.25) 


It is interesting to note that within the dipole approximation the term in A? in the 
time-dependent Schrodinger equation (11.23) can be eliminated by performing the 
gauge transformation 


eee t 
W(r, t) = (r,t) exp| ——— | A2(r’)ar’ |. (11.26) 
Ah2p 
This gives for Y’(r, ¢) the new Schrédinger equation (Problem 11.3) 
0 ih 
ih wr, th= C — ZEA.W |W" t) (11.27) 
fu 


which is said to be in the velocity gauge since the interaction term —ifeA.V/ju 
couples the vector potential A(t) to the velocity operator —14V/w. 

Another form of the time-dependent Schrédinger equation in the dipole approxi- 
mation can be obtained by returning to equation (11.23) and performing a gauge trans- 
formation specified by taking x(r, t) = A(t).r. We then see from equations (11.19) 
that 


A’ = 0 (11.28a) 
¢ = <A(0).t = —E(t).r (11.28b) 
W'(r,t) = Vr, nexo| ZA] (11.28c) 


The new time-dependent Schrédinger equation for '(r, t) is 
0 
ih Wir, t) = [Ho + e€.r]W(r, r) (11.29) 


which is said to be in the length gauge because the interaction term e€ .r now couples 
the electric field €(t) to the position operator r. Denoting this interaction by W, we 
see that it can also be written as 


W--€.D (11.30) 


where D = -—er Is the electric dipole operator of a one-electron atom. This is 
the reason why the approximation in which the electromagnetic field is taken to be 
uniform over the atom is called the dipole approximation. 

An alternative way of deriving equation (11.29) is as follows. In classical electro- 
magnetism an electron of velocity v moving in electric and magnetic fields experiences 
the Lorentz force 


F = -—-e(E+v~x B). (11.31) 
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11.2 


For an electron in a light atom the ratio v/c is small. This can be inferred from 
the Bohr model of a one-electron atom. In this model, for an orbit with principal 
quantum number n, the electron velocity is v = Ze’ /(4m Eglin) (see (1.56)). The 
largest value of v is for n = 1, for which v = Zac ~ Zc/137 where @ is the fine 
structure constant. From (11.6) and (11.8) we see that for a radiation field of a given 
frequency, |B|/|E| = 1/c. It follows that when v/c is small, the magnetic term in the 
Lorentz force for a radiation field is always small in comparison with the electric term. 
Apart from special circumstances in which the effect of the electric field vanishes, it 
is a good approximation to neglect the magnetic term in (11.31) and this will be done 
in what follows. Moreover, taking the electric field to be uniform over the atom (the 
dipole approximation), we have 


E(t) = Eo(w)€ sin(—wt + 5,,) = —Eq(w)e sin(wt — 5) (11.32) 
and 
F(t) = e€o(w)€ sin(wt — 6,,). (11.33) 


The electric force given by (11.33) is conservative and can be obtained from a scalar 
potential W, with 


F = —VW (11.34) 
so that 
W = e€.r = —E.D. (11.35) 


In order to describe a one-electron atom in a radiation field we must add the time- 
dependent potential W(r, ¢) to the Coulomb potential between the electron and the 
nucleus. The corresponding time-dependent Schrédinger equation becomes 

A OW (r, ¢t) 

Ot 
where Hp is the Hamiltonian (11.24) for the atom in the absence of the perturbing 
radiation field. This equation is identical to the equation (11.29) which we previously 
derived in the length gauge. 

We shall now use time-dependent perturbation theory to obtain approximate so- 


lutions of the Schrédinger equation (11.36), following the method developed in 
Chapter 9. 


= [Ho + Wr, t)]¥(r, £) (11.36) 


Perturbation theory for harmonic perturbations and transition 
rates 


Referring to equation (9.2), and dropping the superscript (0) for notational simplicity, 
we denote by EF, the eigenvalues and by yy, the corresponding eigenfunctions of the 
hydrogenic Hamiltonian (11.24): 


Hoy = Ex. (11.37) 
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Since the set of eigenfunctions y, iS complete, the general solution W of the 
Schrédinger equation (11.36) can be expressed as (see (9.6)) 


Wr, t) =) cg (t) Wer) exp(—iExt /A) (11.38) 


k 


where the sum is over both the discrete and continuous hydrogenic eigenfunctions. 
Assuming that the function V(r, f) is normalised to unity, we have 


2 Ic, (t)|* = 1 (11.39) 
k 


and |c;(t)|” can be interpreted as the probability that the system is found in the state 
k at time t. We have already shown that the coefficients c,(t) satisfy the coupled 
equations (9.10). Setting A = 1 and identifying the perturbation H’ with W, given 
by (11.35), we have 


éy(t) = (ih)! 2 Hy. (t) exp(iapyt cx (t) (11.40) 
where 

Hy (t) = (Wel HO) Wx) = | Wy (r) Wr, t) yy (r)dr (11.41) 
and 

Woe = (Ep — Ex)/h. (11.42) 


Let us suppose that the system is initially in a well-defined stationary bound state 
of energy E, described by the wave function y, and that the applied radiation field 
is switched on at time t = QO. These initial conditions are expressed by 


cy (t < 0) = dzq. (11.43) 
Then, to first order in the perturbation H’ = W, we have (see (9.17b)) 

c(t) = (iA) | | Hy (t’)exp(iapat’)dt’, = b #a. (11.44) 
From (11.41), (11.35) and (11.32), it follows that 

ch) (t) = Gh)! Eq (w) (Wo lE-D| Wa) | | sin(wt’ — 8) exp(idpat’)dt’ (11.45) 
where 


(Wsl@-Div.) = —e | Ui(E) (Er) Wa(n)ar. (11.46) 
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The integral over ¢’ in (11.45) can be written as 
t 
i] sin(wt’ — 4,,) EXp(i@pat’)dt’ 
0 


= 5 [exo id.) f expli(c + 00)'Idr'—exptib.) f expliiy — eI 
0 0 


| ee tO | ere 
= 5 &xp(—1dw) a ——— eee 


— — exp(id,, 
Wba + @ 2 PU) Wha — W 


(11.47) 


For transitions in the infrared |w,,| is of the order 10'7 s~! to 10'* s~', and |w,,| is 
even larger in the visible and ultraviolet regions. As the duration of the wave train 
of incident radiation is, in general, such that the product |w,,|f 1s much greater than 
unity, it follows that the first term in square brackets on the right-hand side of (11.47) 
is negligible unless w,, ~ —w, and the second term in square brackets is negligible 
unless w,, ~ +w. Since only one of these two conditions can be satisfied for a given 
pair of states a and b (with E, 4 E,), we can deal with the two terms separately. 
The first condition w,, ~ —w implies that E, ~ E, — hw so that a photon of energy 
hw = E, — E>, has been emitted by the atom under the influence of the field. This 
first condition, therefore, corresponds to stimulated emission. On the other hand, the 
second condition wp), ~ w implies that E, ~ E, + hw so that a photon of energy 
hw =~ E, — Eg, has been absorbed by the atom under the influence of the field. 

We shall consider each case separately, starting with absorption, and confining our 
attention at present to the case that both a and b represent bound atomic states. The 
photoelectric effect, which corresponds to an initial bound state and a final state in 
the continuum will be studied in Section 11.7. 


Absorption 


We start with the second term in (11.47), describing absorption. Using (11.45), the 
probability of finding an atom, initially in the state a, in a state b(E, > E,) when 
exposed for a time ¢ to radiation of angular frequency w, is 


ley)? = $(Eo(w)/h)?| (Wolé-D| Wa)? F(t, @ba — @) (11.48) 
where (see (9.25)) 
: 1 — cos wt . 
F(t, @) = a5 = WO = Wha — W. (11.49) 
@ 


Introducing the notation 


Dea = (Wo|Dl| Wa) = -e | W, (vr) v Wa(r)dr (11.50) 
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and noting from (11.11) and (11.13) that E6(w)/2 = I (w)/céo, we can rewrite (11.48) 
in the form 


I(@) 
(1) 2 

Cc t SS 
ee Ol h’ce 


cos” 6|Dyal? F(t, @ba — &) (11.51) 
0 
where 6 is the angle between the direction of polarisation € and the electric dipole 
vector D = —er. We note that in terms of the Cartesian components of r 


Deal? = e7((Wolxlwa)l? + wolylWadl? + i (WolzlWa) 7}. (11.52) 


We must now take into account the fact that the incident radiation is never absolutely 
monochromatic, but is distributed over a range of frequencies. Assuming that the 
radiation is incoherent, we can add the probabilities for different frequencies, rather 
than adding amplitudes, which would be the case for coherent radiation. Thus the 
first-order probability P; - (t) for exciting the atom from the state a to the state b, when 
subjected to radiation with the intensity distribution /(w) per unit angular frequency 
range, is 


OO ] 00 
Py. (t) = | Ici) (t) |? dw = 5 cos? 61D pul? | I(@)F(t, @jq — @)dw. 
0 h“c&o 0 
(11.53) 


For t large compared with (277 /w »,), we have already seen that F(t, w) is sharply 
peaked at @ = O, that is at w = a@,),. In general the intensity distribution /(w) 
varies Slowly over the peak of F(t, @) so that J (@) can be replaced by / (w»,.) in the 
integrand of (11.53) and removed from the integral. We then have 


I (pa ra 
PL aoe 2 cos” 6|Dpal” | F(t. @pq — w)dw (11.54) 
ceo —oc 


a 


where the limits of the integration have been extended to +00, which is permissible 
because the integrand is very small except in the region w ~ w,,. Using the 
result (9.26), we obtain 


I (@ba 
Toa) os? O|D ya [21 (11.55) 


CEY) 


Poa (0) = 


and we see that the first-order probability of absorption increases linearly with f. 
Clearly this is only valid for times ¢ that are sufficiently short so that Pit) < |, 
which is the condition for the first-order perturbation theory we have used to be 
accurate. When the probability P,,, for the transition a — b is not small, the depletion 
of the initial state must be allowed for and, instead of using perturbation theory, 
the coupled equations (9.10) must be solved. In the case of light from incoherent 
sources, the duration of each pulse of radiation with a constant frequency and phase 
is sufficiently short for the formula (11.55) to be accurate; it is also sufficiently long 
compared with the period (27 /w,,) for our approximations to be valid. 
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Since the first-order probability of absorption is given in the dipole approximation 
by (11.55), we can define a corresponding transition rate for absorption in the dipole 
approximation as W,, = d Pi? (t) /dt, so that 


mI (Wpa) 


I(Wba) 
EE! ep = ceo (11.56) 
h CEo 


Wa = 
? h*c& 
If the radiation is unpolarised and isotropic, the orientation of the polarisation vector 
€ is at random, in which case cos” @ can be replaced by its average of 1/3 (see 
Problem 11.5) giving 
I (Wha 
Wha -* SL 
3h CEQ 


The rate of absorption of energy from the beam, per atom, is (Aw,,)W,, for the 
transitiona — b. Itis convenient to define an absorption cross-section Op, (integrated 
over w) which 1s the rate of absorption of energy, per atom, divided by / (w,,) 

_ (hWpa ) Woa 


ss eager ee 11.58 
"2 I (@pa) 


Since the incident flux of photons of angular frequency w»,, 1s obtained by dividing 
the intensity / (@,,) by fiw,,, we see that the cross-section o;,, may also be defined as 
the transition probability per unit time and per unit atom, W,,, divided by the incident 
photon flux. 


[Dyal’. (11.57) 


Stimulated emission 


To calculate the transition rate for emission, we return to (11.47) and repeat the 
calculation this time for the first term on the right, which corresponds to a transition 
in which the atom loses energy so that F, < E, and w ~ —Wy, = (Eq — E,)/h. 
It is convenient to relabel the states a and b, so that b is again the state with higher 
energy. In this case b becomes the initial, and a the final state. The transition rate for 
stimulated emission W,, is given by 


= 1 I (Wpa) a 


1 I (Wba) 
Wap = = 


é.D,,,|7 = ———— cos’ 6|D,,|7 11.59 
ee |e.Duo| Wee [Dao| ( ) 


where 6 is the angle between the vectors € and D, and 


Dap = (WalDl Yo) = -e | Wa (r) vr yp(r)dr. (11.60) 
It is clear, by inspection, that 

Dap =Di, and [Dus | = |Doal’ (11.61) 
and comparing (11.59) with (11.57), we see that 

Wab = Woa- (11.62) 


Thus under the same radiation field, the number of transitions per second exciting an 
atom from the state a to the state b is the same as the number de-exciting the atom from 


11.3 
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the state b to the state a. Notice that we have assumed that the states a and b are non- 
degenerate. The case of degenerate states is left for a problem (Problem 11.6). The 
result (11.62) is consistent with the thermodynamical principle of detailed balancing, 
which states that in an enclosure containing atoms and radiation in equilibrium, the 
transition rate from a to b is the same as that from b to a, where a and b are any pair 
of states. 

A stimulated emission cross-section Og, can be defined in analogy with the absorp- 
tion cross section (11.58) by dividing the rate at which energy is radiated by the atom 
by stimulated emission (hwy, Wao) by the intensity /(w,,). From (11.62) it follows 
that 


Sn e (11.63) 


Spontaneous emission 


As already noted, the development of the quantum theory of spontaneous emission 
requires a description of the electromagnetic field in terms of its quanta, the photons. 
Since this is beyond the scope of this book, we shall use an indirect statistical method, 
developed by Einstein in 1916 before the advent of quantum mechanics, which relates 
the transition rate for spontaneous emission to those for absorption and stimulated 
emission. 


The Einstein A and B coefficients 


Consider an enclosure, containing atoms (of a single kind) and radiation, in thermal 
equilibrium at an absolute temperature JT. Let a and b denote two atomic states of 
energies E,, and E,, with E, < E,. The states a and b will be assumed to be non- 
degenerate. The number of atoms per unit time, Noa making a transition from a to b 
by absorbing radiation of angular frequency w = wp, = (E, — E,)/h, is proportional 
to the total number, N,,, of atoms in the state a and also to the energy density of the 
radiation per unit angular frequency range p(w»,,). Thus we have 


Nba = BoaNaP (ba) (11.64) 


where Bp, is called the Einstein coefficient for absorption. In terms of the transition 
rate for absorption per atom, W,,,, we have 


Noa = WoaNa (11.65) 
and using (11.13) we see that 
Boa = Woa/ P(@ba) = CWoa/ I (@ba). (11.66) 


In the dipole approximation B,,, becomes, upon using (11.57) 


Boa [Doal’. (11.67) 


~ 3h" E9 
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On the other hand, the number of atoms making the transition b — a per unit time, 
Nap, is the sum of the number of spontaneous transitions per unit time, which is 
independent of p, and the number of stimulated transitions per unit time, which is 
proportional to op. Thus 


Nab = AabNo + Bar NbP (ba) (11.68) 


where A,» 1s the Einstein coefficient for spontaneous emission, and Bap is the Einstein 
coefficient for stimulated emission. 
Since at equilibrium Ny, = Nap, we find from (11.64) and (11.68) that 
Na _ Aab a BabP (ba) 
Nb Boa P (ba) 
From a standard result in thermodynamics’, it is known that in thermal equilibrium, 
the ratio N,/ Nz, is given by 


(11.69) 


Na 
N, = exp[—(F, — E,)/kT] = exp(ha,,/kT) (11.70) 
b 
where k is Boltzmann’s constant. Combining (11.69) and (11.70), we find that 
Aab 
P(@p,) = ——_——_-. (11.71) 


7 Boa eExp(h@pa/kT) _ Bab 


An alternative expression for the energy density per unit angular frequency at tempera- 
ture T is given by Planck’s law, discussed in Chapter 1. Therein we obtained the energy 
density per unit wavelength interval o(A, 7). Writing for simplicity 0(A) = p(A, T), 
we have the relation 


p(w) = pla) 


dr 
a (11.72a) 
dw 
and since 4 = 27c/w 
27C 


Using (1.13), 0(@pqa) can be expressed as 


ha}, I 


nS ———_____—__—.. 11.73 
pie) mc? exp(h@pa/kT) — | ( ) 
Comparing (11.71) and (11.73), we see that 
Bab = Boa (11.74a) 
and 
ho}, 
Aab = 3 Bab. (11.74b) 
“C 


3 See, for example, Kittel and Kroemer (1980). 
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The first relationship we have already seen to be correct in the dipole approximation 
using first-order perturbation theory. It expresses the principle of detailed balancing. 
It is easy to generalise these results to the case in which the energy levels E, and (or) 
E, are degenerate. Denoting by g, and g, the degeneracy of these levels, one finds 
(see Problem 11.6) that (11.74a) becomes 


8a Boa = 8rBad (11.75) 


while the relation (11.74b) remains unchanged. Using (11.74), (11.61) and (11.67) 
we find that in the dipole approximation the transition rate for spontaneous emission 
W:, = Aap iS given by 


Poa —|Dpal”. (11.76) 
0 


We note that, had we not averaged over the directions of polarisation (see (11.56) 
and (11.57)), W’, would have been proportional to |€.Dp.a|*. 

From (11.70) itis seen that under equilibrium conditions a population inversion with 
N, > N, can never be obtained because of the Boltzmann factor exp(iw,,,/kT). On 
the other hand, to obtain /aser or maser action which yields strong coherent radiation 
through stimulated emission from a highly populated excited state, such a population 
inversion must be produced. How this can be done will be described in Chapter 16. 


Spontaneous emission and Larmor’s formula 


It is interesting to compare the result (11.76), with what might be inferred from 
classical ideas. The energy emitted per unit time by an accelerated charge 1s given in 
classical electrodynamics by Larmor’s formula (11.1). Setting the charge g equal to 
the charge of the electron, —e, and assuming that the radiation of angular frequency 
W = Wp, arises from an electron oscillating harmonically with the angular frequency 
Wp, SO that 


r = rp COS(Wput ) (11.77) 
we find from (11.1) that the average power radiated is given by 
= e-w* lro|7 
P= 11.78 
127 ci EQ ( ) 


where we have replaced cos?(w),t) by its average over one period, which is equal to 
] /2. Since in each transition a single photon of energy fiw), is emitted, the transition 
rate is 


D 2,3 
P ew, , 2 


Iro ‘ 


ab — (11.79) 


hw,  l2acsheo 
Comparing (11.79) with the quantum result (11.76), we see that the two results agree 
provided that e?|ro|? is equated with |2D,,|*, or in other words if |ro|? is replaced 
by |2rp,|7. In matrix mechanics, the observable quantities are matrix elements of 
operators and one might expect that the classical variable rg would be replaced by 
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a corresponding matrix element of the position operator r. However, whereas in 
quantum theory we have a precise method by which rz, can be calculated, there was 
no way in classical physics by which the value of ro could be predicted, although 
arguments could be given, based on atomic sizes, for its order of magnitude. Another 
point of interest lies in the factor of 2 which occurs in making the identification of 
[ro| with |2r,,|. The origin of this factor lies in the fact that we used cos(w qt) to 
describe the classical oscillations of an electron. However, in the quantum theory 
of spontaneous emission, just as for stimulated emission, only one component, say 
eXp(i@pgt), 1S effective. Although the analogy between (11.79) and (11.76) is very 
close it must be emphasised that in no way can the correct quantum result be proved 
by classical methods, although by the correspondence principle quantum results must 
approach classical results when classical conditions apply, for example in the limit of 
large quantum numbers. 


Spontaneous emission from the 2p level of hydrogenic atoms 


As an example of the calculation of a transition rate for spontaneous emission, we 
shall consider the transition from the 2p level of a hydrogenic atom with nuclear 
charge Ze to the ground state, starting from equation (11.76), which we write for 
later convenience in the form 


‘ 4a 
ws, = 3 3 Pa Dou”, (11.80) 


where a = e*/(47€p/ic) is the fine structure constant. In (11.80), b represents the 2p 
state of the atom with magnetic quantum number m and a 1s the Is ground state. The 
angular frequency w,, can be found from (11.42) and (7.114). It is 


Wha 


] 
—(E = Ba 
ra b ) 


3 Ze? 3 uc? 
Se Say 11.81 
8 47 Enhag 8 A om) ( ) 


Using (11.50) and (7.134) the dipole matrix element D,, is seen to be 
OO 
D,, = -e | Ros(r)Rio(ryr'dr f Ys, (9, P) r Yoo(6, d)dQ (11.82) 
0 


where F iS a unit vector in the direction of r. 
The radial integral in (11.82) can be evaluated with the help of (7.140), 


0° 4 ore) 
| Roi (r) Ryo(r)re°dr = (= al r“ exp(—3Zr/2a,)dr 


ay 


a, \ 24 (2\° 
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To evaluate the angular integral in (11.82), we note that the x, y and z components 
of r can be expressed as 


n 20 
(r), = sm@écos@ = \ 3 bP @) + Yi-1(0, @)] 


n 27 . 
(r), = siné sing = a [Y11(0, 6) + Yi_1(6, d)] 


(r). = cosé = 7 = Yio op). (11.84) 


Since Yoo(6, @) = (42)~'””, and using (6.103), it is seen that 
] 
J6 

| 
—1 (bm,1 + Sm,—1) 


/6 


| Yin (O> )(F), Yoo(9, p)d&Q2 (—dm.1 + bm.-1) 


i l 
[ vin0. 0 Yonl ~)dQ = Fm (11.85) 
From (11.82), (11.83) and (11.85), |Dz,|* becomes 
2515 
a 2 
Deal’ = e(%) 315 (8m. + bm. + 5m.0] 
e h 2515 
5 —_[§ 5m. —1 + 5m.o]- 11.86 
=3(—— 310! + bm.-1 + 46m.0] ( ) 


The transition rate from each magnetic substate is the same, and if each state is 
equally populated the full transition rate is from (11.80), (11.81) and (11.86) 


1 ] 
ab | ys Wi's.2pm 


m=-—l1 


{2 8 ar Zc? 
NB h 


~ 6.27 x 10°Z4s7! for zp =m. (11.87) 


The velocity and acceleration forms of the dipole matrix element 


The matrix elements D,, of the electric dipole operator have been obtained in terms 
of what is often called the /ength matrix elements r,,, where 


Pha = (Woltl a). (11.88) 


They can also be expressed in terms of matrix elements of the momentum p or the 
gradient of the potential energy V, in which case the matrix elements are said to be 
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expressed in velocity or acceleration forms, respectively. To see this, we first remark 
that by using (11.88) and (11.37) we can wnite 


bg = ——— Hor — rHol|w,). 11.89 
b E, —E, (We| Ho 0lWa) ( ) 
Taking Hp = —(h? /2)V? + V(r), and using the fact that V(r) commutes with r, 
we have 
ae (Wy|V7r — rV"| ya) (11.90) 
a r-—r ~e : 

sama iy ee 
Noting that 

V7 {ra(r)} = 2V Wa(r) + rV* va(r) (11.91) 


and that p = —ifV, we obtain the identity 


1 


l 
Tba = Fe PolPl Ya) ase Poa: (11.92) 


pL Ey — UWba 
In a similar way, we can write pz, in the form 


ih 


Pos = EE, (velHov — V Ao| Wa) 
~__ wivw vv 
= EB, - E, Wo| Wa) 
- | 
= = (WolVV) Wa) = —(V Vo (11.93) 
b— La Wba 


Using these results the length, velocity and acceleration forms of D,, are, respectively, 


Di, = —e¥ ba (11.94a) 
DY = ——pu (11.94b) 
UWba 
and 
DA, = ——— (VV) oa. (11.94e) 
Dba 


Provided that the wave functions y, and yp are the exact eigenfunctions of Ho, for 
example in the case of hydrogenic atoms, the three forms of Dp, are equal. However, 
for other systems such that approximate wave functions are employed, the three forms 
of D,,, will have different numerical values. 
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Selection rules for electric dipole transitions 


In the last paragraph, we found that, in the electric dipole approximation, the transition 
rates for absorption, stimulated emission and spontaneous emission between two 
states a and b depend on the quantity |€.Dpa|? where € is the polarisation vector, 
D,, is the matrix element of the electric dipole moment, and we recollect that 
\[Daol? = [Doal?. 

The wave functions for the discrete states of one-electron atoms were discussed in 
Chapter 7. If the states a and b are defined by quantum numbers (n/m) and (n'l’m’), 
respectively, 


Walt) = Rit(r) Yim (8, 0), Wo(r) = Ry (1) Yim (8, @) (11.95) 


where R,,(r) is a radial hydrogenic function and Y),,(0, @) is a spherical harmonic. 
The Cartesian components of the matrix element of the electric dipole moment Dy, 
are given by 


(Dy )ba = —e | W, (1)x Wa(r)dr (11.96) 


with similar expressions for (D‘)a, (Dr)pa in terms of matrix elements of y and 
z. Using spherical polar coordinates to perform the integrals, the dipole matrix 
elements can be expressed as products of a radial integral J(n’l’, nl) and angular 
integrals J; (l'm’, 1m) with j = x, y, z. That is 


(Diba = —eJ(n'l', nl); (I'm', Im) (11.97) 
where 
OO 
Jin’! nl) ai Rwy (r)r? Ru (r)dr (11.98) 
0 
and 


T 2n 
[,('m',lm) = | dé sino f dgY,.,,. (8, b) sin8 cos Yim (0, d) (11.99a) 
0 0 
u 20 
K,(m', lm) = | dé sin @ | doy, (8, &) sind sin Yin (6, d) (11.99b) 
0 0 


1 20 
[.('m',lm) = | da sino [ ddY7 (9, b) COS OY im (0, P). (11.99c) 
0 0 


The radial integrals (11.98) are always non-zero, but the angular integrals /; are only 
non-zero for certain values of (/m) and (/'m’), giving rise to selection rules which we 
shall now investigate. 
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Parity 


Let us first consider how the dipole matrix element behaves under the reflection or 
parity operation in which r is replaced by —r, which is the same as replacing x, y and 
z and by —x, —y and —z. In terms of polar coordinates this corresponds to replacing 
r,0,o¢byr,2 —0,¢+7. We have already seen in Chapter 6 (see (6.114)) that 
under reflections the spherical harmonics Y,_, have the parity (—1)’, 


Yim (x — 0,6 +1) = (-1)'¥im(9, ). (11.100) 
Using this result we find that 
1,(U'm', lm) = —(-1)'*" 1(I'm', lm) (11.101) 


from which it follows that the integrals /,, /, and /, all vanish unless (/ + /’) is odd. 
In other words, the electric dipole operator only connects states of different parity. 


Magnetic quantum numbers 


Using the expression (6.102) for the spherical harmonics we see that the integral over 
@ contained in /, is proportional to the expression 


2m 
K(m',m) = | expli(m — m’)¢] cos odo (11.102) 
0 


which vanishes unless m — m’ = +1. In the same way we find that /, vanishes unless 
m —m’' = +] and /. vanishes unless m’ = m. For a given transition between a and 
b, only one of these conditions can be satisfied so that either (DY )y, is zero or (DY )ba 
and (D'),, are zero. 


Orbital angular momentum 


Using again the expression (6.102) of the spherical harmonics, we see from (11.99) 
that both /, and /, contain the integrals 


L*(l',1,m) = i] dé sin@ P/"*' (cos @) sin6 P;” (cos 0) (11.103) 
0 


where, in view of (6.102), we need only deal with magnetic quantum numbers which 
are positive or zero. Employing the recurrence relation (6.97b) together with the 
orthogonality relation (6.98) we find that either /’ = /+ 1 orl’ =1— 1. 

The remaining expression, /,, contains the integral 


M'.tm) = [ dd sin 6 P;” (cos 8) cos 0 P;” (cos 8) (11.104) 
0 


which, upon using the recurrence relation (6.97a), is found to vanish unless /’ = /+1. 
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Selection rules 


In summary we have found that an electric dipole transition can only take place if 


Al = +1 (11.105) 
and either 
Am = 0 or Am = +1 (11.106) 


in which case the transition is said to be allowed. It should be noted that the 
condition (11.105) ensures that the states a and b differ in parity. 

The dipole operator has no effect on the spin of the electron, so the component of 
the spin along the direction of quantisation (which we usually take to be the z-axis) 
is unaltered in an electric dipole transition. 

If the selection rules (11.105) and (11.106) are not obeyed, the transition is said to 
be forbidden. However, in actual spectra very faint lines can be seen corresponding to 
some forbidden transitions. These arise from the magnetic interactions, and from the 
variation of the electric field (which we took to be uniform) across the atom. These 
additional interactions can be classified as magnetic dipole, electric quadrupole and so 
on. Furthermore, transitions involving more than one photon can also occur, which 
are not taken into account in the present first-order perturbation treatment. Each 
higher-order interaction gives rise to its own set of selection rules. For weak fields, 
the corresponding transition rates are very small compared with those arising from 
the electric dipole terms we have studied. 


The spectrum of atomic hydrogen 


In the non-relativistic approximation, the bound states of one-electron atoms are 
degenerate in / and m, and the energy of each level only depends on the principal 
quantum number n. Since there is no selection rule limiting n, the spectrum consists 
of all frequencies v,,,, such that 


hiyy = En — En, no>n (11.107) 


where the energies E,, and E,, are given by (7.114). However, the selection rules 
limit the other quantum numbers of the levels concerned. For example, a transition 
from the n = | to the n = 2 level is from the Is ground state to a 2p,,(m = 0, £1) 
final state. The allowed transitions between the lower lying levels are illustrated in 
Fig. 11.1. Under very high resolution the spectral lines can be split into a number of 
components forming a multiplet. This fine structure is due to relativistic effects (see 
Section 8.2 and Chapter 15). 
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Figure 11.1 The allowed transitions among the lower levels of atomic hydrogen. The ordinate 
shows the energy above the 1s ground state in cm—' (8065 cm—! = 1 eV) on the left and 
in eV on the right. The numbers against the lines indicate the wavelength in angstrom units 
(1A = 10-8 cm). For clarity the wavelengths are shown only for a selection of lines. The splitting 
due to fine structure is too small to be shown on a diagram of this scale. 


N-electron atoms 


The electric dipole operator for an atom containing N electrons each at position 
Te 2S 52s oN) AS 


N 
D = —e >> r; (11.108) 
i=l 


and the electric dipole transitions between states a and b are determined by the quantity 
|€.D,..|7, where € is the polarisation vector and 


Doa = | Wn (Pi Pel Si oer oe rv)Dy,(r; By ese’ g rq )dr,dr> as dry. (11.109) 
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Configuration: Is nl Is nl 
E (cm!) IS Ip ID 3S 3p 3D E (eV) 
198311 24.59 
24.0 


190000 


23.0 
180000 
22.0 


170000 21.0 


160000 20.0 


19.0 
150000 


18.0 
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Singlet Triplet 


Figure 11.2 The allowed transitions among the lower levels of helium. Wavelengths in angstrom 
units (1 A = 10-8 cm) are shown against the lines representing the transitions. Energies in cm~! 
(8065 cm—! = 1 eV) and eV are relative to the ground state. 


The alternative forms (11.94) of the dipole matrix element remain valid for an 
N-electron atom provided the operators r and p are replaced by 


N N 
R= > ri, P= > pi (11.110) 


i=] i=] 


and the potential V now denotes the total potential appearing in Ap. 

Those transitions in which the quantum numbers of only one electron change are 
by far the most important, and if the initial and final one-electron orbitals are specified 
by quantum numbers (n/m) and (n'l'm’), the selection rules are Al = +1 and 
Am = 0, +1 as before. Since the energy levels of many-electron atoms are not 
degenerate in /, not all frequencies corresponding to pairs of energy levels are 
observed. For example, in the spectrum due to transitions of the 2s valence electron 
of lithium, the 2s < 2p transition is allowed and gives rise to a strong line, but the 
transition 2s < 3s is forbidden. Because in the electric dipole approximation the 
electron spin is unaltered by a transition, separate systems of strong spectral lines are 
seen for helium in the singlet (S = 0) and in the triplet (S = 1) states (see Fig. 11.2). 
In this case, some very weak lines (not illustrated) are observed connecting triplet 
states with singlet states; these intercombination lines arise from higher-order effects. 
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11.5 


Lifetimes, line intensities, widths and shapes 


As we Saw in Section 11.3, the transition rate between a pair of states a and b is 
proportional, in the electric dipole approximation, to the quantity |D,,|?. Thus the 
relative intensities of a series of transitions from a given initial state a to various 
final states k are determined by the quantities |D,,|*. In discussions of intensities it 
is customary to introduce a related dimensionless quantity fia, called the oscillator 
strength. For a one-electron atom it is defined as 
= 2UWka 
Ska = 3he2 
with ag = (FE, — E,)/h. This definition implies that f,g > O for absorption and 
fra < 9 for emission. It is not difficult to show (Problem 11.8) that the oscillator 
strengths (11.111) satisfy the Thomas—Reiche—Kuhn sum rule 


- fea =1 (11.112) 
k 


IDxal? (11.111) 


where the sum is over all levels, including the continuum. 

In obtaining the transition rates for absorption or stimulated emission, we found 
that the probability for a transition between an atomic state a and an atomic state b 
depended on the factor F(t, wp, — w), which was sharply peaked about the angular 
frequency w = w,,. Although the peaking approximation we made for obtaining the 
transition rate is very accurate, there is in fact a finite probability that a photon of 
angular frequency w 4 Wp, will be emitted or absorbed, although the distribution in 
w about w,, 1S very narrow. The same is true for spontaneous emission. If an atom 
in an excited state b emits a photon, making a transition to a state of lower energy a, 
the angular frequency of the photon will not necessarily be exactly w,, but will be in 
a narrow band centred about w,,. We shall now obtain the distribution in frequency, 
using an indirect argument. 


The decay law 


In general a time-dependent system can be described by the set of coupled equa- 
tions (9.10) which connect the amplitudes c;,(t), and |c,(t)|? is the probability of 
finding the system in a particular state k at time ¢. Consider a system of two equations 
connecting the amplitudes c,(t) and c,(t), where the system is definitely in the state 
a att = 0 so that c,(0) = 1 and c,(0) = O. As time goes on, |c,(t)| will decrease 
because of the coupling to the state b, and correspondingly |c,(t)| must increase 
because the total probability of finding the system in either the state a or the state 
b must be unity: |cg(t)|? + |cp(t)|? = 1. As |c,(t)| increases, the back coupling 
between the state b and the state a becomes important, and ultimately the reverse 
transition becomes dominant: |c,(t)| decreases and |c,(t)| increases. Thus, as we 
saw in Chapter 9, atypical behaviour of a two-state system is an oscillation between the 
probabilities |c,(t)|? and |c,(t)|?. When an atom makes a spontaneous transition from 
a State b to a state a, this is not a two-level system, because the final state is composed 
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of the atom in state a together with a photon which may be of any angular frequency 
w, although the probability of finding a value of w outside a very small region about 
Wpaq 1S very small. For this reason, the initial state b is coupled to a continuum of final 
states. These final states are incoherent and cannot act cooperatively to build up the 
reverse transitions, so that the probability of finding the atom in the state b decreases 
steadily with time. Under these circumstances, and only under these circumstances, 
can we make the following argument, showing that the rate of decay is exponential. 
Suppose the transition rate for spontaneous emission from state b to state a is W7,, 
which is independent of time. Then the probability P,(t + dt) of finding the atom in 
state b at time t + dt is equal to the probability P,(t) of finding it in state b at time 
t multiplied by the probability that no transition from b has taken place in time dr. 
The probability that no transition has taken place is (1 — W,,dr), so that 


P,(t + dt) = P,(t)(1 — Wi,dt) (11.1132) 
or 
dP, (t 
Oy 5 Py(t). (11.113b) 
dt 
Since P,(0) = 1, this equation has the solution 
P,(t) = exp(—W;,t) = exp(—t/rt) (11.114) 
where 
] 
C= (11.115) 
Wap 


is called the lifetime (or half-life) of the level b. For example, using the result (11.87) it 
is seen that the lifetime of the 2p level of ahydrogenic atom is tT = (0.16 x 107° /Z*) s. 
Taking c,(t) as a real quantity, we can write 


c,(t) = exp(—t/2r) (11.116) 


so that for t > 0 the component of the total wave function which describes the initial 
State b can be expressed as 


Wo(r, t) = cy(t)Wo(r) exp(—iEpt/h) = wp(r) exp[—i(E, — ih/2t)t/h) 
(11.117) 


where y, 1s a time-independent atomic wave function satisfying (11.37). For later 
convenience, since we are not interested in ,(r,t) fort < 0, we set ¥, = O for 
t<0. 

In the absence of any coupling to the radiation field, an excited atomic state b would 
be stable and the wave function would be ®,(r, t) = W,(r) exp(—iE,t/h). This is a 
stationary state which is an eigenstate of the energy operator since 


0 
a Toe t)= E,®,(r, t) (11.118) 
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and the system possesses a well defined real energy E,,. In contrast, when the coupling 
to the radiation field is taken into account, the time variation of the initial wave function 
is given by (11.117) and 


2T 


showing that V,(r, ¢) does not describe a state with a well defined real energy. This is 
a general result: a decaying state is never a state with a definite real energy. However, 
any wave function can be expressed as a superposition of energy eigenstates, and we 
can write 


) h 
ih Wl t)= (E: = ise ) oe t) (11.119) 


exp[—i(E, — if /2t)t/h] = (22 h)7'/" | a(E’)exp(—iE’t/h)dE’. (11.120) 


Using the relation (see equation (A.18) of Appendix A) 
(27 h)7' [ expli(E — E')t/h]dt = 6(E — E’) (11.121) 
~c0 
we find from (11.120) that 
a(E) = (2mh)"'/? [ exp[—i(E, — ih/2t)t/h] exp(iEt/h)dt (11.122) 


where the lower limit of the integral at f = O arises because we have set VY, = 0 for 
t < 0. Evaluating the integral we find 
—ih 
Eypy-—E- th / 20 
Thus the probability of finding the initial state b in a state of definite energy E is 
proportional to |a(E)|?, where 
5 OA ] 
Ch) = (11.124) 
2m (E, — E)? + h*/4r2 

Conservation of energy requires that an eigenstate of energy E should make a 
transition to a final state a of energy E, and a photon of energy fiw, so that 


a(E) = (2nh)7'/? (11.123) 


E=E,+ho (11.125) 


where we have assumed that the final state a is stable and does not decay. Thus 
the quantity |a(E)|? determines the intensity distribution as a function of angular 
frequency of the spectral line emitted in the transition b — a: 


h l 
a(E)|? = — ——_________. 11.126 
ced 2a (E, — Eq — hw)? + h?/4t? 
This distribution in the intensity is called a Lorentzian distribution. It is proportional 
to the function f(qw) defined by 


lr? /(4h7) 


ene (@ — Wpa)? + P2/(4h7) 


(11.127) 
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f(w) 


Figure 11.3 A plot of the Lorentzian intensity distribution 


r2/(4h2) 


iO) = (w — Wba)2 + F2/(4h2) 


Note that f(wg) = 1 and f(w) = 5 when w = wpg £ 1/(2T) = Wpg £T/(2A). 


where wp», = (E, — E,)/h and [ = fA/t. This function is plotted in Fig. 11.3. The 
distribution f(q@) is equal to half its maximum value of unity at m = w,, +1 /(2A). 
The width of the distribution at half maximum is I'/h, where I (which has the 
dimensions of an energy) is called the natural width of the line. 

Quite generally, any state which decays with a finite lifetime t has a distribution 
in energy measured by a natural width I’, where 


r= = (11.128) 


This relationship is consistent with the uncertainty relation 
AEAt 2h (11.129) 


since one may assume that AE ~ I and At ~ t. If the final state a is not stable then 
it can be shown that 


P = A(1/t + 1/t), (11.130) 


where T, and t, are the lifetimes of the two states a and b, respectively. If the state 
b can decay to more than one state the quantity W*, in (11.113)-(11.115) must be 
replaced by }°, Wj, where the sum is over all the possible final states k. 
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The natural width of atomic energy levels is very small. For example, the width of 
the 2p level of atomic hydrogen, which has an unperturbed energy of E = —3.40 eV 
and a lifetime of 0.16 x 10~* s, is ! = 4 x 107’ eV. The profile of a spectral line can be 
measured, either by recording the spectrum on a photographic plate and subsequently 
measuring the density of the image as a function of wavelength, or by scanning the 
spectrum with a photoelectric detector. It is found that observed spectral lines usually 
have much greater widths than the natural width (after allowing for the finite resolving 
power of the spectrograph employed). The reasons for this will now be explored. 


Pressure broadening 


In deriving the exponential law (11.114), we assumed that the transition rate between 
the atomic state b of a higher energy EF), and the state a of lower energy E, was 
entirely due to spontaneous emission. However, the population of the state b must 
also decrease if there are any other mechanisms which lead to transitions out of b. 
Thus in (11.114) Wj), should be replaced by the sum of the transition rates for all 
processes depleting this particular level. If W,. is this sum, then the lifetime of the 
State b is given by 


_ I 
Wo 


Tp (11.131) 
The observed width T° of a spectral line from b to a is again determined by t, and 
T, through equation (11.130) and the line intensity is proportional to the Lorentzian 
function f(q@) given by (11.127), with this new, larger, value of I. The principal 
mechanism of this type, broadening lines of radiation from atoms in a gas, arises 
from collisions between the atoms. In each collision there is a certain probability 
that an atom initially in a state b will make a radiationless transition to some other 
state. The corresponding transition rate W, is proportional to the number density of 
the atoms concerned, n, and to the relative velocity between pairs of atoms, v, so that 


W,.. = nvo (11.132) 


where o 1s a quantity with dimensions of area called the collision cross-section. 
The cross-section depends on the species of atom and on v. Since n depends on 
the pressure, the broadening of a spectral line due to this cause is called pressure 
broadening or, alternatively, collisional broadening. In addition, both n and v depend 
on the temperature, so that information about the pressure and temperature of a gas 
can be obtained by measuring the profiles of spectral lines. This is a major source of 
information about physical conditions in stellar atmospheres, which in turn provides 
most of our knowledge about stellar structure. 


Doppler broadening 


The wavelength of the light emitted by a moving atom is shifted by the Doppler effect. 
If the emitting atoms are moving at non-relativistic speeds, and v is the component of 
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the velocity of a particular atom along the line of sight, the wavelength of the emitted 
light is 


fe dol 1 4 4) (11.133) 
C 


where Ao is the wavelength emitted by a stationary atom. The plus sign corresponds 
to an atom receding from the observer, and the minus sign to an approaching atom. 
The angular frequency w = 27c/) of the light emitted by the moving atom is thus 
related to wy = 27c/Ao by 


—1 
v= n(1 +") ~on(1= 2) (11.134) 


If the light is emitted from a gas at absolute temperature T, the number of atoms, dN, 
with velocities between v and v + dv is given by Maxwell’s distribution 


dN = Noexp(—Mv7/2kT)dv (11.135) 


where k is Boltzmann’s constant, M is the atomic mass and No is a constant. The 
intensity Z(w) of light emitted in an angular frequency interval w to w + dw is 
proportional to the number of atoms with velocities between v and v + du. Hence, 
using (11.134) and (11.135), we obtain the Gaussian distribution 


T(w) = T(wo) ue (eee) (11.136) 
= T(wo) exp] -——— | ————_ }_ |. ; 
DTT ORT \. dig 
If w, is the angular frequency at half-maximum, then 
2kT 
(w; — w)* = wat log 2. (11.137) 


The total Doppler width at half maximum Aw? is 2|w, — wo| and hence 


5  2w [ 2kT ue 
Aw? = ——| —— log2 (11.138) 
Cc M 


This width increases with temperature and with the frequency of the line, and de- 
creases as the atomic mass increases. While pressure broadening increases the width 
of a spectral line, but preserves the Lorentzian profile, the Gaussian profile produced 
by Doppler broadening is quite different. The two shapes are compared in Fig. 11.4. In 
general, both pressure and Doppler broadening are present, and the observed profile, 
called a Voigt profile, is due to a combination of both effects. The decrease of the 
Gaussian distribution away from wo(= @ ,,) 1S so rapid that the ‘wings’ of spectral 
lines are determined by the residual Lorentzian distribution. Thus if both Doppler and 
pressure broadening are present, the characteristics of each effect can be distinguished 
provided sufficiently accurate experimental profiles can be obtained. 
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11.6 


Figure 11.4 A comparison of a Gaussian distribution (solid line) of the form 
F (w) = exp[—a(w — wpa)?], 
with a Lorentzian distribution (dashed line) of the form 


r2/(4h2) 


Be (w — wpg)? + 2 /(4h2) 


The spin of the photon and helicity 


The spin of a particle with non-zero mass can be defined as the angular momentum it 
possesses in its rest frame. The spin of the photon cannot be defined in this way, since 
a photon always moves with the velocity of light, which is the same in all references 
frames. A photon can possess both intrinsic and orbital angular momentum, the 
orbital angular momentum being at right angles to the direction of motion, defined 
by the direction of the propagation vector k in (11.5). Any component of angular 
momentum along the direction of propagation can only be due to an intrinsic angular 
momentum and this can be used to define the spin of a massless particle travelling 
with the speed of light. The component of the spin in the direction of motion of a 
particle is called the helicity of that particle. 

The selection rules for electric dipole transitions tell us that the angular momentum 
quantum number of an atom changes by one unit when a photon 1s emitted or absorbed. 
In the electric dipole approximation the variation of the electric field over the atom is 
ignored, and in this approximation the electric field is spherically symmetric. Since 
the electric field must be connected with the wave function of the photon, this in turn 
can be taken to be spherically symmetric, and spherically symmetric wave functions 
describe systems with zero orbital angular momentum. For this reason the change 
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in angular momentum of the atom can be ascribed to the photon spin, which must 
therefore be equal to unity. Relativistic quantum electrodynamics confirms that indeed 
the photon is a particle of spin one. From this one might expect that the possible values 
of the photon helicity, the component of its spin along k would be +A and 0. In fact 
it can be shown that the value 0 is excluded, because of the transverse nature of the 
electromagnetic field. 


Photoionisation 


In the previous sections, we have seen how time-dependent perturbation theory can 
be applied to obtain the transition rates for the absorption or emission of radiation 
from a system of charged particles. So far we have concentrated on the excitation 
or de-excitation of atoms in which both the initial and final states of the system 
are discrete. The same method can be applied to the interaction of radiation with 
molecules or with atomic nuclei. In this section and the following one, we shall see 
how to develop the theory of transitions for which one state 1s discrete but the other 
lies in the continuum. Two special cases will be taken as examples. The first 1s 
the ionisation of a one-electron atom when radiation 1s absorbed; this photoionisation 
process is responsible for the photoelectric effect discussed in Section 1.2. The second 
example is the photodisintegration of the deuteron, to be discussed in Section 11.8. 

Let us consider the ejection of an electron from the ground state of a one-electron 
atom, by the absorption of radiation of angular frequency w, or in other words by the 
absorption of a photon of energy fiw. The electric dipole approximation will be made 
and this 1s expected to be accurate if the wavelength of the radiation is greater than 
atomic dimensions. This condition is satisfied for radiation of longer wavelength than 
X-rays. From Table 7.1 with a, = do (the infinite nuclear mass approximation), the 
wave function of the initial (ground) state of the atom 1s 


73 \ 1/2 
Wal’) = Wi(7) = (=) eW 2r/a0 (11.139) 


0 


where Ze is the nuclear charge. The energy of this state is Ez; = E,;, = —Z*e*/ 
[(47r €9)2ao] (see (7.114)). The final atomic state b represents a free electron of 
momentum fk, moving in the Coulomb field of the nucleus. The wave function of 
this continuum state w, (kp, r) satisfies the Schrédinger equation 


( h? = Ze? 


ae Es) Vets, r) =0 (11.140) 


where E;j 1s the electron energy. In the non-relativistic regime which we are studying 
(i.e. for hw or E, K mc’) we have 
hk? 
Eva! (11.141) 


2m — 
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We shall assume that E;, is sufficiently large with respect to the binding energy | F,| 
of the electron. In first approximation the Coulomb interaction with the nucleus can 
then be neglected and w,(k,, r) approximated by a plane wave 


Wo (Kp, 6) X (277)? eto (11.142) 


where we have chosen the Dirac delta function normalisation 
| Wy, (k,, r)W,(kK,, r)dr = 5(k, — k,). (11.143) 


In order to obtain the transition probability, we first recall that if P,, is the 
probability for excitation of a discrete state b from an initial discrete state a, it can be 
expressed in the form of the modulus squared of the matrix element 


2 


Pha = / W, (rOw,g(r)dr} , (11.144) 


where © is the appropriate operator and w,(r), ¥,(r) are normalised to unity. If now 
b represents a state which is an eigenstate of some quantity, having a continuous range 
of eigenvalues q, then the probability that a transition occurs between the discrete 
state a and a state for which gq lies in the range (g, gq + dq) can be expressed as 


2 
dq (11.145) 


Poa dq = | We (q, r)OWa(r)dr 
and this is consistent with the normalisation 
| We (q. 4) Wo(q’, r)dr = 6(q —q’). (11.146) 


In the present example, the final state is labelled by the three continuous compo- 
nents (ky.x, ky., kp.) of k,. Using (11.51) and taking into account the normalisa- 
tion (11.143) we can write down the first-order probability that at time ¢ a photon has 
been absorbed and a transition has occurred to a final state b for which k, lies in the 
range (k,, k, + dk,). That is 


I(@) 
P,, (t) dk, = 3 


cos” 6|D,,,|7 F(t, @p, — w)dk, (11.147) 
CEo 


where as before w,, = (E, — E,)/h and @ is the angle between D,, and the direction 
of the polarisation vector €. Using (11.141) we can express the volume element dk, 
as 


k 
dk, = k2dk,dQ =  derpad@ (11.148) 


where d&2 = sin @d@d® and (©, ®) are the polar angles of k,. 
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In the limit of large ¢, the function F(t, w,, — w) 1s sharply peaked about w,, = w. 
Hence, for t — oo transitions occur to final states for which k, = kr, so that the 
energy-conservation condition 


h°ke 
Ey = — =hw+ E, (11.149) 
2m 


is satisfied. Using this result, the total first-order transition probability is given by 


mks (w) 


h ceo 


| P!) (t)dk, = cos? 6|Dy,|2dQ | F(t, @p, —@)dw,, (11.150) 
0 


where D,, is to be evaluated with k, = ks. Extending the limits of integration over 
dwp, from —oo to +00 (see (11.53) and (11.54)) and using the result (9.26) we obtain 


kel 
[ Padcrak, = Oat | cos? 6Dpa ldo (11.151) 
h CE9 
Accordingly, the total transition rate W,, is, to first order, 
d kel 
Woa = — | Py,’ (t)dky = om) | cos” O|Dyaq|"d&.. (11.152) 
dt h~c&o 
This expression can equally well be obtained by using the Golden Rule for- 


mula (9.67). Since in the present case H’ = W = —€.D = €.DE€(w) sin(wt — 6,) 
we have from (9.58) 


At = 5€-DEo(w) exp(id,.) (11.153) 
and therefore the first-order total transition rate is 
Qn E* 
ba = =a ue p(n) | cos* [Dp °d0 (11.154) 


where we recall that @ is the angle between € and D,,, and p,(£¢) is the density of 
final states, with Ey = hw + E, (see (11.149)). In the present case the final states are 
plane waves normalised according to (11.143), so that if p,(E,s)dQ2d Es denotes the 
number of states whose wave vector Kg lies within the solid angle dQ and the energy 
of which is in the interval (E;, E; + dEs), we have 


Po (Ep) dQd Es = dk = ke dk dQ (11.155) 
so that 
dkp = mk 
E) =k— = —. 11.1 
Pv(E¢) = ke dE, We (11.156) 


Inserting (11.156) into (11.154) and using the fact that €2(w) = 21 (w)/ceo, we 
recover the result (11.152). 
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Cross-sections 


Using (11.58) and (11.152), the photoionisation cross-section o(w) is given by 


k 
o(w) = = = | cos? 6|D,,,|2d&. (11.157) 
hi CEQ 


It is convenient to use the velocity form (11.94b) of the dipole matrix element D,,. 
From (11.139), (11.142) and recalling that k, = kp and w = wy,, we have 


x le « 
Dra (D},) _ more? 


. Zz 1/2 * 
= any( =) in [etmvetrar| 
mw TAG 


h ZN | 
iS amy") ks | ene dr. (11.158) 
M@ Tag 


The integral on the right of this equation is proportional to the Fourier transform of 
exp(—Zr/ao) and is given by 


: - 87 (Z/ao) 
Zr/ag iky.r a a 11. 159 
= faa + EP eee 


Substituting this result in (11.158), we obtain 
eh 2/2 ( Z ) k; 


V =? 
Poa =! [(Z/ao)* + k?}? 


(11.160) 


mo TT ao 


and it follows that 


h (Z\ k? ; 
o(w) = 32a—|{ — —— | cos 6dQ2 (11.161) 
mw \ao) [(Z/ao)* + k7}4 


where a = e*/(47r€o/ic) is the fine-structure constant. 

In obtaining the above results we have assumed that the ejected electron energy Ef 
(and hence the photon energy fiw) is well in excess of the binding energy | E,| of the 
electron. Thus, since E;(orfiw) > | Eq|, the conservation of energy equation (11.149) 
can be written to good approximation as 


hk? 
— ~ hw (11.162) 
2m 
and hence k? ~ 2mw/h. Moreover, since Ez = —Z’e*/[(42€)2ao] and 
ay = (4€0)h?/(me’), the condition hw >> |E,| implies that we can neglect 


(Z/ag)* in comparison with ke. As a result, the total cross-section (11.161) 
becomes, in the (non-relativistic) high-energy limit, 


ai” 
a(w) = 32a— {| — [ <0 AdQ2. (11.163) 


mo \ kao 
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Figure 11.5 The angles employed in the discussion of the photoelectric effect. The incident 
radiation is in the z direction, with polarisation vector € in the x-direction. The momentum of 
the ejected electron is hkg. 


In order to study the angular distribution of the ejected electrons, a differential 
cross-section is defined as da /dQ, and we see from (11.163) that 


d h(Z\ 
= ye (=) cos? 6. (11.164) 
kao 

Let us take the direction of the propagation of the radiation as the z-axis and the 
polarisation vector € to be along the x-direction (see Fig. 11.5). We see from (11.160) 
that Dy’, is in the direction of ky, defined by the polar angles (©, ®), so that 


cos’ 6 = sin® @cos” ® (11.165) 
and 

d h ( Z~\ 

aa 32a — | —— } sin* @cos? ®. (11.166) 

dQ2 mW kag 


We remark that the ejected electrons have a cosine-squared distribution with respect 
to the polarisation vector € of the incident radiation. For an unpolarised photon beam 
an average must be made over all directions of the polarisation vector € in the xy 
plane, which is the same as averaging over the cos’ ® factor and gives a factor of 1/2 
(Problem 11.10). Thus, in that case, 


do h Z 3 
— = |l6a—| —— } sin’? O. 11.167 
dQ2 «(| ore ( ) 


We see that both differential cross-sections (11.166) and (11.167) exhibit a sine- 
squared distribution with respect to the angle ©, which favours the ejection of electrons 
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at right angles to the incident photon beam. 

Upon integration of the differential cross-section (11.167) over the polar angles 
(©, ®) of the ejected electron, we find that the total photoionisation cross-section for 
an unpolarised photon beam incident on an hydrogenic atom target is given at high 
(non-relativistic) energies by 


I28n fh ( ZY? 
o(w) = a—( ) 


3 mw \ kao 


5 7/2 
am ow a(2) (=) | (11.168) 


3 ap mw 


We note from this result that o(w) decreases like w~’/? when w increases, and 


increases like Z> with increasing nuclear charge. The above formulae are applicable 
not only to one-electron atoms (provided that Aw > |E,|) but also approximately to 
the ejection of electrons from the inner shells of atoms by X-rays, although the dipole 
approximation worsens with increasing photon energy. 


Photodisintegration 


The theory of Section 11.7 can be applied with little modification to find the cross- 
section for the photodisintegration of a deuteron. As we saw in Chapter 10, the 
deuteron is a bound state of a proton and a neutron. The nuclear force acting between 
the proton and the neutron is spin-dependent, producing a single bound triplet state 
with binding energy Eg = 2.22 MeV. This state is predominantly an S state with zero 
orbital angular momentum, although there is a small admixture of D state with orbital 
angular momentum L = 2. We shall ignore the D-state component in calculating 
the photodisintegration cross-section. As we explained in Chapter 10, the range of 
the nuclear force is short and is given approximately by a ~ 2 x 107° m. Since 
the deuteron wave function w(r) extends over a considerable distance outside the 
potential well we shall approximate it by its form outside the well given by (10.144) 


w(r) = Cy, exp(—Ar)/r (11.169) 


where from (10.147) Cp = (A/2z)!/2 with A~! = 4.30 x 107! m. After disintegra- 
tion the final-state wave function can be approximated by a plane wave as in (11.142). 
From the discussion in the last section, we find, after averaging over the directions 
of the polarisation vector € and integrating over all angles of ejection that the electric 
dipole contribution to the photodisintegration cross-section is given for an unpolarised 
incident beam by 


= An ukew 


E 2 
o-(w) = Doa 11.170 
( 3hce, [Doa| ( ) 
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where the electron mass m has been replaced by the neutron-proton reduced mass sz 
given by (10.134). Conservation of energy requires that 
h°k? 
— =hw — Eg. (11.171) 
2 
The neutron is uncharged while the proton, which is at a position r/2 relative to 
the centre of mass, possesses charge +e, so that the electric dipole moment of the 
deuteron is equal to er/2. Using the length form (11.94a) of the electric dipole matrix 
element D,,,, we have 


ee 
DE, = e(22)*? (4/2)! | te (tear (11.172) 
The x-component of Df, contains the integral 
I= ores (11.173a) 
0 
= 1 [ ter tear (11.173b) 
Okg. x 


where ky, is the x-component of kr. The integral on the nght of (11.173b) is 
proportional to the Fourier transform of the function r~' exp(—Ar), and is given 
by 


4A 
| ether Ne dr = (11.174) 
A? + ke 
Using this result we find that 
Ske x 
, = -I———_ 11.175 
(A2 + kz)? 
Hence 
ie ke 
Diba = ——Al?—  _.. 11.176 
(Dy )o i” Gee) ( ) 
Treating the y- and z-components in the same way, we find that 
ie kr 
Ty 11.177 
“2 + ke)? ls 


Finally, from (11.170), the electric dipole photodisintegration cross-section is 
tue? Ak} 

3h? ce (A? + k?)* 
The computed cross-section is illustrated in Fig. 11.6 as a function of the energy 
E,, = hw of the incident photon. The cross-section increases at first like k? above the 


threshold at FE, = Ep, nsing to a maximum at an energy near E,, = 2Eg. Although 
the electric dipole contribution dominates the cross-section near the cross-section 


oF (w) = 


(11.178) 
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Figure 11.6 Cross-sections for the photodisintegration of the deuteron: o€ is the electric dipole 
contribution, a the magnetic dipole contribution, and the total cross-section is (o— +0™). The 
experimental data is due to Bishop and Wilson. 


maximum, the magnetic dipole contribution is more important near the threshold, 
where it is proportional to kr. We shall discuss this contribution briefly. 


Magnetic dipole transitions 


We have seen in Chapter | that the interaction energy W between a magnetic moment 
M and a magnetic field B is given by W = —M.B (see (1.86)). If the magnetic 
moment is placed at the origin, we have 


W = —M.B(0) (11.179) 
where, using (11.8b), 
B(0) = —E)(w)c7'Hsin(wt — 4,,). (11.180) 


In writing (11.180) we have introduced the unit vector 7 = k x €, which defines the 
direction of the magnetic field. The theory now follows, step by step, that developed 
above for the electric dipole interaction. In the final formulae for the cross-section, 
we need only replace the matrix element of the electric dipole moment D,, by (1/c) 
times the matrix element of the magnetic dipole moment M,,, and the direction of 
polarisation € by the vector 77, which is at right angles to €. 

The magnetic moment operator for a nuclear system is 


M = wn ) Li + 8iS;)/h (11.181) 
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where L; is the orbital angular momentum and S; the spin angular momentum of the 
ith nucleon, and the sum is over all the nucleons. The constant pn is the nuclear 
magneton 


un = eh/2M, = 5.05 x 10°77 JT! (11.182) 


and the quantities g; are the spin gyromagnetic ratios. For a neutron (n) and a 
proton (p) they are given, respectively, by 


gn = —3.8263, gp = 5.5883. (11.183) 


In order to obtain the magnetic contribution to the deuteron photodisintegration 
cross-section, the matrix element of the magnetic moment is required between the 
initial state a, which 1s the ground state of the deuteron, and the final (unbound) state 
b. Since, in our approximation, the deuteron ground state has zero orbital angular 
momentum, the terms in L; in(11.181) donot contribute. The required matrix element 
is then 


Mig =A | Wi (r)Wa(r)dr (11.184) 
where A Is defined as 


A = Ltn3(Xol8nOn + pF plXa) (11.185) 
Here x, and x, are the spin wave functions of the initial and final states and we have 
introduced the Pauli spin matrices o,, (for the neutron) and o,, (for the proton), with 

h h 
Si = 77" Sp = 7 7P (11.186) 


If x, were to be a triplet state (S$ = 1) the spatial wave function y,(r) would be 
orthogonal to the initial wave function W,(r) and the matrix element M,, would 
vanish. It follows that the final state b must be a singlet state with S = 0. 

The spin wave functions for the initial triplet states x, = X\,y, are 


X11 = a(n)a(p), M, = | (11.187a) 
] 
X1.0 = Wr 
X1,-1 = B(n)B(p), M, = —-1. (11.187c) 
For the final singlet state the spin wave function is x, = xXo,9, where 
l 
X0.0 = Wo 


To evaluate the quantity A it is convenient to express the spin operators as 


[a(n)B(p) + B(n)a(p)], M, =0 (11.187b) 


[a(n)B(p) — B(n)a(p)). (11.188) 


sMNI8nOn + 2p] = + eNL( gn + 2p)(On + Gp) + (2n — Sp)(On — Dp) ). 
(11.189) 
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Since the final state spin wave function is antisymmetric in n and p, while the 
initial-state spin wave function is symmetric, the first term in (11.189), which is 
also symmetric, must vanish and only the term UN(2n — 8p)(On — Op) /4 contributes. 
We find that if M, = 1. 


l i 
A= = (2n — ) Ay = ——=UN(2n — ), A, = 0. 
a /atN &§ §p y 7/3 NUS §p 
(11.190a) 
On the other hand, if M, = 0, we have 


A, = Ay =0, A, = F UN(8n — 8p) (11.190b) 
and if M, = —1, we obtain 
l i 
A, =--—= (2n — ), Ay =-= ( 85) A- =0. 
(11.190c) 
The spatial part of the matrix element (11.184) is given in the plane wave approxi- 
mation by 
[ vicrvemar = (omy @a/2my' f eter Ve dr 
lb Ae 
ee ; (11.191) 
mT A2 +k? 
Thus, using (11.184), (11.190) and (11.191), we find that 
l ] r 
Myal? = =UN(8n — 8p)” S a 11.192 
IMoal” = 7UN(8n — 8p) 5 G2 +p ( ) 


for each value of M,. 

The total cross-section for the magnetic dipole contribution to photodisintegration, 
o™(w), can be obtained from (11.157) by replacing m by the reduced mass jz and 
Dba by Mya /c: 

1 pLkew 
h*c3 E0 
The angle 6 is the angle between the vector 7 and the direction of M,, and the 
integration is over the polar angles of the vector Kr. Since both cos@ and M,, are 
independent of the direction of kr this integration gives a factor 47. If the radiation is 
incident along the z-axis, 77 lies in the xy plane. We see that for M, = +1, M,, also 


lies in the xy plane and averaging over cos’ 0, for an unpolarised beam, we obtain a 
factor of 1/2. For M, = 0, M4, is parallel to the z-axis and cos@ = 0. Thus 


1/2, M,=1 
0, M,=0 (11.194) 
1/2, M,=-1. 


o™ (aw) = 


| cos” 8| M4,_|7dQ. (11.193) 


An? wk| M4, |7@ . 


M 
oO (Wd) = 
h? eo 


Problems 
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If the deuteron in the initial state is unpolarised, each of its sub-levels with M, = 1, 
0, and —1 will be equally populated. Averaging over the three initial states with 
M, = 1,0, —1, we obtain 


An ukew 2 


M 
Oo (w Z 


= HUN(Bn — Bp) kA (11.195) 
3h? CE [A2 + ke]? 
We see that this cross-section is proportional to k¢ near the threshold. The computed 
cross-section is shown in Fig. 11.6 as a function of E,, = hw. The total cross-section 
(o = +o”) is also shown in Fig. 11.6 over an energy range extending from threshold 
to E, = 9 MeV, together with the experimental data. It is seen that the agreement 
between experiment and theory is very good. 
The inverse process of radiative capture 


n+p-o-d+y (11.196) 


is only important near the threshold and is therefore controlled by the magnetic dipole 
interaction. The cross-section can be obtained by applying the principle of detailed 
balancing to the results obtained above (see Problem 11.11). 


11.1 Find how many photons are radiated per second from a monochromatic 
source, | watt in power, for the wavelengths: (a) 10 m (radio wave), (b) 10 cm 
(microwave), (c) 5890 A (yellow sodium light) and (d) 1 A (soft X-ray). At adistance 
of 10 m from the source, calculate the number of photons passing through unit area, 
normal to the direction of propagation, per unit time. 


11.2. Prove that the form of the Schrédinger equation (11.17) is unchanged under 
the gauge transformation (11.19). 


11.3. Prove that, within the dipole apprroximation, the term in A? in the time- 
dependent Schrédinger equation (11.23) can be eliminated by performing the gauge 
transformation (11.26). 


11.4 — Prove that, in the dipole approximation, the time-dependent Schrédinger 
equation (11.23) can be written in the form (11.29) by performing the gauge trans- 
formation (11.28). 


11.5 Show that if the radiation is unpolarised and isotropic, cos* 6 in (11.56) 
can be replaced by its average value of 1/3. 


11.6 In Section 11.3 the Einstein A and B coefficients were obtained for tran- 
sitions between two levels a and b which were assumed to be non-degenerate. If the 
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level a is g, times degenerate and the level b is g, times degenerate, show that 


Sa Boa = 8p Bab, Aab = 


11.7. Calculate the rates of spontaneous and stimulated emission of radiation 
arising from the 2p— Is transition in atomic hydrogen (the Lyman a line) contained 
in a large cavity at 2000 K. Repeat the calculation for a one-electron ion with nuclear 
charge Ze, and study the Z behaviour of the result. 


11.8 Prove that the oscillator strengths f,, defined by (11.111) obey the sum 
rule 


De = | 
k 


where the sum is over all levels including the continuum. 


11.9 Fora given initial level, a, of a hydrogen atom prove that 
Y > Oba = 2 Sba = 27 roc 
b b 


where o,, is the absorption cross-section and the sum )_, is over all states with 
E, > Eq, while op, is the cross-section for stimulated emission, and the sum S. 1S 
over all states with E, < E,. On the nght-hand side ro 1s the classical electron radius 
ro = e*/(4mreqmc?). 


11.10 Starting from (11.166) carry out the average over all directions of polari- 
sation to obtain the result (11.167). 


11.11. Use the principle of detailed balancing to relate the cross-section for 
photodisintegration of the deuteron by the magnetic dipole interaction to that for 
radiative capture of neutrons by protons. 
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In the previous chapter, we showed how quantum mechanics can be used to calculate 
transition rates for atomic and nuclear systems acted on by external electromagnetic 
radiation. A related set of problems arises when the external fields are electric fields 
or magnetic fields and these are the topics discussed in this chapter. 


The Stark effect 


We shall start by considering how static electric fields affect the energy levels of 
atoms. The corresponding change in frequency of the associated spectral lines is 
called the Stark effect. We shall concentrate on the case of one-electron atoms. 

Let us consider a one-electron atom in a time-independent electric field which is 
uniform over a region of atomic dimensions. The atomic nucleus will be taken to 
have a charge Ze and to be of infinite mass compared with the mass of the electron. 
If the field is of strength € and is directed parallel to the z-axis, the potential energy 
of an electron of charge —e situated in the field is 


W =e&z = —ED. (12.1) 


where D- is the z-component of the electric dipole moment D = —er. The only 
difference between (12.1) and the interaction between a radiation field and a one- 
electron atom given approximately by (11.35) is that we are now considering the 
special case in which the electric field vector is directed along the z-axis and is 
independent of time. The identity of (11.35) and (12.1) is not surprising because in 
obtaining the interaction with a radiation field we neglected the magnetic part of the 
interaction arising from the second term in (11.31). 

The interaction energy, W, given by (12.1), must be added to the potential energy 
due to the Coulomb attraction between the electron and the nucleus contained in the 
Hamiltonian of the one-electron atom. The effect of this additional interaction energy 


557 
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on the atomic energy levels can be investigated using time-independent perturbation 
theory, setting H’ = W = e€z. Thus the zero-order wave functions are the 
hydrogenic wave functions W,;,, (see (7.134) and Table 7.1) and the corresponding 
zero-order energies are the hydrogenic energy levels E,, given by (7.114) with wz = m. 
We shall first assume that € is large enough for fine-structure effects (see Section 8.2) 
to be unimportant, which is correct for field strengths usually encountered, which are 
of the order 10’ V m“!. 


The ground state 


Since the ground state ¥,(r) = wWioo(r) is non-degenerate, it follows from (8.15) 
that the first-order correction to the energy is 


E. 


e€ (vr1001Z| W100) 


e€ | lWioo(r)|* zdr (12.2) 


where the superscripts (0) have been omitted. Consider now the integrals 


Lnim = | [Wnim(r)|? z dr. (12.3) 


Under the interchange r — —r, we have 
dntim = | [Wntm(—F)|?(—z)dr. (12.4) 


However, the hydrogenic wave functions Wyrm have the parity (—1)! 


Wnim(—T) a (—1)' Wat (r) (12.5) 
from which we see that [Wam(—r)|? = |Wnim(r)|?.. Hence, comparing (12.3) 
and (12.4), we see that [nim = —lntm SO that Ij. = 0. In particular, the first-order 


energy shift given by (12.2) vanishes. 
The second-order term of the perturbation series is (see (8.28)) 


E® _ oy ye telat at (12.6) 


nl I.m 


where the sum implies a summation over all the discrete set of hydrogenic eigenstates 
together with an integration over the continuum set. Since the energy differences 
(E, — E,) with n > 2 are always negative, and Ej5) = 0, the ground-state energy 
is always lowered by the interaction with the electric field. The quadratic Stark 
effect (12.6) is very small, being of the order of —2.5 x 10~° eV for atomic hydrogen 
in a field of strength € = 10° V m™! (see Problem 12.1) and is usually unimportant. 
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The excited states 


Let us now examine the first-order Stark effect for the first excited level of a hydrogenic 
atom. Since we are neglecting fine-structure effects, the n = 2 level is four-fold 
degenerate because each of the four eigenfunctions 


¥200, W210, Wai, W2i-1 (12.7) 


corresponds to the same energy E,,-. It follows that we now have to use degenerate 
perturbation theory, and in principle we have to solve a system of four homogeneous 
linear equations (see (8.71)). However (—ez) is the z-component of the electric 
dipole moment operator and we found in Section 11.4 that matrix elements of the 
form (n'l'm'|z|nlm) vanish unless l’ = 1 + 1 and m’ = m. The only non-vanishing 
matrix elements of the perturbation H’ = e€z between the four states (12.7) are 
therefore those connecting the 2s (200) and 2p (210) states. It follows that the linear 
homogeneous equations (8.71) reduce to a set of two equations, which we can write 
as (see (8.77)) 


—E%c,; oe Hy ¢r2 = 0 
Hy¢r — Ec = 0 (12.8) 


where r = 1, 2 and the (real) matrix element H,, is given by: 


H,> = H,, = ce | W10(r) z W200(r)dr. (12.9) 


The condition that a non-zero solution of equations (12.8) exists is that the determi- 
nantal equation 


-E Hi, 


Hi pi] = (12.10) 


should be satisfied. The two roots of this equation are 
E) = +(H7,]. (12.11) 


To evaluate the energy shifts FE‘ = +|H7,|, we use the hydrogenic 2s and 2po 
wave functions given in Chapter 7. Since z = r cos 0, we have 


’ Ze om 3 Zr Zr —Zr/a : Zo om 
Hi, = e€——,; drr°>{ — }{1—— le ® dé sin cos* 0 dd 
l67ay5 Jo ag 2a0 0 0 


72 f° Z Z 
(eae | are) (1 — = ler 
8a, 3 0 ag 2a 


—3eEag/Z. (12.12) 


The change in energy is proportional to € so that the effect is called the linear 
Stark effect. The linear Stark effect is non-zero only for degenerate states and is 
exhibited by the excited states of hydrogenic atoms. In other atoms, both the ground 
and excited states are usually non-degenerate with respect to the orbital angular 
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Figure 12.1 Splitting of the degenerate n = 2 level of atomic hydrogen due to the linear Stark 
effect. 


momentum quantum number so that only the much smaller quadratic Stark effect 


occurs. 

Upon returning to (12.8), we see that for the upper root E\ = |H,,| one has 
Cj; = —C\2. The corresponding normalised wave function is given by (see (8.81) 
and (8.86) 

l 

x= Fy 20 — W210). (12.13) 

The second root ES) = —|H,,| yields cz; = cz2 and the normalised wave function is 
l 
x2 = Whale + W210). (12.14) 


It should be emphasised that the wave functions (12.13) and (12.14) are neither 
eigenfunctions of parity nor of L?, and neither parity nor / is a ‘good’ quantum 
number in this case. On the other hand, m is a good quantum number because H’ 
(and hence H) commutes with L- and the system is invariant under rotations about 
the z-axis. 

The splitting of the n = 2 level of a hydrogenic atom due to the linear Stark effect is 
illustrated in Fig. 12.1. The degeneracy is partly removed by the perturbation which 
picks out a particular direction of space so that the rotational invariance of the system 
is destroyed. However, the energies of the 2p, (i.e. 211 and 21 — 1) states remain 
unaltered. Thus the level splits symmetrically into three sub-levels, one of which 
(corresponding to m = +1) is two-fold degenerate. 

The splitting of higher levels can be treated in a similar way. For example one can 
show that the n = 3 level is split into five equally spaced levels as shown in Fig. 12.2. 
Also shown in this figure are the various possible electric dipole transitions between 
the levels n = 2 and n = 3 inthe presence of an electric field. The selection rules for 
the magnetic quantum number m are Am = 0, +1. The Am = O transitions are said 
to correspond to 2 components and the Am = +1 to o components. 

Up to this point we have assumed that the external field € is large enough for 
fine-structure effects to be neglected. We now consider the opposite case where € 
is weak. The unperturbed states can no longer be treated as degenerate, but some 
simplification occurs because the splitting due to the fine-structure effects is very 
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Figure 12.2 Splitting of the n = 2 and n = 3 levels of atomic hydrogen due to the linear Stark 
effect. The various possible electric dipole transitions are shown; those with Am = 0 are called 
x lines and those with Am = +1, o lines. 


small and the levels are quasi-degenerate. To take a simple example, consider the 
Stark perturbation of the 2s)/2 and 2p3/2 levels of atomic hydrogen which are split 
by AE ~ 4.5 x 107° eV by the fine-structure interactions. Let us denote these two 
levels by the labels 1 and 2. Following the discussion of quasi-degenerate states at 
the end of Section 8.2 and noting that H;, = H5, = 0 in the present case, we see 
from (8.129) that 


2 
——— + |Hi,? r=1,2 (12.15) 


where E® = E,—>, A = 1 and 
Hi = e€ (2s) /2|Z|2p3 2). (12.16) 


The splitting between the 2s 2 and 2p3/2 levels before the external field is applied 
is AE. When the fine structure is ignored and AE = 0 the energy shift (E, — E) 
depends linearly on €. However if (AE)? is not very small compared with |AyI, 
(E, — E) isa function of E? given by +[(AE)?/4 + e7|(251/2|z|2p32)|°E7]!/. 
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The Stark effect and the rigid rotator 


In Chapter 6, we saw that the rotational motion of a diatomic molecule could be 
described by the Hamiltonian 


L2 
A= 
21 


where L is the angular momentum operator and 7 is the moment of inertia of the 
molecule with respect to the axis of rotation. The orientation of the molecule is 
described by the angles (6, @) which are the polar angles of the internuclear line AB 
of Fig. 6.4. Many diatomic molecules possess a permanent electric dipole moment, 
for example NaCl, which is mainly in the ionic configuration Nat — Cl-. If such 
a molecule possesses an electric dipole moment D, then in an electric field €, the 
Hamiltonian (12.17) becomes 


(12.17) 


L2 
H = — -D.E 
Dt 
L2 
= 5g = DE cos@ (12.18) 


where in the second line, we have taken € parallel to the z-axis. To examine the effect 
of the additional interaction 


H’ = —DEcos@ (12.19) 


on the energy levels, time-independent perturbation theory can be used. 
The unperturbed energy levels are 


I+ 1h? 
2” 


corresponding to the zero-order wave functions 


E}? = 1=0,1,2... (12.20) 


(8, 6) = Yim(, $). (12.21) 


It is seen that the energy levels (12.20) are degenerate with respect to m. How- 
ever, since both Hp and H commute with L., non-degenerate perturbation theory is 
applicable. 

The first-order correction to E - is 


1 2n 
E\) — | sin 0d0 : dbY*,(0, 6) H'Yim(0, 6) = (I, m|H'|I, m) (12.22) 
0 0 


and this vanishes because H’ 1s of odd parity. The second-order correction is 


+I' ny y12 
=. 3 [(2, m| A’, m’)| 


12.2 
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The dipole matrix elements (/, m|H’'|l’, m’) vanish except for m’ = m andl’ =1+1 
(see Section 11.4) giving 


pe [cin i eee | (12.24) 


Note that for / = 0, we must have /’ = 1, and the second term in brackets does not 
appear. On evaluating the matrix elements, the general expression for E Ne is (see 
Problem 12.3) 


Deer Il + 1) — 3m? 


E® = oe ee 7) 12.25 
we A? il + 1)(21 — 1)(21 +3) 7 ( _ 
Deel 
=~ 1=0. 12.25b 
3h? ( ) 


As seen from (12.25a), the degeneracy is only partly removed. Indeed, for / + 0 the 
corrected energy levels EP? +E a depend only on / and m’, so that states differing 
by the sign of m still correspond to the same energy. 


Interaction of particles with magnetic fields 


In Chapter 1, we saw that the Stern—Gerlach experiment demonstrates that electrons 
possess an intrinsic magnetic moment M, which is proportional to the spin angular 
momentum S. In terms of the Bohr magneton zg where wg = eh /2m, m being the 
mass of the electron, we have (see (1.93)) 


M, = —gsupS/h = —g.¢po/2 (12.26) 


where g, is the electron spin gyromagnetic ratio which has the approximate value! 
g; = 2 and (o,,0,,0,) are the Pauli spin matrices. Similarly, other particles 
possessing non-zero spin have an intrinsic magnetic moment M, proportional to 
their spin S. For example, in the case of a proton 


M, = 8plna/2 (12.27) 


where gp = 5.5883 is the gyromagnetic ratio (or g-factor) of the proton p and jn is 
the nuclear magneton defined by (see (11.182)) 


eh 


LLIN 


! The value g, = 2 is that predicted by Dirac’s relativistic theory of the electron (see Section 15.6), and 
is in good agreement with experiment. The corrections to the Dirac result g, = 2 come from quantum 
electrodynamics. 
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M, being the mass of the proton. The magnetic moment of the proton is parallel 
to its spin. In contrast, for a neutron (as for an electron) the magnetic moment is 
anti-parallel to the spin and 


My, = gnUno/2 (12.29) 


where g, = —3.8263 is the neutron g-factor. 


Weak fields 


In Section 1.5, the energy of a system having a magnetic moment M interacting with 
a magnetic field B was taken as 


W = —M.B. (12.30) 


For weak magnetic fields this is a good approximation, but it is not accurate for 
strong fields and we shall later obtain the exact (but still non-relativistic) form of the 
Schr6édinger equation in that case. 


Particle of spin one-half in a uniform magnetic field 


Let us now consider the interaction of a particle of spin one-half with a magnetic 
field, taking the case for which there is no other interaction and the particle is at rest. 
Then the interaction energy with the magnetic field (and hence the Hamiltonian) is 


given by 
H = -—M,.B = gupB.a/2 = yB.o (12.31) 
where g = g, = 2 for an electron, g = —g, fora proton, g = —g, for a neutron, and 


Y = gup/2. Assuming that the field is constant and orientated in the z-direction, 
B = 67, the Hamiltonian is 


H = gupgbBo-./2 = yBo- (12.32) 
and the time-independent Schrédinger equation reads 

yBo.x = Ex. (12.33) 
Since the eigenvalues of S- = (f/2)o, are m,h, with m, = +1/2, the energy 
eigenvalues are 

En = ZV DMs m= 1/2 (12.34) 
the corresponding eigenvectors being the basic spin-1/2 functions a and B, given 
by (6.230). 

The time-dependent Schrédinger equation 

., OW 


therefore admits the two stationary state solutions /,, (t), namely 


W1/2(t) = ae 1et/? W_1/2 (t)= Bel"/? (12.36) 
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where w = 2y B/h. The general solution of (12.35) is therefore 


W(t) = cae /? + Cpe’? 


c e let /2 
= ( Tene ) (12.37) 


c27e 


where c; and c> are constants. If W(t) is normalised to unity, 


le? + leo|? = 1. (12.38) 


Let us consider some particular cases corresponding to different initial conditions 
att = 0. 


(1) If the system is in an eigenstate of S, at t = 0, corresponding to the eigenvalue 


(2 


~~ 


+h /2, then c; = | and c) = O, and the system remains in that eigenstate for all 
t. In the same way, if at f = 0 the system is in an eigenstate of S$, corresponding 
to the eigenvalue —A/2, then c; = 0, c2 = 1 and the system remains in that 
eigenstate for all rt. 


A different situation arises if the system is in an eigenstate of S$, att = 0. Using 
the representation (6.228), it is a simple matter to verify that the normalised 
eigenvectors of S,, corresponding respectively to the eigenvalues +//2 and 
—h/2, are given by 


] 1 /\ ] ] | 
Lerm-4() mt te-m-4/ 
V2 Va\) V2 Ja\-1 
As a result, the wave function (12.37) 1s an eigenvector of S, at f = 0 corte- 
sponding to the eigenvalue f/2 provided c; = c2. To satisfy the normalisation 
condition (12.38) we can set c; = cz = 27'/?, so that the wave function (12.37) 
becomes 


) . (12.39) 


W(t) = zie + Bel!/?). (12.40) 


We see that the system will again be in an eigenstate of S, belonging to the 
eigenvalue i/2 at subsequent times t = 2n7/w, where n = 1,2,3,... , and 
it will be in an eigenstate of S, corresponding to the eigenvalue —/A/2 at times 
t = (2n — |)m/w. The expectation value of S$, in the state represented by the 
wave function (12.40) is 


(S,) 5 (me + Bel)'S. (axe er!” + Bel/) 


A 


hi 
= 5 cos wt (12.41) 


where we have used (6.214) and (6.231). 
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Since the normalised eigenvectors of S,, corresponding to the eigenvalues 
+h /2 and —fh/2, are given respectively by 


I 1 /1 I ; | l 
—(a+i == (5) and 5a = i6) = — ( 4 (12.42) 
Or BX wp Ji \-i 

the wave function (12.40) will be an eigenfunction of S, with an eigenvalue +f /2 
at times tf = (4n+ 1) /2w and with an eigenvalue —/ /2 at times (4n + 3)2/2o, 
with n = 0,1,2,.... The expectation value of S, in the state (12.40) is, 
using (6.214) and (6.231), 


(Sy) = 5 (metre 4 pel!?)*S\ (ae te"? a Bel"/?) 
h + Siwt /2 t -iwt /2\ 7: g@,—10t /2 - lwt /2 
_ a e + Be ape — iae’’*) 


h 
= sin wt. (12.43) 


It is also readily verified that (S.) = 0, so that the expectation value of the 
spin S in the state (12.40) precesses about the field direction (the z-axis) in the 
xy plane with an angular frequency w = 2yB/h. In that plane, the component 
of the spin in the direction which makes an angle @ with the x-axis is 


Se = S, cosg + S, sing. (12.44) 


Using the explicit representation (6.228) of S, and S,, it is easy to verify that 
the wave function (12.40) is an eigenfunction of Sy belonging to the eigenvalue 
h/2 when @ = wt. We can Say loosely (in the average sense discussed in 
Section 6.8) that the spin ‘points’ in the direction @ when t = @/w. 


Particle of spin one-half in a rotating magnetic field and the Berry phase 


If the magnetic field entering into the Hamiltonian (12.31) is pointing in a direction 
n specified by polar coordinates (6, @) there are two stationary solutions to the 
Schrédinger equation (12.35), 


Wy (t) = Xt exp(—iwt /2), Wy (t)= x, exp(iwt /2). (12.45) 


The spinors x, and x, are the eigenfunctions of the component of the spin S,, in 
the direction (0, #) corresponding to eigenvalues i /2 and —h/2 respectively, which 
have been given in (6.252) and (6.255). The angular frequency w 1s, as before, given 
by w = 2yB/h. Now let us suppose that the magnitude of B is constant, but the 
direction of B rotates slowly making a complete rotation in an interval 7 so that 
nh = (0,¢ = 0) at time ft) = Oandn = (0, @ = 27) attime ty = T. If T > 27 /w 
the adiabatic theorem applies (see Section 9.4) and if the system is in the state V(r) 
at t = O it will remain in this state as the magnetic field changes direction and not 
make a transition to Y(t). The Berry phase acquired by the wave function during 
the complete rotation of the field can be calculated from (9.132). The eigenfunction 
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x+(@, p) depends on ¢ through ¢ which can be treated as a slowly varying parameter 
so that the Berry phase y, = y, is given by 


ene 9 Pes ee 
yy = if (x10. 00 NA Xr (8, Pt pa 
0 


2n R) 
if (1400. #1 x10. 6))80 


= —7(1 —cos@) (12.46) 


where in the last line (6.252) has been employed. 

The phase 7; is an observable and can be measured. A good example is provided 
by an experiment carried out in 1987 by J. Bitter and D. Dibbers based on the 
result (12.46). In their experiment a spin-polarised beam of neutrons of intensity J 
is split into two components. One component 1s passed through a constant magnetic 
field which interacts with the magnetic moments of the neutrons so that the neutron 
spins precess about the direction of the field with angular frequency w. The second 
component is subject to a magnetic field of the same magnitude, but the direction of 
which is rotated very slowly compared with the precession rate. After the interval T 
the magnetic field acting on the second component returns to its original direction. 
The two components are then recombined. Because of the phase difference y, they 
interfere and the observed intensity / as a function of the angle 6 is 
2 


I(6) 


Io a 
a 1 + exp(iy;) 


Ip cos? Fa ee% 2) (12.47) 


The predicted result was obtained, confirming that the Berry phase of the wave 
function can have observable effects for cyclic systems. 


The Aharonov-Bohm effect 


In classical physics only the field vectors € and B have a direct physical significance; 
neither the fields nor the equations of motion are altered by a gauge transformation. 
In contrast the potentials A and @ can be changed at will by a gauge transformation 
and are not directly measurable. In quantum mechanics the situation is different: the 
vector potential A has a different status and is of direct physical relevance. Let us first 
consider a particle of mass m and charge q confined to a box by some scalar potential 
V(r). We shall further suppose that no magnetic or electric fields intersect the box. 
Since in the region in which the particle moves B = 0 we have from (11.2 b) that 


V x A(r,t) =0 (12.48) 
which is satisfied either by taking A = 0 or by setting 
A(r, t) = Vx (r, t) (12.49) 
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Figure 12.3 A box B containing a particle is moved along a path C enclosing the shaded area A 
which contains the magnetic flux ®. 


where x is an arbitrary scalar function. If A and V are time-independent the 
Schrédinger energy eigenvalue equation in the first case (A = QO) 1s 


2 
sv + vn) |v = Ey(r) (12.50) 


and in the second case it 1s 
hi 
- ae ae came in mt V + V.A) ae a, + vin)|w (r)= Ew (r), (12.51) 


where A Is given 7 (12.49). 
The functions y and w’ are connected by the gauge (phase) transformation 


y'(r) = w(r) explig x (r)/A] (12.52) 
where from (12.49) 
x(r) = | A(r’).dr’. (12.53) 


The integral in (12.53) is a line integral from some fixed point rp to r. For x(r) to 
exist and to depend only on r the integral (12.53) must be independent of the path 
of integration from rp to r. This is correct (so that A(r) can be removed from the 
problem by a gauge transformation) only if the region in which the particle moves is 
not multiply connected. To show what can happen in the case of a multiply connected 
region let us suppose the box containing the particle is moved along a path C (see 
Fig. 12.3) which encloses an area in which the magnetic flux is not zero in such a way 
that the magnetic field B does not intersect the box. The phase change in the wave 
function on making a complete circuit back to the original position is 


$= =4 f A(r).dr (12.54) 
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Figure 12.4 An Aharonov-Bohm experiment. Charged particles form a source P impinge on a 
screen S$; with two slits A and B and are detected at D on the second screen Sz. The shaded area 
represents a thin solenoid which is perpendicular to the plane of the paper. 


and by Stokes’s theorem 


ee =a [tv x A(r)].dS 
ho Js 


i i 
— — .dS = —qg® 12.55 
oa [8 44 ( ) 


where the integral is over the surface S enclosed by the path C and where @ is the 
magnetic flux through S. This is an example of a geometrical or Berry phase (see 
Section 9.4). As a consequence, interference will occur between the wave functions 
of the particles which remain in the original position and those which have been 
moved along the curve back to that position. This is the Aharonov-Bohm effect. 
It should be emphasised that within the box the magnetic field B always vanishes, 
but the vector potential A is not zero and cannot be transformed away by a gauge 
transformation for a multiply connected region. 

The existence of the Aharonov-Bohm effect has been verified experimentally in 
double slit diffraction experiments represented schematically in Fig. 12.4. A thin 
solenoid is placed between the slits of a diffraction experiment. Charged particles 
from a source at P fall on a screen S, containing two slits A and B and are detected 
on the second screen S» by the particle detector D. The solenoid contains a magnetic 
flux ® and is impenetrable to the charged particles, while no magnetic field extends 
to the region outside the solenoid. The interference pattern on the screen S> is due to 
the superposition of YW, and Wg, where Va is the part of the wave function associated 
with the upper path pa and Ws is the part associated with the lower path pg. When 
® = 0, we have 


VW = Wa + Wp. (12.56) 
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When ® + O, Wa acquires a phase factor exp[(ig /h) fe. A(r).dr], where the inte- 
gral is from P to D along the path pa, and similarly Wg acquires the phase factor 
exp[(ig /f) i A(r).dr] where the integral is along the path pg, so that now 


Wa exp( 2 f A(r).dr) + Wp exp (2 f A(r).dr) 
PA PB 
lw, exp( 4 f Ar). + vs | exp (4 | Ar). (12.57) 
PB 


where ¢ dr is from P to D along pa and then from D to P along pg. Since this integral 
completely encircles the solenoid we may use (12.55) and write 


y= [ws exp( Zo) + vs | exp| 4 | Ac.) (12.58) 
PB 


The interference pattern now depends on the relative phase difference between Va 
and Wp, which is proportional to ®. This was observed in 1960 by R. G. Chambers. 

It is also of interest to examine the Aharonov-Bohm effect in a bound state problem. 
It is sufficient to consider a simple system in which a particle of mass m and charge g 
is constrained to move in the xy plane on a circle of radius a, the centre of the circle 
being the origin of the coordinate system. A thin solenoid containing a magnetic flux 
® is placed along the z-axis. If cylindrical coordinates are employed (p, ¢, z) with 
p = (x7 + y*)'/” and @ = tan ~'(y/x), the components of the vector potential can be 
taken to be 


W 


® 
Ap=0, Ag=5—, A: =0. (12.59) 


When ® = 0 the Hamiltonian of the system 1s (see (6.131)) 


L2 L2 h- 9? 
Sa ra ee ee ee Se ey 12.60 
2ma2—- 2ma? 2ma? 0¢? } 


The solution of the energy eigenvalue equation Hy = Ew is W(¢) = N exp(ing), 
where N is a normalisation constant. In order for w(@) to be single-valued n must 
be zero or an integer. The energy eigenvalues are 


h7n? 


n= . 
2ma2 


(12.61) 


The coupling to the vector potential modifies the Hamiltonian. From (5.231b), it 
is found, with A.V = Aga~'d/d¢ and Ay = ®/(27a), that 


es os (12.62) 
~ - Wma? A¢2.— 2mma?2 dg =~: 82ma?’ ; 
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The solution of the energy eigenvalue equation is still w(¢) = N exp(ing) with n 
being zero or an integer, but the energy eigenvalues are now 


2 
| (1 — * | (12.63) 


Again we see that the physical parameters of a system in a region where B = O can 
depend on the vector potential if the region is multiply connected. 


Interaction of charged particles with constant and uniform magnetic 
fields 


If € = O and the magnetic field B is constant and uniform, the vector potential A can 
be written as 


l 
A(r) = 5(B x r) (12.64a) 
and the scalar potential @ vanishes: 
od = 0. (12.64b) 


These expressions satisfy the Coulomb gauge condition (11.3) in addition to equa- 
tions (11.2). Using (11.22), the term linear in A in the Schrédinger equation (11.17) 
1S 


ih 
in A.V = “4B xr).V 
m 2m 
ih 
2m 
-~-~ BL (12.65) 
2m 
where L = r x p = —1A(r x V) is the orbital angular momentum operator of the 
particle. The quadratic term in A appearing in (11.17) can be reduced as follows: 


2 2 
q ,2 q 2 
Belay. ees 

3 (B xr) 


2 
— 1 [p?,? — (B.r)’]. (12.66) 
8m 


The relative magnitude of the two terms (12.65) and (12.66) can now be estimated. 
Assuming the dimensions of the atomic system to be of the order d, the quadratic 
term is of the order g*d7B?/8m, while if we are dealing with states of low angular 
momentum (~ A) the linear term is approximately —qghB/2m. The magnitude of the 
ratio of the quadratic to the linear term is then |gd*B/4h|. If the particle is an electron 
q = —e. Moreover, if the region concerned is of the order of atomic dimensions, so 
that d ag (the first Bohr radius), then this ratio is 


2 
ea,B % 
0" ~ Bx 10 12.67 
Ah (12.67) 
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where B is expressed in tesla (T). In the laboratory, the largest constant fields 
encountered do not usually exceed a few tens of tesla although fields of the order 
of 10° T can be obtained for short times. Even for these fields the quadratic term is 
negligible. However, in some astrophysical situations very large fields are believed 
to exist. For example, in neutron stars field strengths at the surface may exceed 10° T 
and in such a case the quadratic term cannot be neglected. 

The linear term (12.65) is of the form (12.30) since, as we saw in Chapter 1, the 
magnetic moment of a particle of charge g due to its orbital motionis M,; = gL/2m. 
As described earlier in this chapter, for a particle with non-zero spin an additional 
contribution to the magnetic moment arises, which is proportional to the spin operator 
S. For an electron in motion, the total magnetic moment operator M is therefore 


M=M,+M, = -S + 2S) (12.68) 


where we have taken g, = 2. As aresult, the linear term in (11.17) becomes —M.B. 
Using this expression together with (12.66), the time-independent Schrédinger equa- 
tion for a ‘free’ electron in a strong uniform magnetic field is 


2 2 
Hy(r,0) = sv —~M.B+ — (Br ae Bay) | er o) = Ew(r,o) 
(12.69) 


where the wave function y(r, a ) depends on both the space and spin variables. Taking 
B to be in a direction parallel to the z-axis, we can write the Hamiltonian H appearing 


in (12.69) as 
h2 2 
Hea 27 0 2988 eB. (12.70) 
2m h 8m 


To obtain the energy eigenvalues FE, we first observe that the Hamiltonian H 
commutes with the operators L., S. and p. = —ihd/dz. Each of these observables 
is thus a constant of the motion and simultaneous eigenfunctions of H, L., S,, and 
pz can be found. Let us denote these by Wq(r, 0), where the subscript q labels the 
corresponding quantum numbers. Thus we have 


Ayg(r,o) = Eyg(r,o), (12.71) 

L.wWqg(r,o) = mhy(r, 0), i ee ead (ees (12.72) 

S.Wq(r, 0) =mshpg(r,o), moa t1)2, (12.73) 
and 


P2Wq(r,0) = khy(r, o), —-0O <k<o (12.74) 
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so that the index q stands collectively for {E, m;, m,, k}. Using (12.70)—(12.74) we 
can write the Schrédinger equation as 


he (a2 @? 212 Be. sk 
Le 4. ee oa a | 
am & a = =t Dai + UR (mM, + 2m )B+ Syn (x ay )B | vac a) 
aria (12.75) 


Since Wq(r, o) satisfies (12.73) and (12.74), it must be of the form 


_ ; 8 4 for na; = 1/2 
Walt, ) = bg(x, y) exp(ikz) x | A tae aie (12.76) 


which shows that the electron is free in the z-direction, the spin wave function 
a@ corresponding to m, = 1/2 (‘spin up’) and B to m, = —1/2 (‘spin down’). 
Combining (12.75) and (12.76) we find that the wave function ¢(x, y) satisfies the 
equation 


A.yQaq (x ’ y) 


i ee diss L(x? + y*) |@q(x, y) 
-—|(— + => —may (x Ts 
2m\ ax? dy? Qk A ae? 


E'o,(x, y) (12.77) 


where w, = p/h is the Larmor angular frequency (1.90) and 


h°k? 
E=E' + ae + fiw, (m; + 2m,). (12.78) 
m 


The equation (12.77) is the Schrédinger equation for a two-dimensional harmonic 
oscillator. The energy eigenvalues EF’ are therefore given by (see Problem 7.20) 


E’ = (ny + ny + Iho, n, =0,1,2,..., ne = 0,1 2c 
SG ni: ee ee ee eee (12.79) 


and it is clear from (12.77) that the eigenfunctions ¢@g(x, y) do not depend on the 
quantum numbers m, and k. They can, in fact, be labelled by the quantum numbers 
n, and n,, or alternatively by n and m;. Using (12.79), the energy eigenvalues (12.78) 
for an electron in a strong uniform magnetic field become 
h°k? 

| Dee + hay(n +m, + 2m, + 1). (12.80) 
As in this case the scalar potential @ is zero (see (12.64b)), the Hamiltonian (5.231) 
can be written as a square, H = (p — gA)*/2m. It follows that the eigenvalues E 
must be positive or zero, and this condition must hold in particular for k = O and for 
m, = —1/2. Hence 


n+m, 2 0. (12.81) 
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The Hamiltonian H,, for the two-dimensional oscillator is invariant under the reflec- 
tion x — —x and y > —y (see (12.77)), from which we infer that we can take the 
functions ¢,(x, y) to be eigenstates of the reflection operator: 


gg(—x, —y) = £hq(x, y). (12.82) 


Inspection of the two-dimensional oscillator wave functions (see Problem 12.7) shows 
that @g is even if the quantum number n is even and @, is odd if n is odd. Now, 
@q(x, y) can also be expressed in terms of plane polar coordinates p and ¢, where 
x = pcos¢d, y = psing. Since ¢, is an eigenfunction of L- belonging to the 
eigenvalue m,h it must be of the form ¢, = f(e) exp(im;@). Under the reflection 
operation x > —x, y > —y, we see that p > p and@ — @+7. Thus @, Is even 
when m, is even and odd when m, is odd, so that either both n and m, are even, or 
both n and m, are odd. Combining this fact with (12.81), we see that n + m, is even 
and 


n-+m, = 2r, PHO. 1.2. ous (12.83) 


Finally the energy eigenvalues are 
h°k? 
ar Pa eae as a ee ee Mm =e lf 2. 
m 
(12.84) 


The first term on the right-hand side represents the kinetic energy of uniform motion 
parallel to the z-axis. For given values of k and m,, the discrete energy levels labelled 
by the quantum number r are called the Landau levels. 


One-electron atoms in external magnetic fields 


The splitting of the spectral lines of atoms in an external magnetic field was first 
observed by P. Zeeman in 1896. The fields encountered in the laboratory are not 
strong enough for the quadratic term in B to be of importance, and indeed are usually 
so weak that the magnetic interaction is smaller than or comparable with the spin— 
orbit interaction, which we have discussed in Section 8.2. Taking the spin-orbit 
interaction into account, and neglecting quadratic terms in B, we obtain the following 
Hamiltonian for a one-electron atom in aconstant and uniform magnetic field directed 
parallel to the z-axis 
Pica he ae Ze? 

2m (47 €)r 
where the quantity €(r) is given by (8.103). 

We can distinguish three cases: (a) the strong-field Zeeman effect in which the 
magnetic term 1s large enough for the spin-orbit term to be neglected; (b) the Paschen— 
Back effect in which the magnetic field is again strong, but the spin—orbit interaction 
is significant and can be treated as a perturbation; and (c) the weak-field Zeeman 


+ 2 (L; +28)B+ §()LS (12.85) 
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effect (the anomalous Zeeman effect) in which the spin-orbit interaction is much 
greater than the magnetic term which is treated as a perturbation. 


The strong-field Zeeman effect 


In this case the L.S term is omitted from the Hamiltonian (12.85). In this approxi- 
mation H commutes with L?, S*, L. and S- so that these are constants of the motion 
and /, s, m; and my are all ‘good quantum numbers’. If £,, are the hydrogenic 
eigenenergies (7.114) in the absence of the field, the eigenenergies with B # 0 are 
(with m, = +1/2,m, = —l,-l1+1,...,40) 


Eat = En a LB (mM, + 2m,;)B. (12.86) 


The introduction of the magnetic field does not remove the degeneracy of the hy- 
drogenic energy levels in /, but it does remove partly the degeneracy in m, and m,, 
splitting each level with a given n and / into equally spaced terms. Using the selection 
rules Am; = 0, +1 and Am, = 0, a spectral line for the transition n’ — n is split 
into three components. That for Am, = O with frequency vz,, = (Ey, — E,)/h is 
called the z line, while those for Am; = +1 are called o lines with frequencies 

v2, = Vag + UL (12.87) 
where vp = w,/(27) = pB/h is the Larmor frequency. The three lines are said to 
form a Lorentz triplet. 


The Paschen-Back effect 


Taking the wave functions corresponding to the strong-field case as the unperturbed 
functions and the term in &(r)L.S as the perturbation, and noting that this pertur- 
bation does not connect the remaining degenerate states, first-order non-degenerate 
perturbation theory can be applied. The energies Ey,jm,n, of the perturbed levels are 


Ennis = Ear T (lsmim,|§(r)L.S|lsmim;,) (12.88) 


where Ejmm, iS given by (12.86), s = 1/2 and we have used the Dirac notation 
to indicate that the unperturbed functions are eigenfunctions of L*, S*, L. and S.. 
Because the expectation values of L, and L, for an eigenstate of L- are zero, we may 
replace L.S by L-S- to obtain 


Ent, = Enmim, + Animims (12.89) 
where 
Ant = hh? | r-[Ra(r))?&(r)dr (12.90) 
0 


and R,,(r) is a radial hydrogenic wave function. Evaluating the integral (12.90) it is 
found that for / 4 0 


272 
E, (1. + 1/2)d + D1" (12.91) 


n 


Ant = — 
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where a = e”/(4z €ofic) is the fine-structure constant. Looking at (12.89) we see that 
the degeneracy in / is now removed. Note that for / = 0 the energy shift vanishes. 


The weak-field Zeeman effect 


If the spin—orbit term is treated as part of the unperturbed Hamiltonian, the zero- 
order wave functions are eigenfunctions of J*, L?, S? and J_ but not of L. and S; (see 
Section 8.2). A detailed treatment (see Bransden and Joachain 1983) shows that the 
additional energy due to the magnetic interaction -M.B can be expressed as 


AEm, = guBBm ;, Ne =F FE Need (12.92) 
where m ;fi are the eigenvalues of J. and g is the Landé g-factor given by 


(jt 1I)-ld +1 
= 1 + 1 ee ee) (12.93) 
277 + 1) 
where in this case s = 1/2. Thus the total energy of a level with quantum numbers 
n, j,m, of ahydrogenic atom in a constant magnetic field is 


Enjm, = En + MEnj + AEm, (12.94) 


where E,, is the non-relativistic energy (7.114), AE,; is the fine-structure correc- 
tion (8.114) and AE,, is the correction (12.92) due to the (weak) magnetic field. We 
note from (12.92) that the degeneracy in m; is completely removed in the presence 
of a weak magnetic field, so that a level with a given value of the quantum numbers 
n and j splits into 27 + 1 distinct levels. 

As the magnitude of the magnetic field B increases from the weak-field to the 
strong-field limit, the energy varies smoothly. This is illustrated in Fig. 12.5 for the 
case of the 2p levels. 


Magnetic resonance 


The overall angular momentum of an atom, arising from both the orbital and the spin 
angular momenta of the electrons, can either be zero, as for closed shell atoms, or non- 
zero, as for the ground state of atomic hydrogen(j = s = 1/2,/ = 0). When the total 
angular momentum J is non-zero, an atom possesses a permanent magnetic dipole 
moment M which can be expressed for weak fields in L — S coupling, consistently 
with (12.92), as 


M = —gusJ/h (12.95) 


where g is the Landé g-factor (12.93). In principle, the magnetic moment can be 
measured in a Stern—Gerlach experiment as described in Chapter 1. An important 
consequence of the existence of permanent magnetic dipole moments is the paramag- 
netism observed when the magnetic moments of the atoms in a material are partially 
aligned by a magnetic field. 
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Figure 12.5 The energy levels of a hydrogen atom in a magnetic field are a smooth function of B. 
A schematic diagram is shown for the 2p levels. For small B (the anomalous Zeeman effect) the 
degeneracy of the 2p levels is completely removed, but as B becomes large (the Paschen-Back 
effect) the j = 3/2, mj = —1/2 level coincides with the j = 1/2, mj = 1/2 level so that this 
degeneracy is only partly removed. In the strong field limit the 2p level is split into five equally 
spaced levels. 


If a single atom is placed in a uniform, constant, weak magnetic field directed 
along the z-axis, of magnitude B., the system will possess stationary states, which 
are eigenstates of J? and J.. As we saw above (see (12.92)), the energy due to the 
magnetic interaction -M.B is 


Em, = gupB.m). (12.96) 


Let us denote by j(j + 1)A? the eigenvalues J* and by m jh those of J, where m ; 
can take any one of the (27 + 1) values —j, —j7 + 1,..., 7. The nuclear magnetic 
moments also contribute, in principle, to the total magnetic energy. However, since 
the nuclear magnetic moments are several orders of magnitude smaller than the atomic 
ones, this contribution is entirely unimportant in the present context. 

The time dependence of the wave function corresponding to a stationary state of 
energy E,, 1s 


Vn (t) = A exp(—iEm t/h) (12.97) 
which can be written as 


Vin, (th) =A eXp(—iwom jt) (12.98) 
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where w iS given by 
wo = gupB./h = ga, (12.99) 


w, being the Larmor angular frequency. Classically, a magnetic dipole placed in a 
constant magnetic field precesses about the direction of the field with the angular 
frequency wo. 

We now consider the response of the system to an additional weak oscillating 
magnetic field, B, cos wt, directed along the x-axis. It will be shown that when the 
angular frequency w of this second field is close to the angular frequency wp, the 
system is strongly disturbed and there is a large probability of a transition from the 
initial state. This is called paramagnetic resonance (or electron spin resonance, ESR) 
and detection of the resonant frequency affords an accurate method of measuring 
gyromagnetic ratios. 

In the presence of both components of the magnetic field, the Schrédinger equation 
1s 


a 
in—V() = HV) (12.100) 
where, using (12.95) 
H =-M.B = = (IB: + J,B, cos wt). (12.101) 


To simplify the discussion, consider a case for which 7 = 1/2, so that J can be written 
in terms of the Pauli spin matrices 0,, 0,, o; as 


h 
J=S= 50 (12.102) 
The wave function is now a two-component spinor: 
_ ( a4(t) 
W(t) = bed (12.103) 


Assuming that this wave function is normalised to unity, the quantity |a,(t)|? gives 
the probability of finding the system in the state with m; = +1/2, and |a_(t)|* yields 
the probability that the system is to be found in the state with m; = —1/2. Hence, 
we have, for all t 


la, (t)|? + la_(t)|? = 1. (12.104) 


When the perturbation B, cos wt is absent, the unperturbed eigenfunctions are 


_ (exp(—i@ot /2) \ _ 0 
W1/2(t) = ( 0 ; W_1/2(t) = exp(iwot /2) . (12.105) 
If the system was originally in the m; = 1/2 state, and the perturbation was 
switched on at time tf = 0, we can calculate the probability of finding the system 
in the m; = —1/2 state at some later time f. Since we shall be interested in large 
values of t, we cannot use the perturbation theory described in Chapter 9. Instead, we 
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shall proceed by using the explicit form of the Pauli matrices to write the Schrodinger 
equation as a pair of coupled equations for a,(t). That 1s, 


in a = ae (6 i )s. + (; 5) B, cos ot] (**) | (12.106) 


In terms of wp = gupB,/h and w = gupB,/h, we have, 


l 
la, = 70d + 50 cos(wt)a_ 
a l 1 _ 
lia_ = ee + 50 cos(wt)a,. (12.107) 


A phase transformation 
A, =a,elo'/? A_ =a_e '@'/? (12.108) 


removes the secular terms in +4, giving 
A I +iwyt 
Aa. = 70 cos(wrt)e ON A 


; 1 
iA_ = 50 cos(wt)je "Ax. (12.109) 


These equations cannot be solved exactly, but if wis close to wp an accurate approxima- 
tion can be obtained by recognising that in the products cos(wt) exp(+iwof), terms in 
exp[+i(@ — wo)t] are much more important than those in exp[+i(w + w9)t]. This 
is because the latter terms oscillate extremely rapidly and on the average make little 
contribution to A, or A_. Dropping these terms?, we find the approximate equations: 


; l 
1A, = ra exp[1(wo —w)t|A_ 
; l 
iA_ = qo exp[—1(@p — w)t]A4. (12.110) 


Exact resonance 


It is easy to verify that in the case of exact resonance w = ap, the equations (12.110) 
have the general solution, 


Ax = AcOS(@ot /4) + ww sin(@Wot /4) 
A_ = 1p. COS(@ot /4) — 1A sin(@ot /4) (12.111) 


where A and y are constants, which are determined by the initial conditions. 
Suppose that at t = 0 the system is in the state with mj; = 1/2; then A,(0) = 
a,(0) = 1 and A_(0) = a_(0) = Oso that A = | and ux = 0. Thus the probabilities 


* This is the rotating wave approximation discussed in Section 9.3. 
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P(+ — +) and P(+ — -—) for finding the system in levels with m; = 1/2 or 


mj; = —1/2 at time ft, are 
P(+ > +) = |A4(0)|? = cos*(@pt /4) 
P(+ —> —-) = |A_(t)/? = sin? (@ot /4). (12.112) 


Both P(+ — +) and P(+ — —) range between 0 and 1. Clearly one always has 
PCr) Pr =). 


In the same way, if at t = 0, the system is the state with m; = —1/2 so that 
A,(0) = a,(0) = 0 and A_(0) = a_(O) = 1, the probabilities P(— — +) and 
P(— — —) for finding the system in the levels with m; = 1/2 andm; = —1/2 after 
time ¢ are 


P(— > +) = sin’(@ot/4), 
P(— > —) = cos*(@ot /4). (12.113) 
It should be noticed that, in conformity with time-reversal invariance 


P(—- > +) = P(+ > -). (12.114) 


General solution 


It is possible to solve equations (12.110) exactly, even when w # wp. The general 
solution 1s (see Problem 12.8) 


A, = pel! + ge", 


4 | . 
A_ = ——[pn,el"*! + qn_el"'"Je@- (12.115) 
0) 
where p and q are constants of integration (different from A and jz!) and n+ are given 
by 
2, -2,,471/2 
Nt = 5 (o — w) + [(@o — w)” + @/4)'"*}. (12.116) 
With the initial conditions at tf = 0, A,(0) = 1, A_(O) = 0, we find that 
pees gta, (12.117) 
N- — "N+ N- — + 


The probabilities P(+ — +) and P(+ — —) become 


(wp — w)? 


(oy = 0)? + (arya mont?) 


P(i+—7-4+)= cos? (wrt /2) + 
6/4 

(wy — w)? + @5/4 

The frequency wp is the Rabi “flopping frequency’ (see (9.75)) and is given by 


oR = (N+ — N-) = V (@ — @)? + 05/4. (12.119) 


P(t+7--)= sin? (wet /2). (12.118) 
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Under the conditions in which B, < B. and @ <« wp, the probability that the 
system will be found in the second state with m; = —1/2 remains small unless w is 
close to wo. If the oscillating magnetic field B, cos wt is applied for a time T which is 
short (wT « 1), equations (12.110) can be solved by using first-order perturbation 
theory and it is left as an exercise (Problem 12.9) to obtain this solution and compare 
it with (12.115). 

Resonance occurs when the frequency of the oscillating field w is such that fw is 
equal to the difference in energy of the two Zeeman levels of the system, AE. In our 
spin-1/2 case 


AE = hwo = gupb.. (12.120) 


In general, for atoms with non-zero angular momentum, resonance can be produced 
by matching the frequency of the applied field to the frequency of a transition between 
particular Zeeman sub-levels, and the theory can be generalised to treat a system of 
(27 + 1) equations rather than the pair of equations treated here. 


The Rabi molecular beam apparatus 


A molecular beam experiment, which is much more accurate than the Stern—Gerlach 
experiment discussed in Chapter 1, has been devised by I. I. Rabi to measure magnetic 
moments of atoms based on paramagnetic resonance. A schematic diagram is shown 
in Fig. 12.6. A beam of atoms from an oven is passed through a system of three 
magnets M1, M2 and M3. We shall suppose that the atoms have total angular 
momentum one-half (examples of which are silver, the alkalis, or copper), although 
the principle of the experiment is the same for other non-zero values of the angular 
momentum. The magnets M1 and M3 produce inhomogeneous fields as in the Stern— 
Gerlach experiment, identical in magnitude but opposite in sign. If the field gradient in 
M1 is positive upwards, those atoms with m; = 1/2 will be deflected downwards and 
those with m; = —1/2 will be deflected upwards. Ifa slit S2 is placed, as shown, only 
two trajectories are possible from the source (slit S1) into the region to the right of S2. 
The trajectory B1! will contain the atoms with m ; = 1/2 and B2 will contain those with 
mj; = —1/2. Since the magnet M3 has an equal and opposite effect on the two trajec- 
tories, the atoms in B1 and B2 will be brought together at the slit S3 and detected at D. 
Now let us see what happens if the magnet M2 1s switched on, which produces a large 
uniform static field in the z-direction, B., anda small oscillating field, B, cos wt, inthe 
x-direction. When w is close to the resonance angular frequency wo, some of the atoms 
in the beam B! will have the z-component of their spin changed from A/2 to —A/2. 
These atoms will now be deflected downwards in the magnet M3 and will miss the slit 
S3. Similarly, atoms in the beam B2 for which the z-component of the spin changes 
from —A/2 to h/2 willalso miss the slit. The net effect is that as w approaches the res- 
onant angular frequency, the intensity of the beam entering the detector drops sharply. 
Under the condition wp >> wo, the resonance region is very narrow and well defined, 
and since frequencies can be measured very accurately, this method can provide cor- 
respondingly accurate values for atomic magnetic moments and gyromagnetic ratios. 
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Figure 12.6 Schematic diagram of a Rabi molecular beam resonance apparatus. 


Paramagnetic resonance in bulk samples 


It is also possible to detect resonance phenomena in bulk samples of materials. Let us 
consider the case of a material composed of atoms of total angular momentum one- 
half. In the absence of a magnetic field, the two states of each atom with m; = £1/2 
have the same energy, and in a bulk sample as many atoms have m; = 1/2 as have 
m, = —1/2. If the sample is placed in a uniform magnetic field B_, directed along 
the z-axis, then those atoms with m; = 1/2 possess the energy (see (12.96)) 


E, = gupB./2 (12.121) 
and those with m; = —1/2 have the lower energy 
E_ = —gyupB./2. (12.122) 


In thermal equilibrium, the ratio of the number N, of atoms per unit volume with 
m; = 1/2 to the number N_ with m; = —1/2 is 
N exp[—E,/kT 
pa oiee expl—£4/kT] (12.123) 
N_ exp[—E_/kT] 


where T 1s the absolute temperature and k is Boltzmann’s constant. Let VN = N,+N_ 
be the number of atoms per unit volume. Then 


exp[—gupB,/2kT] 


Ny = NA. 
explgupB,/2kT] + exp[—gupB,/2kT] 
e B./2kT 
1 y—__®xPlgupb:/2kT] (12.124) 
exp[gupB./2kT] + exp[—gupB,/2kT] 
The atoms with m; = 1/2 contribute a magnetic moment in the z-direction of 


magnitude (—gyp/2) and those with m; = —1/2 contribute a magnetic moment 
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Figure 12.8 An electron spin resonance spectrum of Fe3+ /MgO. (By courtesy of J. S. Thorp.) 


I is the energy loss, and resonance occurs at the points for which / is a maximum, 
that is for which (d//dB.) = 0. The ion Fe** has angular momentum j = 5/2 
so that various transitions can be observed corresponding tom; = 1/2 <« —1/2, 
+3/2 <> +5/2 and +3/2 <— +1/2. It is easy to calculate from the transition 
1/2 — —1/2 that g = 2.016, using equation (12.99). 


Nuclear magnetic resonance 


Although the magnetic moments of nuclei are smaller than those of atoms by a factor 
of the order of m/M, (where m is the mass of the electron and M, that of the proton) 
and nuclear paramagnetism is too small to be observed directly, nuclear magnetic 
resonance experiments are perfectly possible and are, in fact, of great importance. 
A substance is chosen for which the total angular momentum due to the electrons is 
zero, for otherwise the nuclear effect would be completely masked. The experiment 
can then be performed in exactly the same way as for paramagnetic resonance, with 
the resonant frequency being determined by the strength of the static field B., where 
now (see (12.99)) 


wy = guNB./h (12.126) 


and jin 1s the nuclear magneton (12.28). 

For a field of strength 0.5 T, the resonant frequency of a proton (having a gyro- 
magnetic ratio of 5.5883) is 21.3 MHz, which is in the radio-frequency region. The 
frequencies associated with paramagnetic resonance are about 2000 times higher and 
are in the microwave region. 
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Figure 12.8 An electron spin resonance spectrum of Fe3+ /MgO. (By courtesy of J. $. Thorp.) 


I is the energy loss, and resonance occurs at the points for which / is a maximum, 
that is for which (d//dB.) = 0. The ion Fe*+ has angular momentum j = 5/2 
so that various transitions can be observed corresponding to mj; = 1/2 — —1/2, 
+3/2 < +5/2 and 43/2 <— +1/2. It is easy to calculate from the transition 
1/2 > —1/2 that g = 2.016, using equation (12.99). 


Nuclear magnetic resonance 


Although the magnetic moments of nuclei are smaller than those of atoms by a factor 
of the order of m/M, (where m is the mass of the electron and M, that of the proton) 
and nuclear paramagnetism is too small to be observed directly, nuclear magnetic 
resonance experiments are perfectly possible and are, in fact, of great importance. 
A substance is chosen for which the total angular momentum due to the electrons is 
zero, for otherwise the nuclear effect would be completely masked. The experiment 
can then be performed in exactly the same way as for paramagnetic resonance, with 
the resonant frequency being determined by the strength of the static field B., where 
now (see (12.99)) 


Wo = gunB./h (12.126) 


and jn is the nuclear magneton (12.28). 

For a field of strength 0.5 T, the resonant frequency of a proton (having a gyro- 
magnetic ratio of 5.5883) is 21.3 MHz, which is in the radio-frequency region. The 
frequencies associated with paramagnetic resonance are about 2000 times higher and 
are in the microwave region. 


Problems 


Problems # 585 


12.1 According to the result of Problem 8.4, the second-order correction to the 
energy of a non-degenerate level is given by 


no EO [( Yan ue ( aa ] + d EO (EO — E) _ EO) 


By neglecting the sum on the nght-hand side, obtain an estimate of the quadratic 
Stark effect on the ground-state energy of atomic hydrogen. 


12.2 Suppose that at t = 0 a hydrogen atom is in an arbitrary superposition of 
the 2s and 2pg states. A constant electric field of strength 10’ V m~! is then applied 
parallel to the z-axis. Show that during the lifetime of the 2po state due to radiative 
decay to the ground state (tr = 1.6 x 107’ s), the average populations of the 2s and 
2po States are nearly the same. 


12.3. Starting from the expression (12.24) for the second-order Stark effect for 
the rigid rotator, obtain the results (12.25). 
(Hint: Use the recurrence relations (6.97) to evaluate the required matrix elements.) 


12.4 Show that the Hamiltonian (12.70) commutes with the operators L., S-, 
S* and p- but not with L?. 


12.5 Apply the gauge transformation generated by taking 
l 
X(r,t) = —5 Bxy 


to the potentials (12.64), where B is taken to be parallel to the z-axis, and show that 

the transformed time-independent Schrédinger equation, for a spinless particle of 

charge g = —e and mass m, Is 
(-Zv iheBy 0 n e*B*y? 


2m m Ox 2m 


Jow = EQ®r). 
12.6 By substituting 
P(r) = expi(Kx + kz) f(y) 


into the Schrédinger equation of the previous problem, show that the energy eigen- 
values are given by 


hk? 
E = — 4+ (2r + l|)ha,, PaOoT ees 
2m 


where w@, = (4p/h)B is the Larmor angular frequency. This is the same result 
as (12.84) if the term in m, is omitted. 


12.7. ~~ Using the results of Problem 7.20 for the two-dimensional isotropic har- 
monic oscillator, show that the corresponding eigenfunctions are even under the 
interchange x > —x, y > —yifn =n, +7, is even and are odd if n is odd. 


586 @ Interaction with external electric and magnetic fields 


12.8 Verify by substitution that the expressions (12.115) solve the 
equations (12.110). 


12.9 Solve the equations (12.110) approximately by using first-order 
time-dependent perturbation theory and compare your results with the exact 
solution (12.115). 
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Our knowledge of microscopic physics — the physics of molecules, atoms, nuclei and 
elementary particles — is obtained in two ways. The first one consists in analysing the 
electromagnetic radiation absorbed or emitted in transitions between bound states of 
quantum systems; this is the subject of spectroscopy. Alternatively, the interactions 
between atomic or sub-atomic particles can be probed by performing experiments in 
which one particle is scattered by another. A famous example is the deduction of the 
existence of atomic nuclei by Rutherford, using the data from experiments in which 
alpha particles were scattered by atoms within metallic foils. Many of the properties 
of the nuclear force have been inferred from the study of nuclear collisions and, while 
the first mesons were discovered in the cosmic radiation, the majority of the wide 
spectrum of new particles, hadrons and leptons, have been found among the products 
of collision experiments. The systematic study of collision processes is the main 
source of information about the strong, electromagnetic and weak interactions and 
on this experimental evidence rests the modern picture of matter as being ultimately 
composed of quarks and leptons. In this chapter we shall lay the foundation of non- 
relativistic quantum collision theory. We begin by considering the simple case in 
which structureless particles are scattered by a fixed centre of force. We then discuss 
the scattering of two identical particles and conclude the chapter with an introduction 
to the study of collisions involving composite systems. 
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13.1 


C 


Figure 13.1 The scattering of a beam of particles by a target situated at the origin O. Particles 
scattered into an element of solid angle centred about a direction specified by the angles 6 and 
¢@ are detected at D. 


Scattering experiments and cross-sections 


A particular form of scattering experiment is shown schematically in Fig. 13.1. An 
incident beam of monoenergetic particles from a source S 1s collimated by slits C so 
that all the particles in the beam move in the same direction. The beam is scattered 
by the target situated at O, and the number of particles scattered per unit time into 
an element of solid angle centred about a direction specified by polar angles (6, @) 
is measured. To take an example, in an experiment to study the interaction between 
protons and the nuclei of atoms of gold, a beam of protons is allowed to interact 
with a target consisting of a thin film of gold. In order to ensure that the scattering 
characterises single collisions between protons and gold nuclei, the target is made so 
thin that the probability that any proton in the beam makes more than one collision 
with a gold nucleus is negligible. These single-scattering conditions are in sharp 
contrast, for example, to those of electron diffraction from crystals, in which the 
atoms of the target crystal act cooperatively. 

In classical mechanics the motion of each particle in the beam is along a well defined 
trajectory and each particle is scattered into a particular direction (9, @) which can be 
calculated from the initial conditions. Quantum theory does not allow such a detailed 
picture of a collision to be given. The angle of scattering in a collision between two 
particles cannot be calculated, and only the probability of scattering into a certain 
direction can be predicted. This can be seen as follows. Suppose the interaction 
between the two particles is of limited range and vanishes when the two particles are 
separated by a distance greater than a. For an incident particle to be scattered, it must 
approach the target particle within the distance a. Since in this way the trajectory 
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of the particle is located with an uncertainty of order a, the momentum transverse 
to the direction of incidence, pr, must be uncertain after the collision by an amount 
Apr = h/a. If p is the momentum of a particle in the incident beam, the angle of 
scattering is determined by py/p and the uncertainty in the scattering angle is of the 
order h/(ap). In general (see Problem 13.1), this quantity is not small so that the 
angle of scattering and the trajectory cannot be computed from the initial conditions. 
Of course, in macroscopic situations, such as the scattering of billiard balls, A/(ap) 
is very small, the scattering angle 1s well defined, and classical mechanics can be 
used, in accordance with the correspondence principle. Since the beam in a collision 
experiment contains a very large number of particles and is switched on for a time 
that is very long compared with the time during which a beam particle interacts with 
the target, the intensity of the scattered beam in a given direction is constant and 
predictable, even though the results of an individual microscopic collision cannot be 
predicted. 

To count the scattered particles in a collision experiment a detector D (see Fig. 13.1) 
is placed outside the path of the incident beam. If the detector subtends a solid angle 
d&2 at the scattering centre O in the direction (6, @), the number of particles Nd&2 
entering the detector per unit time can be measured. This number is proportional 
to the flux of particles F in the incident beam, defined as the number of particles 
per unit time crossing a unit area placed normal to the direction of incidence. It is 
assumed that the beam is uniform and that the density of particles in the beam is 
sufficiently small so that the possibility of interactions between the beam particles 
themselves can be ignored. Under these conditions the collision can be characterised 
by the differential scattering cross-section do /d82 which is defined as the ratio of the 
number of particles scattered into the direction (0, @) per unit time, per unit solid 
angle, divided by the incident flux: 

do N 

10 F (13.1) 
The total scattering cross-section Oi iS defined as the integral of the differential 
scattering cross-section over all solid angles: 


do oo “ do 
_ — }dQ= d dé sin @ —. 13.2 
Otot [(%) | 6 | sin dQ ( ) 


Since N is a number of particles per unit time, while F is a number of particles per 
unit time per unit area, the dimensions of do /dQ or of ojo are those of an area, which 
accounts for the term ‘scattering cross-section’. 

We shall be mainly concerned with elastic scattering in which the internal energies 
of the incident and target particles do not change and in which no further particles are 
created. An example is the scattering of neutrons by protons at low energies: 


n+p—n-p. (13.3) 


Many collisions are not elastic, involving for example the excitation of the projectile 
and (or) the target, or the creation and destruction of particles. Particle creation and 
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destruction in scattering experiments are beyond the scope of this book, but non- 
relativistic scattering theory can be extended to treat other types of inelastic collisions, 
for example the excitation of atoms by electron impact: 


e +A-e +A. (13.4) 


The laboratory and centre-of-mass systems 


Let us consider a non-relativistic collision between a ‘beam’ particle A of mass 
ma and a target particle B of mass mg. The laboratory system (L) is the frame 
in which the target particle B is at rest before the collision. In what follows, we 
shall use the subscript L to denote quantities in the laboratory system. The centre- 
of-mass (CM) system is the coordinate system in which the centre of mass of the 
composite system (A + B) is (always) at rest. If the target particles are very heavy 
compared with the incident particles, as in the scattering of electrons by atoms or 
molecules, the laboratory and CM systems nearly coincide, and are identical in the 
limit ma/mp — O. If, on the other hand, the mass mg of the target particle is not very 
large compared with the mass ma of the incident particle, the theoretical description 
of the collision is best carried out in the centre-of-mass system of coordinates, just 
as for bound-state problems. In that system the projectile A and target particle B 
move initially with respect to the centre of mass C with equal and opposite momenta, 
PA = —Pp = Pp, where p is the relative momentum introduced in (5.270). The initial 
kinetic energy available in the CM system is therefore 


_ Pa. Pp _ PP 


= = — (13.5) 
2nmx 2mp- 2p 
where pu is the reduced mass 
= i (13.6) 
Ma + Mp 
After the collision the two particles A and B emerge with equal and opposite momenta 
P, = —Pp =P. 


The angle of scattering 6, measured in the laboratory frame is not the same as 
the corresponding angle of scattering @ in the centre-of-mass frame. Since the 
apparatus used to detect and measure the flux of scattered particles is macroscopic, the 
relationship between the two angles can be found using ordinary classical mechanics. 
We shall now determine this relationship for the case of elastic scattering. In the 
centre-of-mass frame the collision appears as in Fig. 13.2(a). Since the collision is 
elastic, the energy of the particles is the same before and after the collision, and the 
magnitude of the momentum of each particle also remains the same: p’ = p. If v is 
the magnitude of the initial relative velocity of A and B, then the magnitude of the 
momentum p is related to v by 


p= wv. (13.7) 


In the laboratory system, shown in Fig. 13.2(b), the target particle B is at rest before 
the collision, and the projectile A moves with a momentum of magnitude gq = mav. 
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Before collision After collision 
(a) Centre of mass frame 


Ga B 


Before collision After collision 
(b) Laboratory frame 


Figure 13.2 Elastic scattering of a projectile A by a target B: (a) in the centre-of-mass frame; and 
(b) in the laboratory frame. 


After the collision A and B move with momenta q’, and qp, as shown. Throughout 
the collision the centre of mass of the two particles moves with a constant velocity 
V.. along the direction of incidence, and we have 


(ma + mp)V~ = qa. (13.8) 
It follows that, before the collision, the momentum of the projectile in the centre-of- 
mass frame, pa, 1S related to its momentum in the laboratory frame, qa, by 

mB 
Pa = qa — maV, = ———— Qa. (13.9) 
M~a+ mp 

After the collision, the components of the momentum of the projectile A along the 
direction of incidence in the two coordinate systems are related by 


Pp, cosO = q, cos@, — maV,. (13.10) 


The components of the momenta normal to the direction of incidence must be the 
same in both coordinate systems so that 


px sind = q, sin. (13.11) 


592 ™ Quantum collision theory 


13.2 


From (13.10) and (13.11), and the fact that pa = p’,(= p) for elastic scattering, we 
obtain 


tan pane (13.12) 
an — je... = ba oP. OA) wn e 
pcos@ +maV, 
and since from (13.7) and (13.8), mxaV. = map/mp, we arrive at the desired 
relationship between 0, and 0: 
sin @ MA 
tan6, = ————, C=]. (13.13) 
cosé+T ma 


As the plane of scattering is the same in both coordinate systems, the azimuthal 
angle ¢ is unaltered in transforming from the centre of mass to the laboratory system 
(AL = ). 

The total cross-section Oj 1S a measure of the probability that scattering has 
occurred irrespective of the angle of scattering. It follows that while the differential 
cross-sections in the two coordinate systems differ, the total cross-sections are the 
same. This fact can be used to relate (do/d&2,_), the laboratory differential cross- 
section, to da /d&2, the cross-section in the centre-of-mass system. Indeed, since 


2n +1 do 2n +1 do 
Ofet =| dof aceosa.)(F) =| apf (cos?) Ta (13.14) 


we have 


d d 6) \d 
Oey x SCOs 0 ee. (13.15) 
dQ/, | d(cos A) | d&2 

Evaluating |d(cos 8) /d(cos 4)| with the help of (13.13), we find that 
Oe), ee (13.16) 
dQ), [1+ tcosé| dQ2 ma 


Although many scattering experiments are carried out in which incident particles 
are scattered from a stationary target, this is not always the case. Frequently the 
two beams of particles are allowed to intersect and scatter from each other. The 
results of such experiments can also be transformed to the centre-of-mass system 
using kinematical arguments similar to those used above. 


Potential scattering. General features 


In this section the theory of the scattering of a beam of particles by a fixed centre of 
force will be developed. The system is described by the Schrédinger equation 


2 
ine wer, th= | - Fv" as vin) |e t) (13.17) 
or 2m 


where m is the mass of the projectile. To apply the theory to the scattering of 
particles A of mass ma by target particles B of mass mg interacting through a potential 
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The plane wave (13.25) is infinite in extent, but in any real experiment the incident 
beam is collimated (see Fig. 13.1) and its transverse width is finite. Nevertheless, the 
beam width is very large compared with atomic or nuclear dimensions, so that the 
beam can be described accurately by a plane wave. Far from the scattering centre, 
the scattered wave function w,, must represent an outward radial flow of particles. It 
has the form 


elkr 


Wse(r) = f(k, 9.) (13.27) 


r 


where (r,9,@) are the polar coordinates of the position vector r of the scattered 
particle. The amplitude f of the outgoing spherical wave r—' exp(ikr), called the 
scattering amplitude, depends on the direction (9, @), and determines the flux of 
particles scattered in that direction. It is left as a problem (Problem 13.5) to verify that 
in general both incoming and outgoing waves of the form r~! exp(+ikr) f (k, 6, ) 
satisfy the free-particle equation (13.23) in the limit of larger. The physical conditions 
dictate the use of outgoing waves for W,-(r). Thus, using (13.24), (13.25) and (13.27), 
we see that the stationary scattering wave function, which we shall denote by Wx (r), 
is a particular solution of the Schrédinger equation (13.21) satisfying the asymptotic 
boundary condition 


elkr 


We(r) > eM + f(k, 0.9) (13.28) 


, 
where the subscript k indicates that the wave function yy, corresponds to the incident 
plane wave exp(ik.r). 

The probability current density j has been obtained in Section 3.2. For the stationary 
state (13.18) it is given by (see (3.34)) 


h 
jr) = om -[W" (Vw) —(Vv"*)w). (13.29) 
mi 


The gradient operator can be expressed in polar coordinates (r, 0, @) as 


a i. 2rd 
P+ -—64+ — . (13.30) 


Y= —— ; 
or r 00 rsin@ dd 


Since the second and third terms in (13.30) are small when r is large, the current, for 
large r, is in the radial direction, and upon using (13.27) the radial current of scattered 
particles in the direction (0, @) is found to be 


_ Ak ie 
Jr = eee) /r°. (13.31) 
Since j, represents the number of particles crossing unit area per unit time, and the 


detector presents a cross-sectional area r7dQ to the scattered beam, the number of 
particles entering the detector per unit time, NdQ, is 


hk , 
NdQ = —|f(k,0,b)P-d2. (13.32) 
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Since v = Ak/m is the particle velocity, we find by using (13.1), (13.26) and (13.32) 
that the differential cross-section is given by 


do 


Ta lf (k, 6, o)|?. (13.33) 


The method of partial waves 


In the particular case of scattering by a central potential V (r), the system is completely 
symmetrical about the direction of incidence (the z-axis), so that the wave function, 
and hence the scattering amplitude depend on 6, but not on the azimuthal angle @. 
For this reason both yy(r,@) and f(k,0@) can be expanded in series of Legendre 
polynomials, which form a complete set in the interval —1 < cos@ < +1. That is, 


We(r.0) = >~ Ri(k,r) Pi(cos 8), (13.34) 
!=0 
and 
f(k,0) = )— filk) Pi(cosé). (13.35) 


1=0 

Each term in the series (13.34) is known as a partial wave and is a simultaneous 
eigenfunction of the operators L*, and L. belonging to eigenvalues /(/ + 1)h* and 
0, respectively. Following the spectroscopic notation the / = 0,1,2,3,... , partial 
waves are usually known as s, p, d,f,..., waves. In the series (13.35), the partial 
wave amplitudes f(k) are determined by the radial function R;(k, r), as we shall now 
see. The equations satisfied by the radial functions can be found as in Section 7.2. 
Remembering that E = A*k*/2m, we have 


| 2d I0+1) 


—+-—- —U k? 1Ri(k, r) =0 13.36 
dt dp 72 (r) + i(k, r) ( ) 
where U(r) = (2m/h*)V(r) is the reduced potential. For potentials less singular 
than r~* at the origin, the behaviour of R)(k,r) near r = O can be determined by 


expanding R; in a power series: 
Oc 
Ri(kyr) =r agr”. (13.37) 
=0 


Examination of the indicial equation shows that there are two solutions, one with 
s =1 and one with s = —(/ + 1). Since the wave function y(r, 0) must be finite 
everywhere including the origin at r = O, the solution with s = / is the one which 
must be adopted. For sufficiently large ,, say for r > d, the potential U(r) can be 
neglected and the equation satisfied by R,; becomes 


@ 2d +) 
—+-—- k? |Ri(k,r) = ; 
Ee oa aU i(k,r) =0 (13.38) 
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which is the same as equation (7.59). 

As we saw in Section 7.3, for each/ the linearly independent solutions of (13.38) are 
the spherical Bessel and Neumann functions j;(kr) and n;(kr). The general solution 
is a linear combination of these functions so that the radial function R; is given in the 
region r > d in which the potential can be neglected by 


Ri(k,r) = By (k) ji (kr) + Ci(k)n (kr), r>d (13.39) 


where B(k) and C(k) are independent of r. Using the asymptotic expressions (7.66) 
for j;(kr) and n; (kr), we also have 


l lm ln 
Ri(k,r) — —| B,(k)sin{ kr — — ] — C)(k) cos{ kr — — } J. (13.40) 
r>o kr 2 2 
It is convenient to rewrite this equation as 
l l 
Ri(k,r) > Ar(k)— sin( kr ml + 5k) (13.41) 
roo kr 2 
where 
Ai(k) = [Br (k) + C7)" (13.42) 
and 
5:(k) = —tan![C)(k)/ B)(k)]. (13.43) 


The real quantities 5; (k) are called the phase shifts, and characterise the strength of the 
scattering in the /th partial wave by the potential U(r), at the energy E = h*k*/2m. 
This follows because if U(r) is zero, the physical solution of equation (13.36), that is 
the solution which behaves like r! at the origin, is the function j; (Ar), and this function 
has the asymptotic form (13.41) with 4;(k) = 0. The phase shifts can be found either 
from an analytical or, if necessary, a numerical solution to (13.36), subject to the 
proper boundary condition at r = 0. 

We now have to relate the phase shifts to the partial wave amplitudes f;(k) and hence 
to the scattering amplitude through (13.35). Returning to (13.28), and remembering 
that in the present case the scattering amplitude f(k, 0) is independent of ¢, we see 
that the asymptotic form of Wx (r, 0) for large r is 


eikr 


Wu(r, 8) > eT + f(k, 8) (13.44) 


r 


In Section 7.3, equation (7.77), we saw that the term exp(ik.r) can be expanded as 


er =) (21 + 1)i ju(kr) Pi(cos 6) (13.45) 
!=0 


which upon using (7.66a) becomes for large r 


. O° / 
eik-r _, y (2! + 1) (kr)! sin( kr = +) P(cos6. (13.46) 
r>Co 1=0 
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which is the same as equation (7.59). 

As we Saw in Section 7.3, for each/ the linearly independent solutions of (13.38) are 
the spherical Bessel and Neumann functions j;(kr) and n;(kr). The general solution 
is a linear combination of these functions so that the radial function R; is given in the 
region r > d in which the potential can be neglected by 


Ri(k,r) = Bik) jkr) + Ci(k)ni (kr), r>d (13.39) 


where B(k) and C(k) are independent of r. Using the asymptotic expressions (7.66) 
for j,(kr) and n; (kr), we also have 


] l l 
Rite Py. | BCOsnl ee VC iees eS — Ih (13.40) 
r>ookr 2 2 
It is convenient to rewrite this equation as 
| l 
Ri(k,r) > as es sin( kr — > + i(k) (13.41) 
roo r 
where 
Ai(k) = [B7(k) + C7 (ky) (13.42) 
and 
5(k) = —tan7![C)(k)/ B)(k)]. (13.43) 


The real quantities 5,(k) are called the phase shifts, and characterise the strength of the 
scattering in the /th partial wave by the potential U(r), at the energy E = h*k*/2m. 
This follows because if U(r) is zero, the physical solution of equation (13.36), that is 
the solution which behaves like r! at the origin, is the function j;(kr), and this function 
has the asymptotic form (13.41) with 6;(k) = 0. The phase shifts can be found either 
from an analytical or, if necessary, a numerical solution to (13.36), subject to the 
proper boundary condition at r = 0. 

We now have to relate the phase shifts to the partial wave amplitudes f;(k) and hence 
to the scattering amplitude through (13.35). Returning to (13.28), and remembering 
that in the present case the scattering amplitude f(k, 0) is independent of @, we see 
that the asymptotic form of Wx (r, 6) for large r is 


elkr 


We(r, 8) > lk F(k, 6) (13.44) 


r 


In Section 7.3, equation (7.77), we saw that the term exp(ikK.r) can be expanded as 


kr =) (21 + 1)i ji(kr) Pi(cos 6) (13.45) 
!=0 


which upon using (7.66a) becomes for large r 


| 00 i 
Kr YU + Di Ckr) sin( kr = =.) Picos 9). (13.46) 
{=0 
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From (13.34), (13.35), (13.44) and (13.46) it follows that the asymptotic form of the 
radial function R)(k, r) is 


Ri(k,r) —> (21 + 1)i (kr)! sin( kr _ =] +r! exp(ikr) f,(k). (13.47) 
By equating this expression with (13.41), we find immediately that 

Ay(k) = (21 + 1)i! exp[id(k)] (13.48) 
and 

filk) = =< {exp[2id,(k)] — 1}. (13.49) 


It should be noted that the scattering amplitude f(k, @) given by 


f(k, 0) = 2 fi(k) P(cos 0) = 7 2a + 1){exp[2id,(k)] — 1} P(cos 8) 
(13.50) 


depends only on the phase shifts 5,(k) and not on the particular normalisation of the 
radial function expressed by (13.48). 

The significance of the phase shifts 5,(k) can be seen in a different way by rewriting 
the asymptotic form of R,(k, r) given by (13.41) as 


| —i(kr—In/2) el(kr—In/2) 
Ri(k,r) — ——A/(k) expt i6(]| <——— — 5k) —— | (13.51) 
r>oo Dik r r 
where 
Si(kK) = exp[2id6;(k)]. (13.52) 


In the square brackets on the nght of (13.51) the first term represents an incoming, and 
the second term an outgoing, spherical wave. Since in elastic scattering the number of 
particles per second entering the scattering region must equal the number of particles 
per second leaving that region, the moduli of the amplitudes of the incoming and 
outgoing wave must be the same. As a result, the effect of the potential can only be 
to produce a phase difference between the ingoing and outgoing spherical waves. We 
see from (13.52) that the quantity $;(k), which is called an S-matrix element, is of unit 
modulus. Its interest lies in the fact that the S-matrix can be generalised to describe 
non-elastic scattering processes. Conservation of probability is then expressed by 
requiring the S-matrix to be a unitary matrix. 


Total cross-section 


The total cross-section can be calculated in terms of the phase shifts 6;. From (13.2), 
(13.33) and the fact that the scattering amplitude is independent of the azimuthal 
angle @ for scattering by a central potential, we first have 


+1 
Cro = | if, oyPa0 = 20 | d(cos 0) f*(k, 0) f (k, 8). (13.53) 
=i 
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Using the partial-wave expansion (13.50) and the orthogonality property of the 
Legendre polynomials (see (6.80)) 


+1 y) 
[ d(cos 8) P; (cos @) P; (cos @) = Tae! (13.54) 
we obtain 
Otot = a 0; (13.55) 
1=0 
where 
An , An 9 
oO; = T+ 7! F(K)I -_ p (2 + 1) sin‘ 6. (13.56) 


We also note that by setting 90 = 0 in (13.50) and using the fact that P;(1) = 1 we 
find from (13.55) and (13.56) that 


4 
Ga = Im f(k,@ =0). (13.57) 


This relation is known as the optical theorem; it can be shown to follow from the 
conservation of the probability flux'. 


Convergence of the partial-wave series 


Neither the expansion (13.55) of oj, in terms of the partial cross-sections o;, nor the 
expansion (13.50) of the scattering amplitude are useful unless the series in/ converges 
reasonably rapidly. From the radial equation (13.36), we see that as / increases the 
centrifugal barrier term /(/-+ 1)/r* becomes more important than the reduced potential 
U(r), so that for sufficiently large /, U(r) can be neglected and the corresponding 
phase shift 6, or partial-wave amplitude f; is negligible. Since at higher energies 
the incident particles will more easily penetrate the repulsive centrifugal barrier, the 
number of important partial waves increases as the energy increases. 

A simple (non-rigorous) semi-classical argument can be used to estimate the 
number of important partial waves. If a potential vanishes beyond some distance a, 
then according to classical mechanics an incident particle having an impact parameter 
b will be deflected or not according to whether b < a orb > a (see Fig. 13.3). Now the 
magnitude of the classical angular momentum L of an incident particle of momentum 
p is given by L = bp, so that if L > pa the particle will be undeflected. In the limit 
of large /, the classical angular momentum L can be identified with /A. Using this 
relationship as a guide and setting p = hk, we see that scattering in the /th partial 
wave is expected to be small if 


I > ka. (13.58) 


In fact, although this relation is derived in the classical limit of large /, it is also valid! 
for smaller values of /. It can also be shown (Problem 13.8) that usually, in the limit 


| For a detailed discussion, see Bransden (1983) or Joachain (1983). 
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Figure 13.3 Classical particles with impact parameters b greater than the range a of the potential 
are unscattered. 


k — 0, only the / = 0 partial wave is of importance. The scattering amplitude is then 
independent of the scattering angle @, and the differential cross-section is isotropic. 
Defining the scattering length as 


tan do(k 
eon eo (13.59) 
k—0 k 
one finds (Problem 13.8) that the scattering amplitude then reduces to 
= 13.60 
(eae (13.60) 
while the differential cross-section is given by 
d 
aie (13.61) 
dQ2 k0 
and the total cross-section becomes 
Otot 6 Ara’. (13.62) 


These conclusions apply generally not only to potentials which vanish for r > a, but 
also to other types of short-range potentials such as those that decrease exponentially 
with r. In contrast, for the important case of the Coulomb potential V(r) = Vo/r, 
the partial-wave series is not convergent and other methods must be used. 


Applications of the partial-wave method 


Scattering by a square well 


In general, fora given potential, phase shifts are calculated from a numerical solution 
of the radial equation (13.36). In a few cases an analytical solution is possible, in 
particular for scattering by an attractive square well, for which the reduced potential 
U(r) is 


U(r) = —Uo, r<a (Uo > 0) 
=(); r>a. (13.63) 
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Inside the well (r < a) the radial equation (13.36) is 
d? 2d I1d+1 
ALS oesa oP asd ze 4K? Ri(k,r) =0 (13.64) 
drs r dr r2 


where we have set K* = k* + Ug. This equation is the same as (13.38), but with K? 
replacing k*, and its regular solution (finite at the origin) is 


Ri(K.r)=N(K)ji(Kr),  r<a (13.65) 


where N,(K) is a normalisation constant. In the exterior region, outside the well, the 
general solution can be written (see (13.39) and (13.43)) as 


Rr(k, r) = By(k)Lj(kr) — tan 6)(k)n)(kr)], r>a. (13.66) 


The solutions forr < aandr > acan be joined smoothly at r = a by requiring that 


R(K, a) = RF(k, a) (13.67a) 
and 
] E 
Es 2) _ E (k, 2) | (13.67b) 
dr r=a dr r=a 


Because the overall normalisation of the wave function is not of interest, but only the 
phase shifts 6;(k), we can divide (13.67b) by (13.67a) to eliminate the constants N, 
and B;. Solving for tan 4;(k) we find that 
kj (ka) ji (Ka) = K ji (ka) j; (Ka) 
kni(ka) j)(Ka) — Knj(ka)jj(Ka) 
where j/(x) = dj)(x)/dx and n)(x) = dn) (x)/dx. 
Since at low energies scattering is dominated by the / = O partial wave, it is of 
particular interest to study its behaviour. Using (7.64a) we have 


k tan(Ka) — K tan(ka 
a K ~ pene om 
and the / = 0 partial cross-section Is 
4n 5 4n ] 
Oe = a eeae yh) 


Near k = 0, it is easily seen from (13.69) that k cot d9 can be expanded in the form 


tan 6;(k) = (13.68) 


(13.70) 


] | 
k cot d9(k) = —— + 5 rok foie (13.71) 
04 


where a is the scattering length defined by (13.59) and the constant ro is known as 
the effective range. In the present case the scattering length is given by 


tan 
a= ( = Va. y =U, "a (13.72) 
y 
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Figure 13.4 The shape of the partial cross-section o; near a resonance at energy EF = Er. The 
background scattering is omitted. 


and the effective range can also be obtained in terms of the well depth Up and its 
range a. The expansion (13.71) is known as the effective-range formula; it can be 
shown to be valid for all short-range potentials. 

If y < 1 we see from (13.72) that @ is finite and negative. If y is increased, 
then, when y = 2/2, a and oo become infinite and there is said to be a ‘zero-energy 
resonance’. This condition corresponds to a well which is nearly able to support an 
s-wave bound state (see Section 7.4). If y 1s further increased, @ is again finite, until 
y = 3/2. At this point a second / = 0 state is nearly bound and the cross-section 
is again resonant at zero energy. In the same way, a zero-energy resonance Occurs 
whenever y is an odd multiple of 2/2. 


Resonances 


In general, the /th partial cross-section 


4 
ee a (2 +1) (13.73) 


1 + cot? 5;(k) 
takes its maximum possible value of 47r(2/ + 1)/k? if there is an energy at which 
cot 6;(k) vanishes. If this occurs as a result of 5;(k) increasing rapidly through an odd 
multiple of 2/2, the cross-section exhibits a narrow peak as a function of energy and 
there is said to be a resonance. Near the resonance, we can represent cot 6;(k) as 


ER-E 


cot OY (k) = T(E)/2 


(13.74) 
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Figure 13.5 The effective reduced potential for the /th partial wave (/ 4 0) for an attractive 
square well. 


where Ep is the resonance energy at which 6, is an odd multiple of 7/2. If T(E) 
is a Slowly varying function of the energy E, it can be approximated by I'(Ep), its 
value at the resonance energy. Using (13.73), the partial cross-section as a function 
of energy in the vicinity of the resonance is 


r'*(ER)/4 


(E — Ep)? + V?(Ep)/4 al 


o(E)= 7 (2 + 1) 
This is known as the Breit-Wigner resonance formula; it is illustrated in Fig. 13.4. 
The shape is Lorentzian and = [T(Epr) is known as the resonance width. We 
note that at E = Ep, oj reaches its maximum value of 47 (2/ + 1)/k?. In practice, 
resonances are found superimposed on background scattering arising from the /th 
partial wave itself and from the other partial waves. 
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At the resonance energy the amplitude of the wave function within the potential 
well is very large, and the probability of finding the scattered particle inside the well 
is correspondingly high. To see how this arises consider the case of the attractive 
square well (13.63). The effective reduced potential in the radial equation (13.36) for 
the /th partial wave is 


Ue = U(r) +1 +.1)/r? (13.76) 


and is illustrated in Fig. 13.5. We see that if the barrier at r = a due to the repulsive 
centrifugal potential /(/ + 1)/r* were infinitely high the potential well would support 
genuine bound states at energies FE, Ey,.... In the real situation, where the barrier 
is finite, the bound states above the barrier, such as E>, disappear completely, but at 
an energy ER close to E; an incoming particle can be trapped inside the well in a state 
that is nearly bound, since it can only escape by the tunnel effect. Thus a resonance 
may be considered as a metastable state, whose lifetime t, which is much longer than 
a typical collision time (~ a/v) can be related to the resonance width I" by using the 
uncertainty relation (2.84). Thus, with At ~ t and AE ~ T, we have 


os ) 13.77 
a ( ) 


Hard-sphere potential 
Another simple, but interesting example, is the ‘hard-sphere’ potential 


U(r) =+co r<a 
= 0 r>a. (13.78) 


Since the scattered particle cannot penetrate into the region r < a, the wave function 
in the exterior region, given by (13.66), must vanish at r = a, from which 


n(k 
nioe (13.79) 
n(ka) 
Using (7.65) we see that in the low-energy limit (ka < 1) 
(ka)7!+! 
tan 6;(k) ~ ———_____—_ 13.80 
an) =~ OTe DNF NE Cen 
where 
(Qi —1)!! = 1.3.5...Ql-—1), I>0 
= |, i =0. (13.81) 


Hence | tan d;| quickly decreases as / increases. As a result, the low-energy scat- 
tering is always dominated by the s-wave (J = 0). Since jo(x) = x7! sinx and 
no(x) = —x~'cos x, we see from (13.79) that 


d9 = —ka. (13.82) 
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As k — 0, the differential cross-section is isotropic and given by da/dQ = a’, and 
the total cross-section at zero energy becomes 


Orci = Ana’ (13.83) 


which is four times the classical value zra2. 


At high energies (ka >> 1) we can use the asymptotic formulae (7.66) to obtain 
from (13.79) approximate expressions for the phase shifts. We find in this way that 


l 
5) = 17 (13.84) 
so that 
An Iran lq 
ror = a Be 1) sin (= —ka ) (13.85) 


Taking Imax = ka, in accordance with our general discussion of partial waves, and 
pairing successive terms in (13.85), we have 


4n TU 
Gar 7 | {sin (ka) + sin (5 — ka) 
+24sin?(3 — ka) + sin? (x — ka)| +.:- | 


4 ka 
~ a \- (l) = 2x’. (13.86) 
i=0 


It is interesting to compare this result with that obtained from classical mechanics. 
In classical mechanics, for a central potential the angle of scattering 6 is determined 
by the impact parameter b (see Fig. 13.3). The number of particles scattered per 
unit time with scattering angles between 6 and @ + dé, is equal to the number of 
incident particles per unit time having impact parameters between b and b + db, or 
in other words the number of incident particles per unit time crossing a ring of area 
2m bdb. This number is equal to F 22 bdb, where F is the incident flux. The number 
of particles scattered into the element of solid angle d9&2 = 27 sin@dé per unit time 
is therefore equal to Nd§2 = F2z:bdb, and from the definition (13.1) the classical 
differential cross-section is 


dog = b db (13 87) 
dQ sing |do |’ 
For elastic scattering by a hard sphere we obtain (see Fig. 13.6) 
—6 
b(9) = asinB =a sin(* 5 ) (13.88) 


and hence 


= a r n(5) 
=F sin( 5). (13.89) 
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Figure 13.6 Classical scattering from a hard sphere. 


Using (13.87)-(13.89) the classical differential cross-section is 


2 
ees (13.90) 

dQ 4 
and is seen to be independent of the scattering angle. The total classical cross-section 
is equal to 2a’, which is just the total area of the incident beam that is intercepted by 
the target. Looking back at (13.86), we see that the high-energy quantum mechanical 
result is equal to twice the classical value. This is at first sight surprising since in 
the limit ka >> | (i.e. when the de Broglie wavelength A = 27/k is small compared 
with the size of the target) we might expect that classical mechanics should apply. 
However, because the ‘hard-sphere’ potential has a sudden discontinuity at r = a 
the scattering can never be treated classically. A detailed analysis of this problem 
shows that at high energies (ka > 1) half of the total quantum mechanical cross- 
section arises from ‘diffraction’ scattering which is produced by interference between 
the incident wave and the outgoing wave, and occurs within a narrow peak in the 
forward direction, of angular width given approximately by 1/ka. We note that as 
ka becomes very large, diffraction scattering occurs into such small angles that the 
diffracted particles cannot be distinguished from the undeflected particles, with the 
consequence that (macroscopic) billiard balls of radius a do behave in the manner 
predicted by classical mechanics. 


Nucleon-nucleon scattering 


As a final example of the partial-wave method, we shall consider briefly the scattering 
of neutrons by protons at low energies. We have already seen in Chapter 10 that there 
is a single bound state of the neutron and proton of binding energy Eg = 2.22 MeV, 
called the deuteron, which is in the triplet (S = 1) spin state. There is no bound 
State in the singlet (S = 0) state. The existence of an electric quadrupole moment 
shows that the deuteron cannot be entirely in a zero-orbital angular momentum state, 
so that the nuclear force cannot entirely be a central force. However, the non-central 
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component is small and the low-energy properties of the nucleon—nucleon system can 
be well described by a central potential of approximate range 2 x 107! m. Given 
this range, we expect (Problem 13.10) that only scattering in the (J = 0) s-wave 
is important for centre-of-mass energies E below about 10 MeV. The shape of the 
potential well is not determined by a knowledge of the binding energy Eg because 
for a given shape and range the well depth can be adjusted to provide a particular 
value for Eg. For example, if the range is taken to be 1.93 x 10~!° m, a square 
well of this range with a depth of 38.5 MeV will produce one bound state having 
the correct binding energy Eg = 2.22 MeV, but this value can also be obtained by 
using potentials of appropriate depth having Gaussian, exponential, ... , shapes. It 
might be thought that a knowledge of the low-energy scattering cross-section could 
determine the well shape, but we shall now see that this is not the case. 

Consider the / = 0 radial equation in the centre-of-mass frame of reference for a 
neutron—proton system in the triplet state interacting via the potential well °V (r): 

2 
Fe oe -U(r) + Kock r)=0 (13.91) 
dr? so rdr 


where k* = 2uE /h’, 


2 
U(r) = 7 *Vir) (13.92) 
and the reduced mass jz is defined in terms of the proton and neutron masses, M, and 
M,, by 
MM, I 
p= —t_ > (13.93) 


~ Mp+M, 2 ° 


It is convenient to work in terms of the function y(k, r) = r Ro(k, r) which satisfies 
the equation 


Fe —3U(r) + | vik = 0 (13.94) 
subject to the boundary conditions 

y(k, 0) =0 (13.95a) 
and 

y(kr) > Fkyr) = cot[?59(k)] sinkr + cos kr (13.95b) 


where *59(k) is the s-wave (/ = 0) phase shift in the triplet (S = 1) state. We also 
recall that the radial equation for the triplet bound state function Y (r) introduced in 
Section 10.7 is (see (10.136)) 


ce, 2 
oa U(r) —A* |Y(r) =0 (13.96) 
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where A* = 2 Ep/ h*. Moreover, the function Y (r) satisfies the boundary conditions 


Y(0) =0 (13.97a) 
and 

V(r) > Y(r) = Cy exp(—Ar) (13.97b) 
where C) is a normalisation constant and A~! = 4.32 x 107! m. 


Multiplying (13.94) from the left by Y (r) and (13.96) from the left by y(k, r) and 
subtracting the resulting equations, we obtain 


d? d? 
Y (r)—~ y(k, r) — y(k, r)—<Y(r) = —(k? +47) y(k, r) V(r). (13.98) 
dr2 dr2 
Integrating this equation with respect tor froomr = O tor = R gives 
d d : R 
rin gykn = rk NEVO] = —(k? +22) | y(k,r)¥(r)dr. (13.99) 
dr dr 0 0 


The asymptotic forms y(k,r) and Y(r) satisfy equations similar to (13.94) and 
(13.96), but with *U(r) = 0. Following the same procedure leading to (13.99) 
we obtain the equation 
_ d d. 7% R : 
Ping 5kn — NEP] = —(k? +2) | y(k,r)¥(r)dr. (13.100) 
dr dr 0 0 

We note that both equations (13.99) and (13.100) are independent of the normalisation 
adopted for the functions y(k, r) and Y(r). Hence there is no loss of generality in 
setting C2 = | in (13.97b), as we shall do in what follows. On subtracting (13.100) 
from (13.99) and letting R tend to infinity we find by using (13.95) and (13.97) that 


k cot[?59(k)] + A = —(k? +A?) [ [v(k, Y¥(r) — x(k, r)¥(r)|dr. (13.101) 
0 


Whatever the shape of the potential well, for r > a the product y(k, r)Y(r) rapidly 
approaches its asymptotic form y(k,r)Y(r). It follows that the integrand on the 
right-hand side of (13.101) is only large in the region in which the potential is large. 
At energies small compared with the absolute value of the well depth, the integral 
is nearly independent of k and can be approximated by its value at k = 0. This 
shows that k cot[*59(k)] satisfies the effective range formula (13.71) where the triplet 
scattering length *@ and effective range *r are given by 


Oeics : 02 3 ro]! (13.102) 
and 
yy = -2 f [y(0, r)¥(r) — 9, r)¥(r) dr. (13.103) 
0 


It is clear that measurements of the low-energy triplet (S = 1) scattering cross- 
section determine only the two constants *@ and °rg and do not determine the shape 
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of the potential well. Furthermore, no additional information can be obtained from 
a knowledge of the bound state energy, since this is also determined by °a and ?ry. 
As (A23ro) < A, the total cross-section at low energies in the triplet state can be 
approximated by setting *r9 = 0 in (13.71) and (13.102). This is known as the 
zero-range approximation: 

2 
Ba ee (13.104) 
k? 1+ cot?Pdo(k)] k?+A%2 2wE+ Ep 
Since En = 2.22 MeV, the cross-section at zero energy is predicted to be 70 (0) ~ 
2 x 10-78 m?. This is much smaller than the observed cross-section. However, the 
experiments are performed with unpolarised beams which contain an equal population 
of the three S = | and the single S = O spin states. As there are four states in all, 
3/4 of the collisions will occur in the triplet state and 1/4 in the singlet state. The 
observed cross-section o is therefore 


o(k) = 4[3 ?o(k) + 'o(k)] (13.105) 


So (k) = 


where °o and 'o are the cross-sections in the triplet and single states, respectively. 
The singlet cross-section is also determined by an effective range formula and at low 
energies the zero-range approximation to this cross-section 1s 
2 
Te a ene ae (13.106) 
k?+('a)-2 2QwE+ |'E| 

where 'q is the singlet scattering length and |'E| = A?/[2u('a)?]. The value 
of the total cross-section at zero energy is o(0) ~ 20 x 10778 m?, from which 
\'@| ~ 24 x 10-) m and the corresponding energy |! E| ~ 70 keV. The scattering 
data alone cannot determine the sign of 'E, and hence cannot determine whether 
there is a singlet bound state or not. As in fact there is no bound singlet state (which 
is known by studying the properties of the deuteron), the energy ' E is positive and 
corresponds to what is called a virtual bound state, that is a state of near zero energy 
which is nearly, but not quite bound. 

Further information about the low energy nucleon-nucleon system can be obtained 
by studying proton—proton scattering. In this case the scattering formulae must be 
modified to allow for the long-range Coulomb interaction. Since the two protons 
are identical fermions, the / = O partial wave, which is spatially symmetric, must 
correspond to a singlet (antisymmetric) spin state and low-energy scattering does not 
depend on the interaction in the triplet state. Details of the analysis are described in 
texts on nuclear physics. 


l 


The integral equation of potential scattering 


So far we have defined the stationary scattering wave function yy, (r) as a solution of 
the Schrodinger equation (13.21) satisfying the boundary condition (13.28). In this 
section, we shall show that y, (r) is also the solution of an equivalent integral equation 
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which incorporates the boundary condition. We shall also obtain an important integral 
representation of the scattering amplitude. 
Let us return to the Schrédinger equation (13.21), which we rewrite as 


(V2 +k) wir) = U(r) (r). (13.107) 


The general solution of this equation can be written as 


ver) = 400) + f Golk,r. U Ce Wer)ar, (13.108) 
where ¢(r) is a solution of the homogeneous (free particle) Schrodinger equation 
(V? +k*)o(r) =0 (13.109) 


and Go(k, r, r’) isa Green’s function corresponding to the operator V* and the number 
k, namely 


(V7 + k*)Golk, vr, r’) =d(r—Pr’). (13.110) 


Looking at the asymptotic boundary condition (13.28), we see that for the scattering 
problem we are considering the function ¢(r) is just the incident plane wave (13.25). 
We shall denote this particular solution of the homogeneous equation by ¢, (Fr), so 
that 


dy(r) =e". (13.111) 


The equation (13.108) is an integral equation for w(r). With the function ¢(r) 
given by (13.111), we may write this equation as 


V(r) = dk (9) + / Go(k,r, r)U (r') vy (r’)dr’. (13.112) 


As in (13.28), we have added the subscript k on the wave function y(r) to indicate 
that this is the scattering wave function corresponding to the particular incident plane 
wave exp(ik.r). 


The Green’s function 


In order to determine the Green’s function Go(k, r, r’), we first use the Fourier integral 
representation (A.18) of the Dirac delta function to write 


d(r—r’) = (22)? | exp[iK.(r — r’)]dK. (13.113) 
We also write Go(k, r, r’) in the form 
Go(k,r,r) = (any f exptiK.rgo(k K, r’)dK. (13.114) 


Substituting (13.113) and (13.114) in (13.110), we find that 
exp(—iK.r’) 


go(k, Kr) = —5—> 


(13.115) 
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giving 

exp[iK.(r — r’)] 

le aL | 
K2 = k2 


The integrand in (13.116) has poles at K = +k, so that a well-defined prescription 
is required to avoid these singularities and give a meaning to the integral. This may 
be done by using the boundary condition (13.28). Comparing (13.28) with (13.108), 
we see that the Green’s function Go(k, r, r’) must be determined in such a way that 
it leads to a scattered wave function which for large r exhibits an outgoing spherical 
wave behaviour of the form r~! exp(ikr). 

Let us set R = r — r’, take the z-axis to be along the vector R, and denote by 
(K, ©, ®) the spherical coordinates of the vector K. We then have from (13.116) 


00 8 an . 
e KR © 
Go(k, R) =-any f aK K? | do sino | ag ORs) 
0 0 


Go(k,r,r’) = -n)"* | K. (13.116) 


0 eae 
(13.117) 
After performing the angular integrations, we find that 
l + K sin(K R) 
Go(k, R) = — —_—— dk 13.118 
el eae [. K? —k? 


where we have used the fact that the integrand is an even function of K, so that the 
integral can be extended from —oo to +00. We may also write (13.118) as 


1 

Gi OR) = SG =), 13.119 

OR) ap tl 2) ( ) 
where 

+00 as 1] | 

I= i 13.120 

: Je (atx) ( ) 
and 

I ef + dK (13.121) 

aan ae K—k' K+k 


We can give a meaning to the integrals 7; and /, by regarding them as contour 
integrals in the complex K-plane. Suppose, for example, that we avoid the poles at 
K = +k by choosing the path P shown in Fig. 13.7(a). The integral 7; can then be 
evaluated by writing 


h = pee se dK (13.122) 
K—-k K+tk 


where the contour C consists of the path P plus an infinite semi-circle C, in the upper- 
half K -plane (see Fig. 13.7(b)). Since exp(ikK R) vanishes on C,, the contribution to 
I, from the infinite semicircle C, is equal to zero, and the integral (13.122) is equal to 
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Im K 


Figure 13.7 (a) The path P avoiding the poles at K = +k. (b) The contour (P + C1) for calculating 
the integral /,. (c) The contour (P + C2) for calculating the integral /2. 


its value along the path P. Using the Cauchy theorem’, we then obtain for the integral 
I,, evaluated along the path P, the value 


I, = 2miexp(ikR). (13.123) 


The integral /) can be evaluated in a similar way by closing the contour with an 
infinite semicircle C, in the lower-half K -plane as shown in Fig. 13.7(c). Using again 


2 See for example Byron and Fuller (1969). 


612 M@ Quantum collision theory 


the Cauchy theorem, we find that /,, evaluated along the path P, is given by 
I, = —2miexp(ikR). (13.124) 


Hence, going back to (13.119) and using the results (13.123) and (13.124), we see 
that by choosing the path P to avoid the poles at K = +k, we obtain the Green’s 


function 
I ikR 
tne (13.125) 
An R 
Since R = r —r’, we may also write this result in terms of the original variables r 
and r’ as 
| ikjr—r 
eT ee ee (13.126) 


4n lr—r’| 


and we note that this expression exhibits the required purely outgoing spherical wave 
behaviour of the form r~! exp(ikr) when r — oo. It is easy to verify that any other 
choice of integration contour which avoids the poles at K = +k ina way different 
from the path P shown in Fig. 13.7(a) leads to an incoming spherical wave behaviour 
of the form r~! exp(—ikr) in addition to or in place of the outgoing wave behaviour 
obtained above. 

We remark that the integration prescription which consists in choosing the path P 
is equivalent to keeping the integration path along the real axis, and shifting the two 
poles at K = +k off the real axis as indicated in Fig. 13.8. The poles are now located 
at 


K = +(k + ie’), e' > OT (13.127) 


where the symbol 0* means that €’ tends to zero while remaining positive. To first 
order in €’, we have 


K?- =k’ +ie, e > Ot (13.128) 


where € = 2ke’. Using (13.116) and (13.128), we may then write for the Green’s 
function Go(k, r, r’) the integral representation 


exp[iK.(r — = 
K2 — k2 ~ 

The integration prescription on the right of this equation being equivalent to the 

choice of the path P of Fig. 13.7(a) leads evidently to the correct result (13.126) for 

the Green’s function Go(k, r, r’). 


Using (13.111) and the Green’s function Go(k, r, r’) given by (13.126), the final 
form of the integral equation (13.112) is 


Golk,r,r’) = —(21)~? im. f dK. (13.129) 


_j/-— ee 
Wk(r) = ee Do War’) dr’. (13.130) 
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Figure 13.8 Displacement of the poles in the complex K-plane. The pole at K = k, after 
receiving a small positive imaginary part «’, has moved slightly off the real axis to the position 
k + ie’. The pole at K = —k has received a negative imaginary part —e’ and has moved to the 
position —k — ie’. 


This integral equation is known as the Lippmann—Schwinger equation of potential 
scattering. It is equivalent to the Schrodinger equation (13.21) plus the boundary 
condition (13.28) which is taken care of through the Green’s function Go(k, r, r’). 


Integral representation of the scattering amplitude. The transition ma- 
trix element 


Let us examine more closely the asymptotic behaviour of the wave function (rr) 
satisfying the integral equation (13.130). We first note that for r — oo and r’ finite 
(so that r’ <r), we have 


lr—r| > r—fpr’'+.--- (13.131) 
and therefore 
ikjr—-—r’ ik 
lr—r’| roo r 
where terms of higher order in |/r have been neglected. In (13.132) we have 
introduced the final wave vector k’ = kr, which points in the direction of the scattered 


particle, and has spherical polar coordinates (k,0,@). Thus, from (13.130) and 
(13.132), we have 


ikr 


Wi, (Vr) ee en aps | exp(—ikr UO vate (13.133) 


4n or 


Upon comparison with (13.28), we see that ¥(r) exhibits the desired asymptotic 
behaviour, and we obtain for the scattering amplitude the integral representation 


F(k, 8, ®) 


= | exp(—ik’.r)U (r) yx (n)dr 
An 


I 
— |, (OKO Ye), (13.134) 
ae 
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where we have introduced the plane wave 
dy (r) =e (13.135) 


corresponding to the final wave vector k’ of the scattered particle. In terms of the 
potential V(r) = (h? /2m)U (r), we may also write the scattering amplitude in the 


form 
m 
f= Fp pe (Pw IV Ye) (13.136) 
The transition matrix element Ty, iS defined as 
Tk = (Oe |V IW) (13.137) 
so that 
m 
f= eeerenl (13.138) 
and the differential cross-section is given by 
= =| fl? = (Qr)?m?Aa Tex. (13.139) 


Partial wave analysis of the Lippmann-Schwinger equation 


The integral equation (13.130) can also be analysed in partial waves. Assuming that 
we are dealing with a central potential, we can expand the scattering wave function 
yw, in Legendre polynomials as in (13.34), where R;(k,r) are the radial functions. 
Let us choose for these functions the normalisation (see (13.39) and (13.43)) 


Ri(k, r) = Ii (kr) — tan 6; (k)n,) (kr) 
ff: lq ln 
> — sin( ke — =] + tan 5)(k) cos(kr — =) (13.140) 


r>oo kr 


It can then be shown (Problem 13.11) that each radial function R)(k, r) satisfies the 
radial integral equation 


Ri(k,r) = j(kr) + / Gik,r,r')U(r')R,(k, r’)r'?dr’. (13.141) 
0 


In this equation G;(k, r, r’) is a radial Green’s function given by 
Gi (k, r, r’) = kj (kr.)n (kr, ), (13.142) 


wherer. andr. denote respectively the lesser and the greater of r andr’. By analysing 
the behaviour of the radial equation (13.141) asr — oo and comparing with (13.140), 
one obtains (Problem 13.11) the integral representation 


tan 6);(k) = -« f Wkr)yU(r) Rik, r)r°dr, (13.143) 
0 


where we recall that R)(k, r) is normalised according to (13.140). 
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The Born approximation 


The partial-wave method for calculating cross-sections 1s not always very convenient, 
for example if the number of partial wave is large. Fortunately, if the potential is 
weak, or the energy high, perturbation theory can be used. In this section, we shall 
concentrate our attention on a perturbative method called the Born series, which 
consists of expanding the scattering wave function, or the scattering amplitude, in 
powers of the interaction potential. In particular, we shall study in detail the first term 
of this expansion, known as the (first) Born approximation. A generalised version of 
this approximation will be used in Section 13.8 to study collisions involving composite 
systems. 


The Born series 


Let us attempt to solve the integral equation (13.130), starting from the incident plane 
wave @ (Fr) as Our ‘zero-order’ approximation. We obtain in this way the sequence 
of functions 


Wor) = d(r) =e'*", (13.144a) 
vit) = oy(t) + | Golk, tr, U(r’ )Wo(r)dr", (13.144b) 
Wn(r) = d(r) + | Golk, vr, PU (Kr) Wn (re) dr’, (13.144¢) 


where Go(k, r,r’) is the Green’s function (13.126). 
Assuming for the moment that this sequence converges towards the exact wave 
function y%,, we may write for y%, the Born series 


Uelt) = x(t) + | Golk, r, PU ("oy (0dr 


+ | Gok, rr)U(r')Go(k,r,r’)U(r’)dy (vr) dr'dr” +--- (13.145) 


which is clearly a perturbative expansion in powers of the interaction potential. Upon 
substitution of the series (13.145) into the integral representation (13.134) of the 
scattering amplitude, we obtain the Born series for the scattering amplitude. That is 


| 
= — 4, (Kl +UGoU +UGoUGoU + --- |dx) (13.146) 
The first term of this series, namely 
| 
B et 
f= 4n 


is called the (first) Born approximation to the scattering amplitude. 


(hx: |U |Ox) (13.147) 
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A similar Born series may evidently be written for the transition matrix element 
Tyx. Using (13.137) and (13.144a), we see that the (first) Born approximation to Ty, 
is given by 


Ti, = (bn |\V idx) (13.148) 


and from (13.138) it follows that f? = —m(2mh?)'T5. 

If the potential is central, and we use the partial wave approach, we may solve 
the radial integral equations (13.141) by iteration, starting from the ‘zero-order’ 
approximation RY” (k,r) = jy (kr). Upon substitution in (13.143) we then generate a 
Born series for tan 6;, whose first term, called the (first) Born approximation to tan 4,, 
is given by 


tan 57 (k) = -+ f Li(kr) PU (r)r?dr. (13.149) 
0 


The problem of the convergence of the Born series is a difficult one, which lies 
outside the scope of this book. A crude sufficient condition of convergence may be 
obtained by requiring that the time t,; spent by the particle in the ‘range’ a of the 
potential should be small with respect to a ‘characteristic’ time t2 necessary for the 
potential to have a significant effect. The time tT, is given approximately by t; ~ a/v, 
where v is the magnitude of the incident velocity of the particle. On the other hand, if 
| Vo| denotes a typical strength of the potential (which may be attractive or repulsive) 
and |Uo| = 2m|Vo|/h? is the corresponding strength of the reduced potential, we may 
take t2 ~ A/|Vo| = 2m/(h|Uo|). If we require that t; < T2, we must therefore have 


[Vola — |Uola 
hv —so2k 


< | (13.150) 


The first Born approximation 


Let us now study in more detail the first Born approximation. Using (13.147), (13.111) 
and (13.135), the first Born approximation for the scattering amplitude is given by 


fo 


= ae | exp(—ik’.r)U(r) exp(ik.r)dr 
An 


l 
—_— | expia.nuinar, (13.151) 
An 
where in the second line we have introduced the wave vector transfer 
A=k-k’, (13.152) 


hA being the momentum transfer. Since for the elastic scattering case considered 
here k = k’ and k.k’ = k* cos, the magnitude of A is 


0 
A = 2k sin 5° (13.153) 
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where @ is the angle of scattering. From (13.148) we see that the corresponding first 
Born approximation for the transition matrix element is given by 


i ie [ op-ik.nvien exp(ik.r)dr 


= / exp(iA.r)V(r)dr. (13.154) 


It is apparent from (13.151) and (15.154) that the first Born quantities f? and i 
are proportional to the Fourier transform of the potential. We also note that the first 
Born differential cross-section 


do B,2 55 
—_— 13.1 


remains unchanged when the sign of the potential is reversed. 

Let us consider the particular case of central potentials. The angular integrations 
in (13.151) are then readily performed. Taking A as our polar axis and denoting by 
(a, B) the polar angles of r with respect to that axis, we have 


1 ee) 54 2m 
fP(A) = -z | aru) | da sina | dB exp(iAr cos a) 
An 0 0 0 


1 se " 
-; | dr?u(e) | d(cosa@) exp(iAr cos a) 
0 —| 


= -< | rsin(Ar)U (r)dr. (13.156) 
A Jo 


We see that this quantity is real and depends on k (i.e. on the energy) and on 
the scattering angle 6 only via the magnitude A of the wave-vector transfer. The 
corresponding total cross-section in the first Born approximation is given by 


oP (k) = an | | FB (A)|* sin do 
9) 2k 
= a | fB(A)|2AdA (13.157) 
0 


where we have used the fact that sin@d@ = AdA/k? (see (13.153)). It is worth 
noting from (13.157) that 


Jim [k°oB (k)] = 2n i | fPB(A)|7AdA. (13.158) 
— OO 0 


Since the right-hand side of (13.158) is independent of k, it follows that o2. is 


tot 
proportional to k~? as k becomes large. Because E = h7k* /2m we may also write 


oB ~ AE! (13.159) 


rol E—oo 


where A is aconstant. Thus 0,2, falls off like E~' at high energies. 
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Figure 13.9 The differential cross-section in the first Born approximation for scattering by the 
Yukawa potential (13.160), for various values of ka. 


As an illustration of the foregoing discussion, we consider the Yukawa (or 
‘screened-Coulomb’ ) reduced potential 


—ar e/a 


U(r) =Up-— =U-——, asa. (13.160) 
r r 
The evaluation of the integral on the nght of (13.156) is then straightforward, and 
yields 
Up 
B 
= —-———_... 13.161 
ae (13.161) 
The corresponding first Born differential cross-section 
d B U2 
_——— (13.162) 


dQ (a2 + A2)2 


is plotted in Fig. 13.9 as a function of the scattering angle 6, for various values of 
ka = k/a. We see that for large values of ka the differential cross-section (13.162) 
is essentially concentrated within a forward cone of angular aperture 50 ~ (ka)7!. 
This behaviour is a direct consequence of (13.151) and of the fact that the Fourier 
transform of a function U(r), which is negligible for r = a, is appreciable only 
for values of A such that A < a~', corresponding to scattering angles 9 < (ka)~! 
(see (13.153)). 
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The Coulomb potential 


The asymptotic form (13.28) of the scattering wave function applies to potentials 
decreasing faster than r~'! as r — oo and therefore not to the Coulomb potential 
acting between charges ga and gp: 


_ 9aqn i 


ve) a 4m Eo r 


(13.163) 


Nevertheless, one can obtain the scattering amplitude and differential cross-section 
for this potential in first Born approximation by letting @ tend to zero in the results 
derived above for the Yukawa potential. Writing the reduced Coulomb potential 
corresponding to (13.163) as 


Up 2M Gags 
U.(r) = a Uo — he Ameo 


the first Born Coulomb scattering amplitude, obtained by taking the limita — 0 
in (13.161), is 


Uo 
Bee 
fe=-s. 


The corresponding first Born differential cross-section for Coulomb scattering is given 


by 
foc. Ue (x) | 
d2 At A 2k) sin*(@/2) 


(13.164) 


(13.165) 


2 
1 
= (22) ee ee (13.166) 
Arey) 16E2sin*(0/2) 
where 
U 
Sr a |e (13.167) 


Ue (4reo)hv 2k 
The result (13.166) is identical to the formula that Rutherford obtained in 1911 by 
using classical mechanics. 

It is aremarkable feature of Coulomb scattering that an exact quantum mechanical 
treatment of the Coulomb potential’ yields the same result (13.166) for the differential 
cross-section. However, the exact Coulomb scattering amplitude f, differs from the 
first Born result (13.165) by a phase factor. It is found that 


Y (1 + iy) 
lee aa 
2k sin’ (0/2) PU — iy) 
where I denotes the gamma function. 


The Rutherford formula (13.166) for scattering by a Coulomb potential exhibits 
other remarkable features. Indeed, the differential cross-section (13.166) does not 


exp{—iy log[sin?(@/2)]} (13.168) 


3 See Bransden (1983) or Joachain (1983). 
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depend on the sign of the potential. This feature is obvious within the framework 
of the first Born approximation, but it is striking if we recollect that the Rutherford 
formula is in fact an exact result. Moreover, since the energy FE and the scattering 
angle 6 enter into separate factors, the Rutherford differential cross-section (13.166) 
is scaled at all angles by the factor (qaqp/16 0 E)’, so that the angular distribution 
is independent of the energy. We also note that at fixed 0 the differential cross-section 
is proportional to E~. Finally, the differential cross-section (13.166) is infinite in the 
forward direction (9 = 0) where it diverges like 9~*. Consequently, the total cross- 
section is not defined for pure Coulomb scattering. However, when considering real 
scattering processes, we must remember that all Coulomb potentials are modified at 
large distances because of the screening effect of other charges. As a result of this 
screening, the guantum mechanical‘ differential cross-section becomes finite in the 
forward direction, and the corresponding total cross-section is then defined. 


Collisions between identical particles 


Collisions between identical particles are particularly interesting as a direct illustration 
of the fundamental differences between classical and quantum mechanics. We shall 
examine first the elastic scattering of two identical spinless bosons and then analyse 
elastic collisions between two identical spin-1/2 fermions. 


Scattering of two identical spinless bosons 


Let us consider the elastic scattering of two identical bosons of mass m. For simplicity 
we shall consider only the case of spinless bosons. We work in the centre-of-mass 
system, in which the time-independent Schrédinger equation 1s 


2 
-7 + vin fy = Ey(r) (13.169) 


where pp = m/2 is the reduced mass and r = r, — r> Is the relative position vector of 
the two colliding particles. The situation in the centre-of-mass system is illustrated in 
Fig. 13.10. Two identical particles 1 and 2 approach one another, moving parallel to 
the z-axis in opposite directions. After an elastic collision the velocity of each particle 
is changed in direction but remains unchanged in magnitude. A detector counts the 
particles scattered into the direction characterised by the polar angles (0, @). Since the 
particles 1 and 2 are identical, there is no way of deciding whether a particle recorded 
by the detector results from a collision event in which particle 1 is scattered in the 
direction (0, @) (see Fig. 13.10(a)), or from a collision process in which particle 2 
is scattered in that direction, so that particle 1 is scattered in the opposite direction 
(x —0,6+7) (see Fig. 13.10(b)). 


4 It is worth noting that in classical mechanics the total cross-section does not exist for any potential 
that does not strictly vanish beyond a certain distance. 
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Figure 13.10 The scattering of identical particles in the centre-of-mass frame. 


In classical mechanics the differentical cross-section for scattering in the direction 
(6, @) would simply be the sum of the differential cross-sections for observation of 
particle 1 and particle 2 in that direction. If the same were to be true in quantum 
mechanics, we would obtain for the differential cross-section the ‘classical’ result 


do, 

so = IFO OP + 1S — 8,6 +m) (13.170) 
where f (6, @), the centre of mass amplitude for scattering in the direction (6, @), is 
related to the asymptotic behaviour of the solution ¥,(r) of (13.169) satisfying the 
usual boundary condition 


ikr 
vuln) > eM + £6,6)— 


(13.171) 


and we have omitted the k-dependence of the scattering amplitude for notational sim- 
plicity. However, we shall now show that the expression (13.170) for the differential 
cross-section is incorrect. Indeed, we have seen in Chapter 10 that wave functions 
describing systems of identical particles must be properly symmetrised with respect to 
permutations of identical particles. In particular, a wave function describing a system 
of identical bosons must be completely symmetric. Thus, in the case of two identical 
spinless bosons, the wave function must be symmetric under the interchange of the 
spatial coordinates of the two particles. Now the interchange r; < r2 corresponds to 
replacing the relative position vector r by —r, which in polar coordinates corresponds 
to (r, 8, &) being replaced by (r, 7 —6, 6+77). The wave function y, (r) satisfying the 
boundary condition (13.171) does not have the required symmetry, but the symmetric 
combination 


Wi(r) = Wer) + Wk(-P) (13.172) 


622 @ Quantum collision theory 


is also a solution of the Schrédinger equation (13.169) and does have the required 
symmetry: Wi(—r) = Wi(r). Using (13.171), the asymptotic form of w(r) 1s seen 
to be 

ikr 


e(r) > [eh +e“) + [fF O, 0) + fx — 0,6 +7)] (13.173) 


The amplitude of the spherically outgoing wave is the symmetric amplitude 
f+(0,6) = FO.) + f(a -6,64+7) (13.174) 


so that the differential cross-section is 


< =| (6,6) + fe -0,¢+m)/ (13.175) 
a result which we can write in the form 
d 
= =|fO.O) +I f(r —9,64+7)) + 2Rel f(0, dO) f*(t — 0,64 2)]. 
(13.176) 


It is important to note that this formula differs from the ‘classical’ result (13.170) 
by the presence of the third term on the right, which arises from the interference 
between the amplitudes f(6, @) and f(a —0,@+7). We also remark that the total 
cross-section 


rot =f ife.o)+ for —0,¢+7)|7dQ (13.177) 


is equal to twice the number of particles removed from the incident beam per unit 
time and unit incident flux. 

In the simple case for which the interaction potential is central, the scattering ampli- 
tude is independent of the azimuthal angle @. The differential cross-section (13.175) 
then reduces to 


d 
ro —|f(0) + fir —6)/ (13.178) 


or 
d 
so = FO)? + Lf Gr — 8)? + Wel f (8) f* (x — 8) (13.179) 


so that the scattering is symmetric about the angle 6 = 7/2 in the centre-of-mass 
system. Since 


P,[cos(x — 0)] = (—1)! P;(cos 60) (13.180) 


it is clear that the partial-wave expansion of the symmetrised scattering amplitude 
f+(89) = f (0) + f(a — 8) contains only even values of !. Moreover, at 9 = 2/2 we 
note that the quantum mechanical differential cross-section (13.178) is equal to 


do (6 = 1/2) 


es 7 2 
rT) = 4|f(0 =2/2)| (13.181) 
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and hence 1s four times as big as if the two colliding particles were distinguishable, 
and twice as big as the ‘classical’ result 


do. (6 = m /2) 
dQ2 


following from (13.170). Furthermore, if there is only s-wave (/ = 0) scattering, so 
that the scattering amplitude f is isotropic, we see from (13.178) that two colliding 
spinless bosons have a differential cross-section four times as big as if they were 
distinguishable particles, and twice as big as the classical result (13.170). 

The non-classical effects due to the interference term in (13.179) can be illustrated 
in a particularly simple and striking way for the case of Coulomb scattering. Let us 
consider two identical spinless bosons of charge Ze interacting only through Coulomb 
forces. This is the case for example in the scattering of two identical spinless nuclei 
(e.g. the scattering of two alpha particles or two !*C nuclei) at colliding energies 
which are low enough so that the nuclear forces between the two colliding particles 
can be neglected due to the presence of the Coulomb barrier. Equation (13.178) now 
reads 


= 2| f(0 =1/2)|° (13.182) 


do 2 


where f.(@) is the Coulomb scattering amplitude (13.168). Therefore, we have 


do y 2 exp{—21y log[sin(@/2)]} | exp{—2iy log[cos(@/2)]} : 
an r | ee ee) a8) 
dQ 2k sin?(6 /2) cos* (6/2) 
or 
Ot (x) [c ec*(6/2) + sect (0/2) 
ds Nan} [Sosee / 
+2 cosec*(@/2) sec?(6/2) cos{2y log[tan(6 2 (13.185) 
where (see (13.167)) 
= Bie 13.186 
Ce (4 €9)hv e289) 


The result (13.185) is called the Mott formula for the Coulomb scattering of two 
identical spinless bosons. The corresponding classical calculation would only yield 
the first two terms on the right of (13.185) while the Rutherford formula (13.166), 
which applies to the Coulomb scattering of two distinct particles, is obtained by 
retaining only the first term on the right of (13.185). We remark that the interference 
term (the third term on the right of (13.185)) oscillates increasingly about zero as y 
becomes larger and (or) one departs from the angle 6 = 7/2. In the limit y > 1, the 
differential cross-section (13.185) averaged over a small solid angle 6&2 tends towards 
the classical cross-section. We also verify that at 9 = m/2 the actual (quantum 
mechanical) cross-section (13.185) is twice as big as the classical one. 
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Figure 13.11 The differential cross-section (in mb/sr, where 1 mb = 1 millibarn = 10-3! m2), 
corresponding to the elastic scattering of two '7C nuclei having a centre-of-mass energy of 
5 MeV. The dashed curve represents the results obtained by using the Mott formula (13.185). The 
solid curve shows the corresponding ‘classical’ differential cross-section obtained by omitting the 
interference term in (13.185). The dots are the experimental data of D. A. Bromley, J. A. Kuehner 
and E. Almavist. 


As an example, let us consider the elastic scattering of two spinless '*C nuclei 
having a centre-of-mass kinetic energy of 5 MeV. The corresponding relative velocity 
of the two colliding particles is v ~ 1.3 x 10’ ms7!, and since Z = 6 for a carbon 
nucleus we have y ~ 6. As seen from Fig. 13.11, the experimental data are in 
excellent agreement with the Mott formula (13.185), and demonstrate very clearly 
the presence of the non-classical interference term. 


Scattering of two identical spin-1/2 fermions 


The scattering of identical fermions is more difficult to analyse than that of spinless 
bosons because of the complications due to the spin. For simplicity, we shall only 
consider the case of two identical spin- 1/2 fermions interacting through central forces. 
Since the interaction is in general different in the singlet (S = 0) and triplet (S = 1) 
spin states of the two fermions, we shall start from two (unsymmetrised) scattering 
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amplitudes f,(@) and f,(@) corresponding respectively to the singlet and triplet cases. 

The full wave function describing a system of two identical spin-1/2 fermions 
must be antisymmetric in the interchange of the two particles, i.e. when all their 
coordinates (spatial and spin) are interchanged. Now, if the system is in a singlet 
spin state (S = OQ), the spin part of the wave function is given by (6.301) and is 
antisymmetric. Hence the corresponding spatial part of the wave function must be 
symmetric in the interchange of the position vectors r; and r2 of the two particles. 
As aresult, the symmetrised singlet scattering amplitude is 


for = (0) + f(t — 9) (13.187) 


and the differential cross-section in the singlet spin state is 


do, 

dQ 
If, on the other hand, the two spin-1/2 fermions are in a triplet spin state (S = 1) 
the corresponding three spin functions (6.302) are symmetric in the interchange of 
the spin coordinates of the two particles. The spatial part of the wave function must 
therefore be antisymmetric in the interchange of the position vectors r; and rz, so 
that the symmetrised triplet scattering amplitude is given by 


= |f.(0) + f(a —9)|’. (13.188) 


fi- = fi(@) — fit — 8) (13.189) 
and the differential cross-section in the triplet spin state is 

do, 

FG = NiO) — fie — OI. (13.190) 


If the ‘incident’ and ‘target’ particles are unpolarised (i.e. their spins are randomly 
orientated), the probability of obtaining triplet states is three times that of singlet 
states, so that the differential cross-section is given by 

do _ 1 do, i 3 do, 
dQ 4dQ 4dQ 


= jf) + f(a — 6)? + 1h) — fix — 6)/. (13.191) 
For the particular case of spin-independent central interactions, where 
fs(@) = fil@) = f(A) (13.192) 
we find from (13.191) that 


d 
so = IFO)? + If or — O)I? — Rel f(0) f(r — 8). (13.193) 


We note that this formula differs from the ‘classical’ result by the presence of the 
third term on the right, which again is an interference term. We also remark that at 
0 = mn /2 the quantum mechanical differential cross-section (13.193) is given by 


do (6 = 1/2) 


a = |f(0=1/2)|° (13.194) 
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Figure 13.12 The differential cross-section da /dQ corresponding to the scattering of two spin-5 
fermions interacting through a Coulomb potential, divided by do,j(9 = 90°)/dQ for the value 
y = (Ze)*/[(4re9)hv] = 5. The dashed curve represents the results obtained by using the 
Mott formula (13.195). The solid curve shows the corresponding ‘classical’ results, obtained by 
omitting the interference term in (13.195). 


and hence is equal to one-half of the classical result dog(@ = m/2)/dQ = 
2|f(9 = m/2)|*. Furthermore, if there is only s-wave (J = 0) scattering, the 
differential cross-section (13.193) is four times smaller than the corresponding one 
(given by (13.179)) for the scattering of two identical spinless bosons. 

As an illustration of equation (13.193), let us consider the case of Coulomb 
scattering of two identical spin-1/2 fermions of charge Ze, for example electron— 
electron scattering (Z = —1) or low-energy proton-proton scattering (Z = +1). 
Using the Coulomb scattering amplitude (13.168), we obtain from (13.193) the Mort 
formula for the Coulomb scattering of two identical spin-1/2 fermions: 


2 
a = @ cosect 0/2) + sec*(6/2) 


— cosec’ (6/2) sec*(6/2) cos{2y log[tan(é pn (13.195) 


13.8 
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where y is given by (13.186). As in the case of equation (13.185), the corresponding 
‘classical’ calculation would only yield the two first terms on the night of (13.195), 
and the interference term oscillates increasingly about zero as y increases and (or) one 
departs from the scattering angle 96 = 2/2. In contrast with the boson—boson case, 
however, there is a minimum in the differential cross-section (13.195) for spin-1/2 
identical fermion—fermion scattering at @ = 2/2. At this value of the scattering angle 
the actual (quantum mechanical) differential cross-section (13.195) is indeed smaller 
than the ‘classical’ one by a factor of two, as we have seen above. The comparison 
between the classical and quantum mechanical differential cross-sections for the 
Coulomb scattering of two identical spin-1/2 fermions ts illustrated in Fig. 13.12 for 
the case y = 5. 


Collisions involving composite systems 


The general theory of collisions involving composite systems, for example collisions 
between two nuclei, is beyond the scope of this book. However, it is rather easy to 
obtain the appropriate generalisation of the ‘potential scattering’ results derived in 
Section 13.6, if one works within the framework of the first Born approximation, 1.e. 
to first order in the interaction between the projectile and the target. This can be done 
in various ways: we shall use here the Golden Rule of perturbation theory, derived in 
Section 9.2. 

In order to keep the discussion simple, we consider a particular example: the 
collision of a fast (but non-relativistic) positron with a hydrogen atom initially in the 
ground state 1s (characterised by the quantum numbers n = 1,/ = 0 and m = 0). 
We want to calculate the cross-sections for: 


(1) the elastic scattering process 
e* + H(100) > e* + H(100) (13.196) 


in which the positron is scattered and the hydrogen atom remains in the 
same (100) state; 


(2) inelastic (excitation) collisions in which the scattering of the positron is accom- 
panied by the excitation of the hydrogen atom to some other state characterised 
by the quantum numbers n, / and m (withn £ 1) 


e* + H(100) > e* + H(nlm). (13.197) 


Let us denote respectively by r; and rz the coordinates of the incident positron and 
the target electron with respect to the hydrogen nucleus (which is massive enough 
so that we can neglect its motion). The unperturbed Hamiltonian is the sum of the 
kinetic energy operator of the positron and the Hamiltonian of the hydrogen atom 

2 2 2 
he _, h _, e 


Hy = ——V; -—- —V;3 -— ———_ 13.198 
’ m ! (4 €0)r2 ( ) 
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where mm is the electron (positron) mass. The unperturbed wave functions are eigen- 
functions of Ho. In particular, the initial unperturbed wave function is 


®, = (27)~>/* exp(ik.r))¥100(r2) (13.199) 


where k is the wave vector of the incident positron, the plane wave has been ‘nor- 
malised’ to a Dirac delta function, and yjo9 denotes the hydrogen atom ground state 
wave function. The total energy E, corresponding to the initial state (13.199) is the 
sum of the kinetic energy A7k* /2m of the incident positron and the energy E, of the 
bound electron in the ground state (n = 1) of the hydrogen atom: 
212 
a aed + Ej. (13.200) 


2m 


The final unperturbed wave function is given in the case of an elastic transition by 
®P, — (2n)3/? exp(ik’.r,)W100(r2) (13.201) 


where k’ is the wave vector of the scattered positron. For an inelastic (excitation) 
transition, we have instead 


®, = (27) ~7/? exp(ik’ 11) Wnim (2) (13.202) 


where Wpim 1S the wave function of a hydrogen atom in the state characterised by the 
quantum numbers (nlm), with n # 1. In both cases (13.201) and (13.202) the total 
energy E;, corresponding to the state ®, 1s given by 


Ep. = + En, (13.203) 


E,, being the bound-state energy of the hydrogen atom in a state of principal quantum 
number n. Energy conservation requires that E, = Ey, or in other words 
Ak hk’ 
LIT, 5 ee 
2m ea 2m 


ray oe (13.204) 


Thus for an elastic collision we have k = k’. On the other hand, for an excitation 
process, we see from (13.204) that 


>. al a ae 
= |k -a('-3)| . wei (13.205) 


where we have used (7.114) with Z = 1 and w = m, and ap is the Bohr radius (1.66). 
We remark that for fast incident positrons one has kag >> 1. For example, if the 
incident positrons have an energy of 500 eV one has kao ~ 6. 

The perturbation H’ is the interaction (which we shall continue to call V) between 
the projectile and the target. In the present case it is the sum of the Coulomb 
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interactions between the incident positron and the hydrogen nucleus, and between 
the positron and the bound electron. That is 


er (] | 
Viri,%m) = — —- — (13.206) 
4 Eq r| ri2 
where riz = |r) — F2|. The matrix element H,, appearing in the Golden Rule 
formula (9.57) 1s therefore given by 
Hy, = (Pp|V|®u) = (27) P78 (13.207) 


where the first Born transition matrix element 
Ty, = / ery (F2)V (ri, F2)e“" Wioo(r2) dr) dry (13.208) 


is the obvious generalisation of the potential scattering first Born transition matrix 
element (13.154). Using the explicit expression (13.206) of the interaction potential 
and introducing the wave vector transfer A = k —k’, we can also rewrite (13.208) as 


2 
[ = eee / explidAt) Wim (F2)( = — ~ ) oo(ra)dr dp. (13.209) 
An £0 r| r\2 

In order to obtain the first Born differential cross-section, we first calculate the 
first-order transition rate given by the Golden Rule formula (9.57). The density of 
final states p,(E,) can be found in a way similar to that discussed in Section 11.7. 
With the ‘normalisation’ of plane waves adopted in (13.201) and (13.202), the number 
of states whose wave vector k’ lies within the solid angle d&2 and having an energy 


in the range (Fy, E, + dE;,) 1s 
pny(Ep,)dQdE, = dk’ = k’*dk’dQ (13.210) 


so that p,(E,) = k’dk’/dE, = mk’/h?. Using (9.57) and (13.207), the first-order 
transition rate Corresponding to positrons scattered within an element of solid angle 
dQ is thus given by 


1 
dWia = a Moa | Pp(E,)d&Q2 


—§ / 

= OR) BM ao. (13.211) 

h h 

The first Born differential cross-section is now obtained upon dividing dW,, by the 
element of solid angle dQ, and by the incident flux F of positrons. With the ‘nor- 
malisation’ adopted for the incident plane wave in (13.199), we have F = (27)~>v, 
where v = fk/m 1s the incident positron velocity. Thus the first Born differential 
cross-section for either elastic or inelastic positron—atomic hydrogen scattering is 


do 
dQ 
where 7/8 is given by (13.209). 


k’ 
= (20) *m*h IT yal (13.212) 
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Elastic scattering 


We shall now illustrate the above formulae for a few typical processes, beginning 
with elastic scattering. In this case k = k’, so that the magnitude of the wave vector 
transfer is given as in potential scattering by the expression A = 2k sin(@/2), where 
0) is the scattering angle. The transition matrix element (13.209) reduces to 


e? 1 | 
i= [ expGa.ryWhontead? (= = — )ariar 
Am Eo ry) 2 
= [ exp. Vairyary (13.213) 
where 


Vari) = (¥1001V 1v100) 
e? (1 1 
J r00tre) (— = ~ Jar, (13.214) 
ror 


An £0 


is the average or static potential felt by the incident positron in the field of the ground- 
state hydrogen atom. We see from (13.213) that 7? is proportional to the Fourier 
transform of V,,. Using the explicit form of Wj09(r2) (see Table 7.1) and expanding 
1 /r;2 in spherical harmonics according to (10.78), one finds (Problem 13.20) that the 
static potential is given by 


2 


V5 (1) = a ( + * exp(—2r, /ao). (13.215) 
(47 €9) ao ry 


This potential is central, repulsive and of short range. 

Upon substituting the expression (13.215) for V(r) in (13.213) and using the 
methods developed in Section 13.5 for potential scattering in the first Born approxi- 
mation, one obtains (Problem 13.21) 


2 2 
A 8 
T® Ang? e (Ado)* + 


° Am €p [(Aao)? + 4)? ie 


and from (13.212) the corresponding elastic first Born differential cross-section is 
found to be 


doS —, 4[(Aao)? + 87 


dQ [(Aao)? + 4] pee 


We remark that in the forward direction (A = 0) this cross-section has the constant 
value ae, and falls off like (Aag)~* for large values of Ado. The differential cross- 
section (13.217) is illustrated in Fig. 13.13 for an incident positron energy of 500 eV. 
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(a3/sr) 


do 
dQ 


107! 
10-2 


10-3 
0 10 15 20 25 30 35 
6 (deg) 
Figure 13.13 The first Born differential cross-sections (in units of az /sr) for (a) elastic scattering 
of positrons by the ground state of atomic hydrogen, (b) the excitation of the 2s level and (c) the 


excitation of the 2p level by positron impact as a function of the scattering angle 6. The energy 
of the incident positrons is 500 eV. 


The total first Born cross-section for elastic scattering is given by 
Td B 
Qn / mel sin dO 
9 dQ 


y) 2k d B 
Z — | “a AdA (13.218) 
0 


Oc, (el) 


where we have used the fact that the differential cross-section (13.217) only depends 
on the magnitude A = 2k sin(@/2) of the wave vector transfer. The integral on the 
right of (13.218) is readily performed and yields the result 


» 7(kag)* + 18(kao)? + 12 


B = 
Oim(€l) = Rag—— (13.219) 
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At high energies (so that kay >> 1) the leading term of 0B (el) is given by 
7 
a8 (el) ~ re (13.220) 


Thus, if E = h*k?/2m is the energy of the incident positron, we see that o8 (el) is 
proportional to E~! when E is large, as in the potential scattering case (see (13.159)). 


Inelastic collisions 


Let us now consider inelastic collisions of the type (13.197). In this case the final 
target state (Wyim) differs from the initial one (Wj99). Since target wave functions 
corresponding to different states are orthogonal, the term (1/r,) arising from the 
positron—nucleus interaction does not contribute to the integral on the right of (13.209). 
Thus, in first Born approximation, the inelastic process (13.197) can only occur 
because of the interaction between the incident positron and the bound electron, and 
the first Born transition matrix element for inelastic scattering reduces to 


e* ; l 
7. = — [ expG Ar ig 2) —Vroo(ra) arid. (13.221) 
Am Eo r\2 


We also note that for excitation scattering the magnitude of the wave vector transfer 
is such that 


A? =k? +k? — 2kk’ cos0 (13.222) 


where @ is the scattering angle, and k’ is related to k by (13.205). In contrast to elastic 
collisions, where 0 < A < 2k, in the case of excitation scattering A varies from a 
non-zero minimum value A,j, = k — k’ (reached for 6 = 0) to the maximum value 
Amax = k + k’ (reached for 6 = zz). 

The integral over the variable r,; in (13.221) can be performed by using the Bethe 
integral 


| expiO.ri) 
dF 


r\2 


A 
— exp(iA. ro) | ee ar 


exp(—ar)2) re 


exp(iA.r) Fontes 
An 
= Az CxPiA.r2) (13.223) 


so that (13.221) becomes 


e 
7 — ee ro ao | Win ta) exptid. r2)Wio0(r2)dr2. (13.224) 


As a first example, let us consider the excitation of the 2s state of atomic hydrogen 
(n = 2,1 = 0,m = 0) from the ground state (1s) by fast positrons. In this case the 
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first Born transition matrix element 1s given by 


e* 


B 
T. — 
28.18  Arrey A2 


=| W099 (r2) exp(iA.r2) Wi00(r2)dre. (13.225) 


Expanding exp(iA.r2) in spherical harmonics (see (7.78)) and using the fact that both 
Wioo(r2) and Wo9(r2) are — symmetric, we have (Problem 13.22) 


| 
Po = i6n = — 4 (13.226) 
me Amey. “hata? Zee 


Substituting this result in (13.212), we find that the corresponding first Born differ- 
ential cross-section is 


doi,  k’ 12844 


ee 13.227 
dQ —— k [(Aao)? + 21° 
where (see (13.205)) 
3 \!2 
k= G — a) (13.228) 
4a; 


It is interesting to note that at high energies (where k’ ~ k), the 
cross-section (13.227) is nearly constant as a function of k in the forward 
direction. We also remark that for large values of Aap, the expression (13.227) 
falls off like (Ado)~!*, i.e. much faster than the first Born elastic differential 
cross-section (13.217), which decreases like (Aao)~* for large values of Ado. The 
much slower decrease of do? 1/d&2 at large scattering angles is due to the fact that 
the projectile-nucleus interaction e / (47 €9r,;) does contribute to the first Born 
transition matrix element (13.209) in the elastic scattering case, while it contributes 
nothing for inelastic collisions. The differential cross-section (13.227) is illustrated 
in Fig. 13.13 for an incident positron energy of 500 eV. 

The total first Born cross-section for the 1s—2s transition is given by integrating 
the differential cross-section (13.227) over all scattering angles. Using (13.222), we 
have 


Sve nee mare 128a9 | _ = dA (13.229) 
S—_a ZS) = — E ‘ 
2 Ja, [(Aao)? + 2] 


This integral can readily be evaluated analytically, but we shall only be interested 
here in obtaining the leading term of o8.(1s — 2s) at high energies (kay >> 1). To 
this end, we remark from (13.228) that for large values of kag one has 


t {~. _ 3 vee 
ki (1 are ; (13.230) 


so that Amin = k — k’ = 3/(8kaz) and Amax = k +k’ = 2k. Since most of the 
contribution to the integral (13.229) comes from the region of small A, and because 
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(Aminao)” < 9/4, the leading term of oP (1s — 2s) can be obtained by wniting 


128a-2 ¢* A 
o® (1s > 2s) ~ an ee | —___da, (13.231) 
k* Jo [(Aao)? + 5] 
Hence 
1282 (2\'° 
of (Is — 2s) = = (5) k-? (13.232) 


and we see that this cross-section falls off like E~' for large incident positron energies, 
as in the elastic scattering case (see (13.220)). 

As a second example of inelastic collisions, we shall analyse the excitation of the 
2Pm(m = 0, £1) states of atomic hydrogen by fast positrons. In this case the first 
Born inelastic matrix element (13.224) becomes 

B ene | 4 iA d 13.233 
Pyp,,.15 ae “Aen Ae Wp, (F2) exp(iA.r2)Wi00(r2)dro. (13.233) 
The integral on the right of this equation is easier to evaluate if one chooses the 
quantisation axis to lie along the wave vector transfer A. Upon performing the 
integration over the azimuthal angle ¢2, the factors exp(+1¢2) that appear in the wave 
functions Y2p,, for the magnetic substates m = +1 prevent those substates from 
being excited. The only final substate which is excited is therefore the 2po one, the 
corresponding first Born transition matrix element being (Problem 13.23) 
e? 22 | 
4me€9 ° Aag[(Aao)? + 2) 


Tes = —i24n v2 (13.234) 


The first Born differential cross-section for the transition 1s > 2po, obtained by 
substituting (13.234) into (13.212), is 


doy..ts _&k 288aé 


dQ k (Aao)*{(Aao)? + 2)6 


(13.235) 


Because of the presence of the factor (Aao)~2, this differential cross-section ex- 
hibits at small wave vector transfers a much stronger peak than the one correspond- 
ing to the elastic differential cross-section (13.217) or the 1s—2s differential cross- 
section (13.227) (see Fig. 13.13). On the other hand, we see that the first Born 
differential cross-section (13.235) falls off like (Aag)~'* for large Aag, which is 
much faster than the (Aayg)~* decrease of the first Born elastic differential cross- 
section (13.217). As we mentioned above, the much slower decrease of do3/dQ at 
large values of Aap is due to the non-vanishing contribution of the projectile—nucleus 
interaction term e*/(47 eor)) to the first Born transition matrix element (13.209) for 
elastic collisions. 
The total first Born cross-section for 1s—2p excitation is given by 


288a? [~ A 
Amin 


B 
o...(ls > 2p) = 2z ———————— dA 
| P) k? (Aao)?[(Aao)? + 2] 


(13.236) 


Problems 
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As in the case of the Is—2s transition we shall only be interested in obtaining the 
leading term of o3 (1s — 2p) at high energies (kao >> 1). Most of the contribution 
to the integral on the right of (13.236) comes from the region of small values of A 


near Amin = k —k’ = 3/(8ka?), so that when kay > | one finds that (Problem 13.24) 


576n (2\"" 
Oo (1s > 2p) x ia (=) log(kao). (13.237) 
We see that at high energies this cross-section behaves like k~? log k, or in other 
words is proportional to E~! log E, where E = h*k*/2m is the projectile energy. 
This is in contrast with the elastic and Is — 2s first Born cross-sections which fall 
off more rapidly (like E~') for large E (see (13.220) and (13.232)). The presence of 
the logarithmic factor on the right of (13.237) is due to the fact that the differential 
cross-section (13.235) behaves like A~* at small wave vector transfers, so that the 
integrand on the right of (13.236) is proportional to A~! for small A. It is interesting 
to note that this feature is in turn a consequence of the infinite range of the Coulomb 
interaction. As one might expect from the above discussion, the enhancement of the 
high-energy differential cross-section at small angles and the (E~! log E) fall-off of 
the total cross-section is not only exhibited in the 1s—2p transition, but in any ‘dipole 
allowed’ transition in which the change in the orbital angular momentum quantum 
number of the target hydrogen atom satisfies the selection rule |A/| = 1. Finally, 
we remark that since in first Born approximation the cross-sections are independent 
of the sign of the interaction potential, the first Born cross-sections corresponding to 
fast incident electrons are identical to those we have obtained above for fast incident 
positrons, provided exchange effects between the incident and target electrons are 
neglected. Such exchange effects are in fact small at high incident energies. 


13.1 Consider the scattering of a beam of particles by a potential of range a. 
Find the uncertainty in the angle of scattering when the particles are: 


(a) protons of energy 10 MeV anda = 2 x 107? m; 
(b) electrons of energy 5 eV anda = 107!° m; and 
(c) protons of energy 10 keV anda = 107!° m. 


13.2 Consider the elastic scattering of particles A of mass ma by target parti- 
cles B of mass mg. 


(a) Show that all the target particles emerge in the forward hemisphere in the 
laboratory coordinate system. 

(b) Ifthe angular distribution is spherically symmetric in the centre-of-mass system, 
what is the angular distribution of the target particles in the laboratory system? 


13.3 Two beams of protons intersect, the angle between the beam directions 
being 5°. If the kinetic energy of the protons is 5 keV in one beam and is 5.1 keV in 
the other, calculate: 
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(a) the magnitude of the relative velocity of a proton in one beam with respect to a 
proton in the other beam; and 


(b) the energy in the centre-of-mass system. 


13.4 Consider a collision between two atoms A and B in which the atoms of 
type A are excited, 


A+B-— A*+B. 


If the masses of A and B are ma and mg, respectively, and if the excitation energy 
transferred to A during the collision is Q@ (Q > OQ), show that the laboratory and 
centre-of-mass differential cross-sections for observation of the excited atoms A* in 
a given direction are related by 


(1+1*+21cos6)?/* do 


do 
One) =—-— = 
da, ) 11 +t cos6| aq’??? 


where the subscript L refers to laboratory quantities, and 


ma ( T; ) 
t= — 
ma \T,-@Q 


7, being the initial kinetic energy in the centre-of-mass system. 


13.5 Prove that the asymptotic form (13.28) holds provided rV(r) — O as 
r—> o. 
(Hint: Write solutions of the radial equation (13.36) for large r in the form 


R,(k, r) = Fy(k, rr) exp(tikr)/r 


where F; is a slowly varying function of r. Obtain an equation for F; and prove that 
if r|V(r)| — Oasr — ov, then F; is independent of r in the limit r > oo.) 


13.6 Consider a potential of the form V(r) = Vo/r?. 


(a) Assuming that Vo > 0, obtain the phase shifts 6, and show that 
6) = —(m2mVo/h?){2(21 + 1)}~'! when / is large. Discuss the angular 
distribution. Is the differential cross-section finite in the forward direction? Is 
the total cross-section finite? 


(Hint: For given v and large p one has j,(p) X p~! 


sin(p — vm/2).) 


(b) Suppose now that Vo < 0. How must the treatment of (a) be modified? Show that 
the radial equation (13.36) has physically acceptable solutions if (2mVo/h*) > 
—1/4. 
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13.7. | Suppose that in an elastic scattering experiment between two spinless parti- 
cles the centre-of-mass differential cross-section may be represented by an expression 
of the type 


d 
= — A+ BP,(cos6) + C Px(cos6) +--- 


Express the coefficients A, B and C in terms of the phase shifts 6,. 
(Hint: Use the orthogonality relation (6.80) of the Legendre polynomials and the 
recurrence relation (6.83a).) 


13.8 | Consider the scattering of a particle of mass m by a central potential V(r) 
which is negligible for r > d. 


(a) Show that 
kj, (kd) — y1(k) (kd) 


ae kni(kd) — yi(k)nj(kd)’ ” 
where j; (x) = dji(x)/dx, n(x) = dnj(x)/dx and 
d Ritk, a] 
ey) (ses hs eS 2 
vik) Riker) |, (2) 


is the value of the logarithmic derivative of the regular, interior solution R} (k, r) 
of the radial equation (13.36), evaluated at r = d. 
(Hint: Use the fact that in the exterior region r > d, the solution of the radial 
equation (13.36) can be written in the form (13.66)) 

(b) Using the properties of the functions j; and n; (see Section 7.3), prove that 


(kd)2!+! = vid 


tan 5, (k) > Dy Talia’ (3) 
where 

D,; = (21+ WI'N(27) — 1)!', I> 0, (4a) 

Do = 1 (4b) 
and 

yi = him y(k). (5) 


(c) Assuming first that yd 4 —(/+ 1), prove that the partial wave amplitudes f)(k) 
exhibit the low-energy behaviour 


ese GO 
ful) ~ 4 (6) 


so that except for the s-wave (/ = 0) contribution which in general tends to a non- 
zero constant, all partial cross sections o; (J > 1) vanish as k*’. The scattering is 
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therefore isotropic at very low energies. Prove also that the scattering amplitude 
f is given as k > Oby 


f ee, ae (7) 


where q is the scattering length (13.59). 
(d) Examine how the results obtained in (c) must be modified when by accident 


yd = —(1 +1). (8) 


(Hint: Show first that the result (7) is unchanged if the ‘accident’ (8) occurs for 
| > 2. Then prove that if equation (8) holds for / = 0, one has tan 59(k) ~ k7! 
as k — QO, so that 


folk) ~ isk (9) 


and the scattering length a diverges like k~* when k — 0. This singular case 
is often called a zero-energy resonance. Finally, if equation (8) holds for / = 1, 
prove that the scattering amplitude is given as k — 0 by 


f >a B cosé (10) 


where a is the scattering length and 6 is a constant. Hence in this case the 
differential cross section is not isotropic when k — 0. ) 


13.9 Find the total cross-section for low-energy (s-wave) scattering by a poten- 
tial barrier such that 


Vir) = Vo(> 0) r<a 
0, r>a. 


Derive the ‘hard-sphere’ zero-energy result (13.83) as a particular case. 


13.10 Assuming that the potential between a neutron and proton in the triplet 
(S = 1) state is a square well of depth 38.5 MeV and of range 1.93 x 10-'° m, 
calculate the scattering length and effective range. Repeat the calculation for the 
singlet (S = 0) state, taking the singlet well depth and range to be 14.3 MeV and 
2.50 x 10~'> m, respectively. Find in each case the centre-of-mass energy up to which 
the effective range formula for k cot 59 is accurate to within 10%. 


13.11 Obtain the radial integral equation (13.141) and the expression (13.143) 
for tan 6, by analysing the integral equation (13.130) in partial waves. 

(Hint: Use the expansion (13.45) of the incident plane wave in partial waves, and 
the expansion 


elklr—r'| 


poe TK DUAL + Diner Linkers) + im kr. )1 Pi (cosa) 
=0 


Problems @ 639 


where r. and r, denote respectively the lesser and the greater of r and r’, and a is 
the angle between the vectors r and r’.) 


13.12 Using the first Born approximation (13.149) for tan 6;, prove that for the 
square well (13.63) one has for / >> ka 


, (ka)!+! 
jane Oe Usa 
tao (OP Ill 3) 
so that 
O1+1 ka ; 
— ~{[—], l k 
5 (=) Cer 


(Hint: Use the approximate formula (7.65a) for j;(kr).) 


13.13 Use the first Born approximation (13.149) for tan 6; to show that 
] OO 
tand;(k) —> a / U(r)dr + O(k-?) 


(Hint: Use the asymptotic expression (7.66a) for j;(kr).) 


13.14 Using the first Born approximation (13.149) for tan d;, obtain the / = 0 
phase shift for scattering by 


(a) the Yukawa potential V(r) = Vo r—! exp(—ar), 
(b) the ‘polarisation’ potential V(r) = Vo/(r? + d*)*, where d is a constant. 


13.15 Obtain in the first Born approximation the scattering amplitude, the differ- 
ential and the total cross-sections for scattering by the following potentials: 


(a) Exponential potential 
V(r) = Vo exp(—ar) 
(b) Gaussian potential 
V(r) = Vo exp(—a’r’) 
(c) Square-well potential 


Vir) =Vo r<a 
= '() r>a. 


(d) ‘Polarisation’ potential 
V(r) = Vo/(r? +d’)’. 


Discuss the angular distributions and compare your results with those obtained in the 
text for the Yukawa potential V(r) = Voexp(—ar)/r. Verify that oB ~ AE7' as 
E — oo, and find the coefficient A in each case. 
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13.16 Consider the elastic scattering of a carbon nucleus Ze by an oxygen 
nucleus '°O at a centre-of-mass energy of 1 MeV. 


(a) Use a simple classical argument to show that only the Coulomb interaction 
should be taken into account. Obtain the corresponding differential cross- 
section in the centre-of-mass system. 

(b) Suppose that the pure Coulomb interaction is screened at adistance rp = 107!°m 
by the presence of atomic electrons, and that the effective interaction is given 
by 

V(r) = A exp(-r/ro). 
(47 €o)r 
Use the first Born approximation to obtain an estimate of the angular range over 
which the differential cross-section arising from the potential V(r) differs from 
the pure Coulomb (Rutherford) result obtained in (a). 


13.17. Alpha particles having a laboratory kinetic energy of 4 MeV are scattered 
elastically by copper nuclei $3Cu. In performing this experiment, it is observed that the 
pure Coulomb scattering law is obeyed even for scattering in the backward direction. 
Using simple classical considerations, obtain an upper limit of the radius R of the 
s9Cu nucleus. 


13.18 Two alpha particles having a centre-of-mass energy of 1 MeV scatter 
elastically. Obtain and plot the Mott differential cross-section in the centre-of-mass 
system. Compare your results with those obtained (a) by ignoring the interference 
term and (b) by ignoring the fact that the two particles are identical. 


13.19 Consider proton—proton elastic scattering in the centre-of-mass system. 


(a) Compute and plot the Mott differential cross-section at an energy of 25 keV. 
(b) Justify the neglect of nuclear forces made in (a). About what energy would you 
expect this approximation to fail badly? 


13.20 Obtain the result (13.215). 
13.21 Derive equation (13.216). 
13.22 Derive equation (13.226). 
13.23 Obtain the result (13.234). 
13.24 Obtain the expression (13.237). 
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Until now we have considered quantum systems which can be described by a single 
wave function (state vector). Such systems are said to be in a pure state. They 
are prepared in a specific way, their state vector being obtained by performing a 
maximal measurement in which all values of acomplete set of commuting observables 
have been ascertained. In this chapter we shall study quantum systems such that 
the measurement made on them is not maximal. These systems, whose state is 
incompletely known, are said to be in mixed states. Instead of a single wave function, a 
Statistical mixture of wave functions must be used to describe these systems. Quantum 
statistical mechanics is the branch of physics dealing with such quantum systems in 
mixed states; it is the quantum analogue of classical statistical mechanics. It should 
be noted that statistics enters at two levels in quantum statistical mechanics: first, 
because of the statistical interpretation of the wave function and second, because of 
our incomplete knowledge of the dynamical state of the system. 

We shall begin our study of quantum statistical mechanics by developing the density 
matrix formalism for handling mixed states. As an application, we shall analyse the 
spin properties of spin-1/2 particles. The equation of motion of the density matrix 
will then be derived and the equation of motion of an observable will be obtained. The 
density matrix will also be used to characterise various statistical ensembles. Finally, 
we shall obtain Bose—Einstein and Fermi-—Dirac distribution laws for ensembles of 
identical bosons and fermions respectively, and shall discuss several applications. 
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14.1 


The density matrix 


Let us consider a system consisting of an ensemble of N_ sub-systems 
a = 1,2,...,N. We suppose that each of these sub-systems is in a pure state and 
is therefore characterised by a distinct state vector ¥), which using the Dirac 
notation will be denoted by |w). The state vectors |w) are assumed to be normalised 
to unity, but need not be orthogonal to each other. 

Next, let us choose a complete set of basis vectors |n), namely orthonormal eigen- 
vectors of some complete set of operators. Since these basis states are orthonormal, 


(n'|n) = Syn (14.1) 


where the symbol 6,,,, should be replaced by 65(n — n’) when the indices n and n’ are 
continuous. Because the set of basis vectors is complete, we have 


So |n)(n| = 1. (14.2) 


Let us expand the pure state |w) in the basis states |), namely 


a) = Yc In). (14.3) 


Using (14.1) the coefficients c' are given by 
ee = (n\|a) (14.4) 
and since the state |w) is normalised to unity we have 


ee (14.5) 


Consider an observable represented by an operator A. The expectation value of 
this operator in the pure state |@) is 


(A)y = (a\Ala) = ee (1) ("| Aln) 
— > > (nla) (e|n’)(n'| Aj). (14.6) 


The average value of A over the ensemble, called the ensemble (or statistical) average 
of A is given by 


N 
=) Wal A)a (14.7) 
a=! 


where W, is the statistical weight of the pure state |v), namely the probability of 
finding the system in this state. The statistical weights must clearly be such that 


O< Wa < | (14.8) 
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and 


N 
> W, = (14.9) 


a=! 


Using the result (14.6), we may write (14.7) as 


N 
= DY) Wace *ch (n'|Aln) 
a=l| n n’ 
= >> BD (nla) Wa(a|n’)(n'|Aln). (14.10) 


Let us now introduce the density operator (or statistical operator) 


N 
p= > la) Waa]. (14.11) 
—4| 


Taking matrix elements of the density operator between the basis states |n) we obtain 
the density matrix in the {1} representation, whose elements are 


N 


Pan = (n|p|n') = > (nla) Wa (eln') 


a=| 


eee. (14.12) 


iy 


Note that while the density operator is independent of the choice of the representa- 
tion, the density matrix has a different form in different representations. Returning 
to (14.10) and using (14.12), we see that 


= D> nlaln’)(n'Aln) 
= Di (n|pAln) 


= Tr(pA) (14.13) 


where the symbol Tr denotes the trace. Thus the knowledge of the density matrix 
enables us to obtain the ensemble average of A. We also remark that if we take A to 
be the identity operator / and use the fact that the pure states |a) are normalised to 
unity, we obtain the normalisation condition 


Tro = 1. (14.14) 


If the pure states |w) are not normalised to unity then the ensemble average of A is 
given by 


(A) = Tr(pA)/Trop. (14.15) 
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As seen from its definition (14.12) the density matrix is Hermitian, namely 
(n|p|n’) = (n'|p|n)* (14.16) 


and hence can always be diagonalised by means of a unitary transformation. The 
diagonal elements of the density matrix, 


N 
Pan = (nipin) =) Walon? | (14.17) 
a=! 


have a simple physical interpretation. Indeed, the probability of finding the system 
in the pure state |a) is W, and the probability that |@) 1s to be found in the state |r) is 
|c|?. Thus the diagonal element p,, gives the probability of finding a member of 
the ensemble in the (pure) state |”). We also note from (14.8) and (14.17) that 


Pnn 2 9 (14.18) 


so that p is a positive semi-definite operator. Moreover, combining (14.18) 
with (14.14), we see that all diagonal elements of the density matrix must be such 
that 


0 < pan <1. (14.19) 


Let us choose a representation {k} in which the density matrix is diagonal. In this 
representation we have 


Pkke = PkROKK’ (14.20) 


where p;,; 1s the fraction of the members of the ensemble in the state |k). Furthermore, 
using (14.14) and (14.19), we find that 


Tr(p*) < Trp = 1 (14.21) 


a relation which remains valid in any representation since the trace 1s invariant under 
a unitary transformation. Note that since the density matrix is Hermitian we may 
write the result (14.21) in the form 


So enn |? <1. (14.22) 


Let us now consider the special case such that the system is in a particular pure 
state |A). Then W, = d,, and we see from (14.11) that the density operator is just 


p* = |A\Al. (14.23) 
This is a projection operator onto the state |A), with 

(p*)? = p*. (14.24) 
Hence, in this case the relation (14.21) becomes 


Tr(p*)? = Trp* = 1. (14.25) 


14.2 
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It is worth noting that the equation Tr(o*)* = 1 gives us a criterion for deciding 
whether a state is pure or not that is invariant under all unitary transformations. We 
also see from (14.10) that if the system is in a particular pure state |A) we must have 


(A) = (AlAlA) (14.26) 
as expected. This result can equally be deduced from (14.13), since 


Tr(p*A) = DD (nlp*in’)(n'|Aln) = (ALIA). (14.27) 


Suppose that we are using a representation {k} in which o* is diagonal. Then the 
above equation will be satisfied if 


Diy = 5erSer (14.28) 


so that the only non-vanishing matrix element of p* is the diagonal element in the Ath 
row and column, which is equal to one. As a result, all the eigenvalues of the pure 
state density operator p* are equal to zero, except one which is equal to unity. This 
last property is independent of the choice of the representation, and may therefore be 
used to characterise the density matrix of a pure state. 

In the foregoing discussion we have labelled the rows and columns of the density 
matrix Onn by simple indices n and n’. In general, the symbol n refers to a set of 
indices, some of which take on discrete values while others may vary continuously. 
In many cases, however, we are interested in some particular property of the system, 
for example the spin. We then omit the dependence of the density matrix on all other 
variables, keep only the relevant indices and define in that manner a reduced density 
matrix. 


The density matrix for a spin-1/2 system. Polarisation 


As an illustration of the general methods outlined above, we shall now consider the 
simple case of a spin- 1/2 system, for example a beam of electrons. The possible pure 
States of a spin-1/2 particle can be labelled by the eigenvalues (p,, p,, p-) of the 
three components of its momentum, and by the eigenvalues m,f (with m, = +1/2) 
of its spin projection along an axis which we choose as our z-axis. We shall denote 
the corresponding kets by |p,. p,, p:, ms). Hence the elements of the density matrix 
are given in this case by 


(n|p|n’) = (Px, Py, Pzs Ms|P|P\> Py» Pe» ™,)- (14.29) 


We note that the momentum indices are continuous, while the spin indices are 
discrete. Since we are only interested here in the spin properties, we shall disregard the 
momentum labels and focus our attention on the reduced density matrix (m,|p|m{), 
which is a 2 x 2 matrix in spin space. 

As an example, consider two beams of electrons. The first one contains N, electrons 
prepared in the pure state | x “’) and the second N, electrons prepared independently 
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in the pure state |x). From (14.11) the density operator describing the joint beam 


is given by 
p= Walx) (x1 + Wal)! (14.30) 
where the Statistical weights W, and W, are given by 
N, N 
.=——-, OW =. (14.31) 
Na + Np, Na ns Np 


Let us now choose a set of two basis states |x,) and |x2), for example the two basic 
spinors |@) and |), defined by (6.208), and corresponding respectively to ‘spin up’ 
and ‘spin down’ states. Expanding |x) and |x) in terms of these basis states 
|X1) = la) and |x2) = |B), we have 


1x1) + es" 1x2), (14.32a) 
x) = x1) + cP Ly2) (14.32b) 


(a) 
= Cy 


and we see from (14.12) that the density matrix is given in the representation 
{(1xi),@ = 1, 2} by 


a b a a)* b b)* 
(" Ic\ ue Wale} i? Wac} eS ) + Wee i | ) 
p 
a)* (a b)* (b a (b 
Wc} ) c ) + W,c\ ) cs ) Wiles )\2 + W,\c> 2 


In particular, if the mixture consists of N, electrons prepared in the ‘spin up’ state 
|x1) = |@) and N> electrons prepared in the ‘spin down’ state |x2) = |B) the joint 
beam will be represented by the density operator 


p = Wilx1) (x1 + Welx2) (x2! (14.34) 


with W; = N,/(N, +N) and W) = No/(N,+N?). Since in this case c\ = c{” = | 
and cl) = cS” = 0, we see that the density matrix (14.33) becomes 


_ (Ww, 0 
= ) (14.35) 


and is therefore diagonal in the {| x;)} representation. 


(14.33) 


Polarisation 


Let p be a general 2 x 2 density matrix describing a spin-1/2 system. Because the 
unit 2 x 2 matrix / and the three Pauli spin matrices (6.243) form a complete set of 
2 x 2 matrices, we may write the density matrix p as 


p = aol +. ayo, + ayoy + a,0, = aol + ao (14.36) 


where do, @;, dy and a, are four complex parameters. The value of the parameter ao 
can immediately be obtained by taking the trace of both sides of this equation. Since 
Tro = 1 (see (14.14)), Tr = 2 and Tro; = 0 (with? = x, y, z), we find that 


ay = 5. (14.37) 
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To understand the meaning of the coefficients a;(i = x, y, z), let us calculate the 
average value of o;. According to (14.13), we have 


(o;) = Tr(po;). (14.38) 
From (14.36) together with the fact that Tr(o;o;) = 26;;, we obtain 

(o;) = 24;. (14.39) 
Using (14.37) and (14.39) we can therefore rewrite (14.36) in the form 

p=; +o.P) (14.40) 


where we have introduced the polarisation vector 


Making use of the explicit representation (6.243) of the Pauli matrices, we may also 
write (14.40) in the form 


1+ P. P,—iP, 
eae z x y 
ee 2 te | — P, ) ee) 


In order to give a simple physical interpretation to the polarisation vector P, let us 
diagonalise p. We find in this way that 


_ ,(1+P 0 
p= ‘ mere (14.43) 


where the quantity P = +|P| = +(P? + P? + P?)'/ * may be obtained from the 
equation 


P? = 1 —4det p (14.44) 


in which det p denotes the determinant of the density matrix. From (14.42) and (14.43) 
we see that in the representation where p is diagonal one has 


P,=P,=0, P=P. (14.45) 


so that the density matrix assumes its diagonal form if one chooses the direction of 
the polarisation vector P as the z-axis of the coordinate system. Using (14.40) we 
remark that in this representation o .P is also diagonal. Thus, if |x +) and |x |) denote 
the kets corresponding to ‘spin up’ and ‘spin down’ with P as the z-axis, we may 
write 


o.P |xt) = P|x?t) (14.46a) 
and 
o.P\xl) =—Pl\x 1). (14.46b) 


Returning to (14.43), and remembering the physical interpretation of the diagonal 
elements of the density matrix given after (14.17), we see that the quantity (1 + P)/2 
is the probability of finding in the mixture the pure states with ‘spin up’ along P. This 
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probability can also be expressed as N,/(N, + N_), where N, is the number of spin 

measurements giving the value f/2 in the direction P (the z-direction), and N_ is the 

number of spin measurements yielding the value —f/2. Thus we have 
Ni 

N,+N_ 

Similarly, the quantity (1 — P)/2 is the probability of finding in the mixture the pure 

states with ‘spin down’ along P and this probability is also given by N_/(Ns + N_): 


tl +P)= (14.47) 


lay — ee (14.48) 
2 Ny +N 
Hence, from (14.47) or (14.48) we see that 
N, — N_ 
PS (14.49) 
Ni + N_ 


is equal to the probability of finding the system in the state | x ¢) minus that of finding 
it in the state |x |). It is called the polarisation of the system. 
We remark that when P = 0 the diagonal density matrix (14.43) becomes 


19 
p=(2 (14.50) 
(1 


so that o = 4/1 and Tr(p?) = 5. The system is said to be completely unpolarised 
or in a completely random state. More generally, the diagonal form of an N x N 
density matrix corresponding to a completely random state is given by 


| 


On the contrary, when the system is in a pure state the density operator is such that 


p* = p (see equation (14.24)), so that for the spin-1/2 system under consideration 
here, we have from (14.40) 


[1 + 20.P + (o.P)?] = (1 +20.P + P’) 


= 1 +0.P) (14.52) 
which implies that P? = 1. Thus there are two pure states, corresponding to the values 
P = +1 and P = —1, respectively, and such that the system is totally polarised in 
the direction of the polarisation vector P (when P = 1) or in the opposite direction 
(when P = —1). For such pure states with spin projection +//2 along the z-axis 
(taken along P) the density matrices are given respectively by 
10 

P=\o0 for P= +1 (14.53a) 

and 


i () ') for P = -1. (14.53b) 
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Comparing (14.50) and (14.53), we see that the density matrix for a completely 
unpolarised system can be written as 


LQ) 1/10 1/00 
= 2 eS ek 4+ — 
Punp = € i] “2 ' 4 2 (; 43 i) 


Hence an unpolarised system of spin-1/2 particles (in which all spin directions are 
equally likely) can be regarded as made up of an equal mixture of two fully polarised 
systems, one in which all the particles have their spins aligned in the z-direction, 
and a second one in which an equal number of particles have their spins aligned 
in the opposite direction. It should be stressed, though, that the decomposition of 
equation (14.54) is not unique and can be made in an infinite number of ways. 

We have just seen that when P = O or |P| = 1| we have completely unpolarised 
and completely polarised systems, respectively. For all intermediate values of | P| 
such that 0 < |P| < 1 the system is said to be partially polarised. In that case we 
have 


1Tr(p*) = (1+ P*) <1. (14.55) 


Since Tr(p*) is an increasing function of |P|, Tr(o*) = 1/2 for a completely 
unpolarised system and Tr(o”) = 1 fora fully polarised system, it is natural to call 
| P| the degree of polarisation of the system. Returning to the diagonal form (14.43) 
of the density matrix, and using (14.50) and (14.53) together with the identity 


1/i+P 0 10 lo 
on 3 (14? 2 ,)=P(b9)+a-r(29) 41456) 


we see that a spin-1/2 system with polarisation P can be regarded as made up of a 
fully polarised part and an unpolarised part, mixed in the ratio P/(1 — P). 

We conclude this analysis of spin-1/2 systems by considering the problem of the 
number of parameters required to specify the density matrix. From (14.42) we remark 
that for a spin- 1/2 system in a mixed state the 2 x 2 density matrix is entirely specified 
by the three real independent parameters (P,, P,, P-). This is readily understood as 
follows. A complex 2 x 2 matrix has four complex elements corresponding to eight 
real parameters. Since the density matrix satisfies the hermicity condition (14.16) the 
number of independent real parameters is reduced to four. Finally, the normalisation 
condition (14.14) reduces this number to three. Thus, for a spin-1/2 system in a mixed 
state we need three independent measurements to determine the density matrix and 
therefore the state of the system. If we now specialise to the case of pure states, our 
foregoing discussion shows that the additional constraint P* = | must be obeyed, so 
that only two real independent parameters remain. 


The scattering of particles of spin 1/2 by particles of spin 0 


As an example of the use of the density matrix and of the polarisation vector, we 
shall analyse the elastic scattering of particles of spin 1/2 by particles of spin 0. The 
analysis can be applied, for instance, to the scattering of nucleons by pions. 
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Taking the axis of quantisation to be the direction of incidence, which 1s parallel to 
the z-axis, the z-component of the spin of the particles of spin 1/2 is S. = m,h with 
m, = +1/2. Let us consider scattering in which the initial spin state has S, = mh, 
and the final spin state has S, = m’h. The corresponding scattering amplitude will be 
denoted by fim (@, @), where (0, d) are the polar angles of the relative momentum 
hk’ of the particles in the final state. If the initial relative momentum of the particles 
is ik parallel to the z-axis, then for elastic scattering 


k= |k|=|k'| and k.k’ =k’cosé. (14.57) 


The amplitude finm(@,%) forms a two-dimensional matrix in spin space, since 
both m and m’ can take on the values +1/2. The matrix fim (@, @) 1S not, in general, 
diagonal because the interaction between the spin-0 and the spin-1/2 particles may 
be spin dependent. If the spin-1/2 particles are unpolarised in the initial state and no 
spin measurement is made in the final state, the differential cross-section is found by 
summing | finn (9, @)|? over the final spin states and averaging over the initial spin 
states 


d | 
(S) = 5 di lnm(@, oI. (14.58) 
unp mm’ 


The form of fin’m(@, @) can be deduced by appealing to rotational invariance. The 
only vectors from which fiym(0,@) can be constructed are k, k’ and o, where 
S = (f/2)o is the spin operator of the spin-1/2 particles. From these three vectors 
we can construct five independent quantities invariant under rotations, namely the 
scalar products k.k, k.k’, o.(k x k’), o.k and o.k’. Of these only the first three 
are unaltered under the transformations k — —k,k’ — —k’ and S — S, and 
hence conserve parity. Accordingly, for parity-conserving interactions (such as the 
electromagnetic and strong nuclear interactions), fmm(0, 6) can be written as 


fm'm(8,$) = f (8)bm'm + ig(6)(m'|o|m).n (14.59) 
where fi is the unit vector along the normal to the plane of scattering, defined as 
nh = (k x k’)/|k x k’|. (14.60) 


The amplitudes f(@) and g(@) are functions of k* (or the incident energy) and k.k’ 
only. From (14.59), we can see that fin’m (0, @) is the matrix element in spin space of 
the operator f defined by 


f= f@)l +ig@)o.n (14.61) 

Now consider scattering from an arbitrary initial spin state |x) to an arbitrary 
final spin state |x’), where |x) and |x’) are of the form (14.32). The differential 
cross-section is then given by 


do 5 
qo = Mx'iflxl’. (14.62) 
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Suppose that the initial beam of spin-1/2 particles is not in a pure state but is partially 
polarised and is described by a density operator p or by a polarisation vector P 
related to p by (14.40). If P is parallel to the z-axis (longitudinal polarisation), then 
from (14.49) 


N, — N_ 
Ny + N_ 
where N, and N_ are equal to the number of measurements of S, in the incident 
beam that would give the results h/2 and —h/2, respectively. 

The density operator p’ describing the beam of scattered particles in the direction 
(6, @) can be found from the operator f, as follows. The spin function | x’) arising from 
the initial pure spin state |) can be expressed as Cf|x), where C is a normalisation 
factor. Using (14.30), the density operator p’ 1s given by 


p’ = WIC P fx!) (fx! (14.64) 


P (14.63) 


where the quantity W; is the statistical weight of the pure spin state |x‘) in the initial 
beam. The expression (14.64) for p’ can be rewritten in the form 


a= crt ( mix'vix'l)e 


= |C|? fof". (14.65) 
The condition Trp’ = 1 determines |C|* and we find finally that 
fof" 
= . 14.66 
. Tr(fof') ( ) 


This relationship between the final and initial density operators is, in fact, quite 
general. In the present case for scattering of spin-1/2 particles by spin-0 particles it 
can be usefully expressed in terms of the polarisation vectors P and P’ for the initial 
and final beams. From (14.40), (14.13) and (14.66), we find 


P’ 


Tr(p'o) 


Tr(ff Tr(f(o .P)f' 
sx, oe Oe (14.67) 
Tr(ff') + Tr(f(o.P)f") 
If the initial beam 1s unpolarised and no spin measurement is made in the final state, 
the differential cross-section is given by (14.58), which can be written as 


do ] 
—) =-Triff') =|f@)? + 1g)! (14.68) 
dQ] inp 2 
and the polarisation produced in the scattered beam in the direction (6, @) is 
Tr(ff : 
Pa 50 (14.69) 


~ 2(do/dQ)unp 
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where 


_ 2m{ f (0)g*(6)} 
S(@) = (do /d2)ang (14.70) 


and we have used (14.61). The function S(@) 1s called the Sherman function. 
Another interesting quantity is the differential cross-section summed over all final 
spin states arising from a particular pure-spin state x”. From (14.62) this is 


do” 
— = Do [(x/Iflx’)? 
dQ ; 


= D(x lx (x7 il”) 
f 
= (xf fix’). (14.71) 


If the incident beam is an incoherent mixture of the pure states x” with statistical 
weights W,, described by the density matrix p, the average differential cross-section 
summed over all final spin states becomes 


— = W(x" If fix”) 
= Tr(fof'). (14.72) 


Using (14.40) and (14.61) together with the result (6.241), we find that 
do Z 2 * a 
dQ ~ IFC)" + |g (O° + 2[Im{ f @)g*(@)})(n.P) 


= (sa) [1 + $(6)(a.P)] (14.73) 
d&Q2 ‘itp 

where, as before, (do /d&2)unp is the differential cross-section (14.68) for an unpo- 

larised incident beam, and S(@) is the Sherman function (14.70). We see that the 

cross-section (14.73) depends not only on the energy and the scattering angle 0 but 

also on the initial polarisation vector P of the spin-1/2 particles. 


Double scattering 


The polarisation produced by a collision can be detected by allowing the scattered 
beam of spin-1/2 particles to be scattered a second time by a spin-0 target. This 
double scattering is illustrated in Fig. 14.1. After the first collision at A the initially 
unpolarised beam is polarised in the direction hi (see (14.69)) which is directed out of 
the plane of the figure. This direction can be taken to be the x-axis, and for the second 
collision at B, the line AB can be taken to be the z-axis. The differential cross-section 
for scattering through angles (@2, $2) at the second collision is given in terms of the 
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Figure 14.1 A double-scattering experiment. A beam of spin-1/2 particles is scattered by a spin-0 
target at A, followed by a second scattering by a spin-O target at B. 


polarisation Pa(6,) produced by the first collision by 


da (@>, 
oe = | f)I2 + 1e(62)/? 


+2[Im{ f (62) g*(@2)}]n? Pa (A). (14.74) 


Taking the plane of the second scattering to be the same as that of the first, n? = 1 
for scattering to the right and —1 for scattering to the left of the line AB. 
The asymmetry parameter € 1s defined as 


_ (06 dQ) — (AF /AQ) 


é= — - (14.75) 
(do /d&2)p + (do /d&2), 


where(do /d&2)r, stands for the differential cross-section for the second scattering 
in the right- and left-hand directions. From (14.74), we have 


= 2 Pa(6;)Im{ f (02)g*(62)} 
| f (02) |* + |g (62) I? 
Pa (1) Pg(02) (14.76) 


where Pg (62) 1s the polarisation produced by scattering at B from an initial unpolarised 
beam. If the spin-0 particles at B are of the same kind as those at A and if 6; = 0) 


€ = (Pa(61))? (14.77) 


so that a measurement of € determines the magnitude (but not the sign) of Pa. 
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14.3 


The equation of motion of the density matrix 


Let us assume that we are working in the Schrédinger picture and that at time t = f 
a certain statistical mixture of states is represented by the density operator 


p(to) = » l(t) We (a(t0)I. (14.78) 


In Section 5.7, we have seen that pure states |w) vary in time according to the equation 
la(t)) = U(t, to)|a(to)) (14.79a) 
while for the adjoint states we have 
(a (t)| = (a(to)|U"(t, to) (14.79b) 


where U(t, to) is the evolution operator. As a result, the density operator is also a 
function of time: 


p(t) = Yio) u (ax(t)| 


N 
a (t, to) |a(t0)) Wa (a(fo)|U* (t, to) 


U(t, aps jor(to)) W (ato! (t, to). (14.80) 


a=! 


Using (14.78) and assuming that the statistical weights W, are constants, we find for 
the density operator the evolution equation 


p(t) = U(t, to) p(to)U ' (t, to) (14.81) 


which shows that p(t) can be obtained from p(fo) by performing the unitary trans- 
formation U (f, to). It should be noted that if the Hamiltonian H is time independent 
then from (5.243) we have U (t, t9) = exp[—1H (t — to)/h] and 


p(t) = eH to/F np yell Eto) /A | (14.82) 


Let us now differentiate (14.81) with respect to r, using the equation (5.236) satisfied 
by the evolution operator U (t, to) 


) 
in UG, to) = HU (Ct, to) (14.83a) 
and the corresponding equation for the adjoint operator U*(t, to) 


P) ' 
ih UN, to) = U'(t, to)H. (14.83b) 
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Thus we have 


) F) r) 
ine) in ve. Jom" to) + Ut, o)0(t))ih-U" )| 


= HU(t, to) p(to)U (tf, to) — U(t, to) o(to)U' (t, to) H (14.84) 


and by using (14.81), we obtain for p(t) the equation of motion 


0 
ina ole) = [H, p(t)]. (14.85) 


This equation 1s often called the Liouville equation because it has the same form as 
the equation of motion giving the phase space probability distribution in classical sta- 
tistical mechanics. It is worth noting that the Liouville equation (14.85) is somewhat 
similar to the Heisenberg equation of motion (5.285) for an observable. We recall, 
however, that the operators which appear in (14.85) are in the Schrédinger picture. As 
we Saw in Section 5.8, in order to pass from the Schrédinger to the Heisenberg picture 
the unitary transformation U(r, fo) must be made. As a result, we see from (14.81) 
that in the Heisenberg picture the density operator py 1S such that 


pu = p(t) (14.86) 


so that it is fixed in time and the Liouville equation (14.85) does not apply. 

Returning to the Schrédinger picture, we may now readily obtain the equation of 
motion for the average value of an observable. Using the basic equation (14.13) and 
the Liouville equation (14.85), we find that for an operator A which does not explicitly 
depend upon the time 


° tr(pA) = Trl Ax 
— Tr = Tr —_ 
ap are 


— STH ALH, p])) 


—-Tr(AHp ~ ApH) 


—=Tr({A, H]p) (14.87) 


where we have used the fact that the trace of a product of matrices does not depend 
on the order of its factors. 


Quantum mechanical ensembles 


In introducing the density matrix in Section 14.1, we considered an ensemble com- 
posed of N identical sub-systems, all described by the same Hamiltonian. Physical 
quantities of interest are averages over the ensemble and are determined by (14.13) in 
terms of the density matrix, the average taking into account both the statistical nature 
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of the ensemble and the quantum mechanical average arising from the probabilistic 
nature of the theory. We shall see that when dealing with systems of identical particles 
the requirement that the total wave function should be symmetric (for bosons) or anti- 
symmetric (for fermions) under the interchange of any pair of particles, leads to 
profound effects in quantum statistical mechanics. 

We shall be concerned only with systems in equilibrium, for which the average 
physical quantities are constant, so that the density operator is time-independent: 
: 0 14.88 
or ae (14.88) 
For this to be the case, the density operator must commute with the Hamiltonian 
H (see (14.85)) and H must be independent of t. It follows that o can be expressed 
as an explicit function of H 


— p(H) (14.89) 


and if the basis functions |n) are introduced which are eigenfunctions of H, both H 
and p must be diagonal 


Aim = Ei Onm: Pam = Pi Onn (14.90) 


The probability that a sub-system chosen at random from an ensemble is found to 
be in the eigenstate |) is determined by /,,, (see the discussion below (14.17)), and 
this is a function of the corresponding eigenvalue E£,,. Several different kinds of 
ensemble are found to be useful and the precise functional dependence of p,, on 
E,, depends on which ensemble is under discussion. We shall start by introducing 
the micro-canonical ensemble, which 1s appropriate for the description of a closed 
system. 


The micro-canonical ensemble 


In a micro-canonical ensemble each of the identical sub-systems composing the 
ensemble consists of a fixed number of particles N’ contained within a volume V 
and for which the energy FE of each sub-system lies within a specified small interval 
Eo < E < Ey+A, where A < Ep. Subject to these conditions, the total number of 
distinct (pure) states in which a member of the ensemble can be found is denoted by 
I, which is a function of V, V, Ep and A. We shall denote by H the Hamiltonian of 
each sub-system. The fundamental postulates are now made that: 


(1) there is an equal a priori probability of finding the system in any one of these 
States; 


(2) the phases of the probability amplitudes c@) (see (14.4)) which determine the 
wave function of each member a@ of the ensemble are distributed at random. This 
is equivalent to requiring the members of the ensemble to be non-interacting, 
so that the corresponding wave functions do not interfere with one another. 
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As aconsequence of postulate 1, in the energy representation (in which 711s diagonal) 


eae we (14.91) 
for all states in the interval Eg < E < Eg +A and 
Pun = 0 (14.92) 


for all other states. 
The entropy of the system can now be defined as 


S=klog! (14.93) 


where k is Boltzmann’s constant. This agrees with the usual thermodynamical 
definition, but now I’ must be calculated using quantum mechanics. It should be 
noted that if [ = 1 each sub-system is in the same state. In this case, the entropy 
S vanishes and the system is perfectly ordered. If I’ is greater than | the system is 
disordered, S providing a measure of the disorder. It can be shown that the entropy 
defined by (14.93) has the familiar properties: 


(1) The entropy of a closed system has its maximum value when the system is in 
thermodynamical equilibrium. 


(2) The entropy is additive, in the sense that if a closed system 1s divided into two 
parts with entropies S, and S, respectively, then S = S$; + S$). 


(3) The temperature T of the system can be defined by the relation 
2 = oD (14.94) 
T dE 
Although the micro-canonical ensemble is of fundamental importance in describing 
the properties of a closed system, it is difficult to use in practice, and for this reason 
we shall consider two further types of ensemble introduced by J. W. Gibbs, called the 


canonical ensemble and the grand canonical ensemble. 


The canonical ensemble 


In this case the system of interest, S, is in thermal contact with a much larger system, 
called the heat reservoir, 7. The combined system composed of (R + S) is closed, 
and its statistical properties are described by a micro-canonical ensemble. We shall 
suppose that S is composed of a fixed number of particles Ns within a volume Vs 
(see Fig. 14.2). Since R and S are in thermal contact, energy can be exchanged 
between them, however the interaction 1s supposed to be weak so that both and S 
at any given time can be considered to be in definite energy eigenstates with energies 
Er and Es, respectively. In equilibrium both 7? and S share a common temperature 
T. Conservation of energy requires that 


E=ErRr+Es (14.95) 


where E is one of the eigenenergies of the combined system. Since the combined 
system is described by a micro-canonical ensemble, F is confined to the narrow range 
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Figure 14.2, Acanonical ensemble: S is in thermal contact with the heat reservoir R. Energy is 
exchanged between S and FR but Ws and Vs are constant. 


Eo < E < Eot+A where A < Ep. The basic problem is to determine the probability 
that at a given temperature 7, the system S is found to be in a particular state, with 
energy Es. 

Let dI'(E) be the total number of distinct states of the combined system with 
energies inarange E to E+dE. Then, by the postulate of equal a priori probabilities, 
the probability of finding the combined system with energy in this range is 


dP =CdI(E£) (14.96) 


if Eg < E < Ej +A and zero otherwise, where C is aconstant. If dls and dI’r are 
the corresponding numbers of states in the system S and the reservoir R, we have 
that dr’ = dIsdI’z and 


dP=Cdls(Es)dr' rR(ER)O(E — ER - Es) (14.97) 


where the delta function expresses the conservation of energy condition (14.95). We 
now want to find the probability dP,, that the combined system is in a state such that 
the system of interest S has a prescribed energy Es = E,,, without regard to the state 
of the reservoir. This can be found by integrating dP over the allowed states of the 
reservoir: 


dP, = Car's(En) f &(E —ER-—E,)dR(ER) 
— CdP's(E,) AV R(E — En) (14.98) 


where AI R(E — E,,) is the total number of states of the reservoir, subject to the 
conservation of energy condition. Using (14.93), the entropy of the reservoir is 


Sr =klog ATR (14.99) 
so that 


ATR = exp(Sr/k). (14.100) 
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Since the system S is small compared with the total system, F,, < FE, and 
SR(ER) = SR(E — Ey) 
OSR(E) 
JE 


where in the second line equation (14.94) has been employed. Combining (14.101) 
with (14.100) and (14.98), we find that 


~ Sp(E) — E, = Sr(E) — En/T (14.101) 


dP, = Aexp(-E,,/kT)dl's(E,) (14.102) 
where A is defined by 
A = C exp(Sr(E)/k). (14.103) 


In view of (14.102), the density matrix of the system S in the energy representation 
can be taken to be 


Pnm = Aexp(—E,/ kT) 8am (14.104) 


where (ny is the probability of finding S in the state n with energy E,,. The constant 
A can be found from the normalisation condition Tr(p) = 1. Defining Qy, (T) by 


On;(T) =A” (14.105) 
and taking the trace of both sides of (14.104) we find that 

Ons(T) =) exp(—E,/kT) = Trlexp(—BH)]. (14.106) 
where 

B=1/kT (14.107) 


and H is the Hamiltonian of the system of interest S. The quantity Qj, (T) is called 
the partition function. It should be emphasised that the sum over n is over all distinct 
states and not over eigenenergy values. 

From (14.104) and (14.105) the density operator is 


1 
Ss eee —BH 14.108 
p On. (T) exp(—BH) ( ) 


and the average value of an observable A over the ensemble 1s (see (14.13)) 


(A) 


Tr(pA) = 


Trlexp(—B H)A] 
Ns 

_ Trlexp(—BH)A] 

~ 'Trlexp(—B)] 


The average E of the energy is found by setting A = H. Using (14.106) it can be 
expressed in the useful form 
2 1 a 0 
Peep Oe 
Ons Of op 


(14.109) 


(log Ow). (14.110) 
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The grand canonical ensemble 


The difference between the micro-canonical and canonical ensembles is that the 
energy of the system is constant in the former case, while fluctuations in energy are 
taken into account in the latter case. In many cases, it is easier to obtain physical 
averages by also allowing for fluctuations in the number of particles contained in the 
system S. Particles can be allowed to transfer between S and the heat reservoir 7? in 
such a way that the total number of particles V’ in the combined system is constant 
(see Fig. 14.3) 


N =Nrt+Ns. (14.111) 


Since the fluctuations in Msg and Es about the mean values are small for a large 
system, the physical results obtained using the micro-canonical, canonical and grand 
canonical ensembles are identical. The treatment of the grand canonical ensemble 
parallels that of the canonical ensemble. The difference is that the entropy of the 
reservoir is now a function of both (E — Es) and (NV — Ns), so that (14.101) is 
replaced by 


OSR(E, N) 
OE 


OSR(E,N) 


Sr(E — E,,N — Ns) = Sr(E,N) - E,(Ns) — Ns 


(14.112) 
where we have written the energy eigenvalues of the system S as E,, (Ns) to emphasise 


that the energy levels depend on the number of particles that the system contains. The 
density matrix is now of the form 


Pam = Bexp(—BE, (Ns) = aN s) nm (14.113) 
where B is a constant, a = (0Spr/dN)/k and B is defined by (14.107). If an 
operator vg is introduced with eigenvalues N = 0, 1, 2, ..., representing the number 


of particles in the system S, the density operator can be expressed as 
p= Bexp[—BH (vs) — avs]. (14.114) 


The normalisation condition Tr(o) = | requires that if we set Z(a, T) = B™', then 


; = Z(a, T) = Tr{exp[—BH (vs) — avs]}. (14.115) 


The quantity Z is called the grand partition function. Since the eigenvalues of vg are 
the integers (or zero), we can write 


Z(a,T) = )° > exp[—BE,(N) — aN] 


N 


= YD expen) flexp(—a)1" 
N n 


=) On(T)2" (14.116) 
N 
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T, VR 


Figure 14.3, A grand canonical ensemble: S is in thermal contact with the heat reservoir R. 
Energy is exchanged between S and F and the particle numbers fluctuate subject to NR +Ns5 = 
N =aconstant. Vs is constant. 


where z = exp(—q) is called the fugacity, and Q(T) is the partition function for a 
system of N particles. 


Applications to single-particle systems 


The concept of the canonical ensemble requires that the combination of the system 
S and the reservoir 2 should possess very many states, and form a micro-canonical 
ensemble, subject to the condition that the total energy lies in a specified narrow 
band. The system S can be a macroscopic system, or be composed of a single 
particle, provided that the interaction between the particle and its neighbours is weak. 
We shall describe two examples of the latter type: a particle of spin-1/2 in a constant 
magnetic field and a particle in a box. 


Spin-1/2 particle in a magnetic field 


Consider a spin-1/2 particle having a magnetic moment M, = —gipgS/fh subjected 
to a constant magnetic field of magnitude B in a direction parallel to the z-axis. The 
Hamiltonian H is (see (12.32)), 


H = gupgBo-/2. (14.117) 


Using the canonical ensemble the density matrix p given by (14.108) is 
exp(—BH) 


= Trexp(-AM)] (14.118a) 
and using the explicit form (6.243) of o-, 
p= ee ee = 0 ) 
exp(—BgupB/2) + exp(BgupB/2) 0 exp(—BgupB/2) 
(14.118b) 


where, as usual, B = 1/kT. 
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We can now calculate the average value of the z-component of the spin S, = ho,/2, 
at the temperature T. It is 


5.) =" trpo.) = 1 exPPeHnB/2) — exp(Bgun8/2) 
a 2 exp(—BgupB/2) + exp(BgupB/2) 


= -5 tanh(BgupB/2). (14.119) 


The corresponding average value of the z-component of the magnetic moment 
is (M-) = —(gup/h)(S-). For a system of N particles per unit volume, the 
total average magnetic moment in the z-direction at temperature T is given by 
N(M,) = —(gup/h)N(S-) and using (S;) given by (14.119), we regain equa- 


tion (12.125), as we should. 


Average energy of a particle in a box 


As a second example, we shall work out the average energy of a spinless particle of 
mass y confined to a cubic box of side L at a temperature 7, again using a canonical 
ensemble. The eigenenergies of the system have already been obtained in Chapter 7. 
We found (see (7.30) and (7.31)) that 


h? (nx \? 
b= oa (=) nr, n= n> + n> + n? (14.120) 
L 


where each distinct state is specified by the set of three positive integers n,, ny, nz. 
The partition function, Q, for the system is given by 


Q =Trlexp(-BH)]=  ~ exp(—BE,) (14.121) 


ny ny ne 


where each sum is over all the positive integers. If the box is very large, the levels 
are closely spaced and we can express Q as the integral 


Q= / dn, | dny i dn. exp{—a(n2 +n* +n°)} (14.122) 
0 0 0 " 
where 
he (n\? 
ene ae (ass 14.12 
" mee : = 
Using the result 
a 1/n\'? 
| exp(—ax*)dx = (=) (14,124) 
0 2\a 
we find that 
7 3/2 
= [> 14.125 
2 (<4) ( ) 
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The average energy 1s then, using (14.110), 


a) 3 3 

E=(H)=-—(1 = — = -kT 14.126 
(H) 5 3 | og Q) 1B 2 ( ) 

in agreement with the classical principle of equipartition of energy. Note that if the 

box were small the sum in (14.121) could not be replaced by the integral (14.122), 

and the quantum and classical results would differ. 


Systems of non-interacting particles 


We shall now discuss the properties of systems of large numbers of non-interacting 
objects which are equivalent and possess the same energy levels. Three cases can 
be identified. In the first, known as a Maxwell—Boltzmann (MB) system, the objects 
can be distinguished; for example, each might be an oscillator distinguished by its 
position. The other two cases are those for which the objects are identical and 
indistinguishable particles, for which the complete wave function of the system must 
be either symmetric or antisymmetric under the interchange of any pair of particles. 
As we noted in Chapter 10, the former case applies to spin-O or to integer-spin 
particles, called bosons, while the latter applies to half-odd-integer-spin particles, 
called fermions. Bosons are said to obey Bose—Einstein, and fermions Fermi—Dirac, 
Statistics. 

If E;(j = 1, 2,3,...) denotes an energy level of one of the particles (or objects), 
the total energy of the system E can be written! 


E=) jE; (14,127) 
j 


where the sum runs over all the eigenenergies of a single particle, and where n; is the 
number of particles with energy E;. The total number of particles in the system is 


Nay ey (14.128) 
J 


In a Maxwell—Boltzmann or a Bose—Einstein system, any number of particles can 
be in each level, so that each n; can either be zero or any positive integer, provided 
that (14.127) is satisfied. On the other hand, in Fermi—Dirac systems the Pauli 
principle allows no more than one particle to be in the same single-particle state. 
In this case, each n; can only take the values 1 or 0. In calculating partition 
functions using (14.106) or averages by (14.109), we recall that the sums are not 
over eigenenergies, but are over each distinct state of the system. For this reason we 
need to calculate the number of distinct states g¢ of the system corresponding to each 
level of the system with total energy E. 


' For notational simplicity we shall from now on denote the energy E.s and the number of particles Ns 


of the system by E and N, respectively. 
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For a Maxwell—Boltzmann system, the total wave function ts just the product of N 
single-particle wave functions: 


VY = be (be, (2)... be,(N). (14.129) 


If all the energies E;, Ex,,... , E;, are different, each permutation of the particles 
results in a different wave function, thus each energy level of the total system is 
N!-fold degenerate. However, if n; particles with n; > 1 have the same energy, 
interchanges between these particles do not alter the wave function. Thus the number 
of distinct states corresponding to a given value of the total energy of the system EF 
iS, in this case, 


N! 
I] jy I) 
There is only one fully symmetric and one fully antisymmetric wave function that 


can be built from N single-particle wave functions, so both in the Bose-Einstein and 
Fermi—Dirac cases the energy level EF of the system is non-degenerate. To express 


ge = MB — (14.130) 


this we set 
ge = ger =I (any nj) (14.131) 
for the Bose-Einstein case and 
Se=ep=1 (nj =O0orn; =1) 
= 0 (otherwise) (14.132) 


for the Fermi—Dirac case. 
From (14.106), the partition function can be expressed, in each case, as 


Qn(T) = Y seexo|-8 Es] Beal kT (14.133) 
(n,} i 
where } |,,, ; denotes a sum over every possible set of numbers n; which is consistent 


with (14.128). 
The average value (FE) of the energy of the system can be calculated if the average 
value (n;) of each of the occupation numbers n; 1s specified, since 


(E) = > E;(n;). (14.134) 
Using a canonical ensemble, the averages (n;) are, from (14.109) and (14.133) 
| 
(nj) = ——— ex - n Ej |n (14.135 
Oni) 2 pd os 
so that 
0 | T 
(nj) = see Cn) (14.136) 


0(BE;) 
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The average value (n;) is easily calculated for the Maxwell—Boltzmann case, since 
taking g¢ in (14.133) to be given by (14.130), we see that Qn (T) can be written as 


N 
j 


and using (14.136), we find 
—1 
(n;) = n> exp(-BE)) exp(—BE;). (14.138) 
j 


This result can be written as 
(n;) = exp[—(BE; + @)] (14.139) 


where @ is a temperature-dependent constant defined by 
a= le| exp(—8 EIN). (14.140) 
J 


The sum in (14.133) is difficult to evaluate when g¢ is given by (14.131) or (14.132), 
and for this reason it is better to use the grand canonical ensemble to obtain (n;) for 
Bose-Einstein or Fermi—Dirac systems. Averages of an operator A are again given 
by (14.13) with p expressed by (14.114). Since we are using a basis of simultaneous 
eigenfunctions of H and N, we have 


(niy=Z' >> 3 SE exp|—P SY [InjEj(N)] -—a don; }n, (14.141) 
j J 


n,;=07n.=0 


Z = 32 Y- ge exp] Sly EN —@ Yomyh. (14.142) 
j J 


ny =0 n»=0 
We notice that the grand partition function Z can be expressed as 


Z= 0D ---ge | Lexpt—nj[BEj(N) +a) 


n,=0 n»=0 J] 


= [| > geexp{—nj[BEj(N) + @)}. ad 


j n,=0 
For Bose-Einstein systems with gz = gBF = 1 (see (14.131)), 
ZPE = | [[I — exp{-BE,(N) — a}. (14,144) 
J 
In the case of Fermi—Dirac systems with gr given by (14.132), such that the sum over 
n; 1S restricted to the values 0 and 1, we find 


Zz =| |L + exp(—BE;(N) — @)]. (14.145) 
J 
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Figure 14.4 The average occupation number (n(E )) for states in an ideal gas plotted as a function 
of y = BE +a for the cases of Bose-Einstein (vy = —1). Maxwell Boltzmann (y = 0) and Fermi- 


Dirac (y = 1) statistics. 


In both cases, we have 


d log Z 
(n)) = ——— 
d[BE;(N)] 
l 
SS (14.146) 
exp[BE;(N) +a] +y 
where y = —1 for Bose-Einstein and +1 for Fermi—Dirac systems. Comparing 


with (14.139), we see that if we set y = O for Maxwell—Boltzmann systems, (14.146) 
can be used to express the average (n;) in each of the three cases. The function 


(n(E)) = [exp(BE +a)+y]"!, (14.147) 


where E varies continuously, is known as a distribution function. 

In Fig. 14.4, (n(E)) is plotted against the parameter y = BE + a for the three 
cases y = 0 (Maxwell—Boltzmann), y = 1 (Fermi—Dirac) and y = —1, (Bose- 
Einstein). We notice that for large positive values of y the three distributions become 
indistinguishable. In the Fermi—Dirac case (n(E)) cannot exceed unity since each 
individual occupation number n; can only be | or 0. Since both the individual 
numbers n; and the average (n(E£)) must be positive or zero, only positive values of 
y are allowed for Bose—Einstein statistics. As y > 0, (n(E)) — oo in the Bose— 
Einstein case, and this gives rise to the phenomenon of Bose—Einstein condensation 
discussed in Section 14.8 below. 

An additional requirement is needed to determine the constant a. Although in 
the grand canonical ensemble the number of particles fluctuates, we can specify the 
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average number of particles in the system, (NV), and determine a@ through the equation 


(N) = (nj) = > fexp[BEj(N) +a} ty}. (14.148) 


J J 


The photon gas and Planck’s law 


As an application of the theory outlined in the last section, we shall re-derive Planck’s 
law for black body radiation. The electromagnetic radiation in thermal equilibrium 
within an enclosure of volume V can be considered as consisting of a photon gas, 
each photon being a boson of zero mass, with two states of polarisation. The shape 
of the enclosure is immaterial, provided it is large, and will be taken to be a cube of 
volume V = L?. 

Since photons are absorbed and emitted in interactions with the walls of the 
enclosure, the conservation of particles expressed in (14.111) does not apply, and the 
entropy of the heat reservoir expressed in (14.112) is independent of NV, the number 
of photons in the system. This has the consequence that the constant @ in (14.113) 
must be set equal to zero. The average number of photons in each energy level at 
temperature T is, from (14.146) witha = 0 and y = —1, 


(nj) = [exp(BE;) — 1]7'. (14.149) 


If the volume V is large, the energy levels are closely spaced and E; can be taken to 
be a continuous variable E. The number of photons n(E, 7)dE within the interval 
E to E + dE at temperature T is from (14.149) 


n(E,T)dE = D(E)[exp(BE) — 1]"'dE (14.150) 


where D(E) is the number of photon states per unit energy interval. The energy E, 
wave number k, frequency v and wavelength A of a photon are related by 


E = heck = 2mhv = 2m hic/i. (14.151) 


Using the relationship between E and A, the number of photon states G(A) within the 
wavelength interval (A, A + dA) can be expressed as 


G(A) = D(E)|dE/da|. (14.152) 


It follows from (14.150) that the number of photons with wavelengths between A and 
A. + dd at temperature T is 


N (A, T)da = G(A)[exp(B2mhc/d) — 1]7'da (14.153) 
and the energy density within the interval da is 


p(aA, T)dA = EN(A,T)dA/V = 20 ficN (A, T)dA/(AV). (14.154) 
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To find D(E), and hence G(A), we note that the wave function of each photon is a 
plane wave which can be written as 


W(x, y, Z) = exp(ikyx + ikyy + ik,z). (14.155) 
If periodic boundary conditions are imposed, then (see (7.19)) 
20 20 20 
Koa= oe ky = hy = ait (14.156) 


where nx, Ny, Nz are integers (positive or negative), or zero. The number of plane- 
wave States, up to a certain value of k, is equal to the number of cells of unit volume 
within a sphere of radius k(L/27). Recalling that each photon has two states of 
polarisation, the total number of photon states, 7, up to a certain value k is 


L \*4n 1\*4nV (E\? 
a ee 14.157 
s (==) 3 (=) 3 (=) ( ) 
from which 
dn 1 VE? 
Dh =. 14.158 
(2) dE 2m? (hc) ( ) 
and 


G(A) = D(E)|dE /da| 
= 8nV/A‘. (14.159) 


Using (14.153), we then have 
82 V | 


Na, T) = —- —————_ 14.160 
( ) \4 exp(Bhc/d) — | ( 
and from (14.154) the spectral distribution function p(A, T) is given by 
8h I 
3. (14.161) 


A> exp(Bhc/A) — 1 


in agreement with Planck’s law (1.13). 


The ideal gas 


In Section 10.3, we discussed the ground state of a system of identical non-interacting 
spin-1/2 particles confined within a box of volume V. In the statistical language of 
the present chapter, such a system forms an ideal fermion gas at zero temperature, 
T = 0. We shall now use statistical methods to describe a system of non-interacting 
particles confined within a cube with sides of length L and impenetrable walls at a 
finite temperature, treating the Maxwell—Boltzmann and boson cases as well as that 
of fermions. 
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From (14.147), the number of particles n(E)dE within the energy interval E to 
EF +dE is 


n(E)dE = D(E)[exp(BE +a) + y]'dE, B=1/kT (14.162) 


where D(E) is the number of single-particle states per unit energy interval, and 
where y = O for Maxwell—Boltzmann, —1 for Bose-Einstein and +1 for Fermi- 
Dirac statistics. The constant w depends on the total number of particles and on the 
temperature. 

For spin-1/2 particles, the density of states D(E) has been given in (10.36). For 
particles of spin s there are (2s + 1) spin states associated with each spatial orbital, 
so that, in general, 


1 (2m\?” 
D(E) = 2s + D5 (+) VEO (14.163) 


The number of particles per unit volume within the energy interval (EF, E + dE) is 
dE (25+1) (2m\*” E'/2 

pe ee ds 
V Ar? h exp(BE +a)+y 


By integrating this expression over E, the constant a can be determined in terms of 
the number density ¢ of the particles, since 


(2s +1) 3/2 pos E'dE 
= E)dE = et 14.165 
=> oe An? (=) | exp(BE +a) + y : 


In the case of a boson gas, this needs qualification, as we shall see in a moment. The 
total internal energy per unit volume, U, of the gas can be calculated in terms of a 
and B, using 


. 1% ENE)GE (2s + 1) ees E32dE aasea 
= — n = — SV. eee eee . e 
V Jo 4n? \ he? 9 exp(BE +a)+y 


(14.164) 


The low-density-high-temperature limit 


We notice from (14.165) that if ~ >> 1, the density p is small. Under these 
circumstances exp(BE +a) > y, so that both the distribution laws for bosons and for 
fermions become equal to that for the Maxwell—Boltzmann case. We conclude that 
quantum effects due to the identity of the particles are unimportant in systems with 
small particle densities. When y can be neglected in comparison with exp(BE + q), 
the integral in (14.165) is easily evaluated, and one finds 


_ (25 +1) (2m\*” P(3/2) 
p= pl exp(—a@) 


An2 . p3/2 


3/2 
(25 + (5 s) (kT )?/? exp(—a) (14.167) 
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where [ is the gamma function, and we have used the fact that 
(3/2) = (1/2)T (1/2) = (1/2)./. This allows the determination of the quantity 
a in terms of the density p and the temperature 7. That is 


3/2 

-exp(a) =z b= aT ( ah :) (kT )>/? (14.168) 
p mh 

where z is the fugacity. 

It can be verified (see Problem 14.3) that for all gases at room temperature and 
pressure, z~! is indeed very large compared with unity, so that Maxwell—Boltzmann 
statistics are always closely obeyed, and this explains the success of the classical 
kinetic theory of gases at room temperature and pressure. 


Bose-Einstein gases 


We first note from (14.147) or (14.162) that for bosons, with y = —1, the constant a 
must be positive or zero, for otherwise the occupation numbers nj; could become 
negative. The high-density limit corresponds to small values of a and the low 
density limit to large values of a. We also see from (14.147) or (14.162) that for 
low temperatures and high densities, nearly all the particles will be in the state of 
lowest energy. This phenomenon is called Bose-Einstein condensation. 

In the low-temperature, high-density limit, expressions such as (14.165) 
or (14.166), where E is treated as a continuous variable, must be modified because 
D(0) = 0 (see (14.163)), but in fact there is one state at E = 0°. To allow for this, it 
is sufficient to replace D(E) by 


D(E) = D(E) + 8(E) (14.169) 


where 6 is the Dirac delta function. Then (14.165) is replaced by 


(25 +1) (2m\?” E'?dE 
= ras ens 14.170 
PO Ar? (> ) | exp(BE +a) — 1 ( 


where ( is the density of particles in the ground state with E = 0. 

As T — 0, the integral term also tends to zero, so that at T = 0, p = po. Since for 
bosons any number of particles can occupy the single-particle level of lowest energy, 
there is no limitation on the value of the particle densities 9 or p. The temperature 
Ty below which particles are forced to condense into the ground state can be found 
from (14.170). Setting x = BE = E/kT, we obtain 


2s5+1/(/mkT\?" £& x!/*dx 
P—- Po = Re. 
0 


An? exp(x +a) — | 
2s +1 (2mkT \3/? 
= ( 73 ) fir(@) (14.171) 


” It is conventional to normalise energies so that E = 0 represents the single-particle ground state. 
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where 
=e x"dx 
: = ———— 14.172 
In(@) | exp(x +a) — 1 ( ) 
The fraction of particles in states other than the ground state, (0 — p9)/p, is 
p—po  2s+1(2mkT\*” 
ae = a (=) fij2(@). (14.173) 


Sincea 2 0, the largest possible value of f;/2(a@) occurs when a = 0 and numerically 
fi2(0) = 2.315. Defining the critical temperature 


he An*p ae 
T a (ee 14.174 
00) = Fk Gr = 7 ( ) 


we find from (14.173) and (14.174) that the fraction No/N of particles in the ground 
state of the system is given by 


3/2 
lees Alea ee (=) (14.175) 
N p To 

Thus, when the temperature 7 and the density p are such that T < 7To(~), we see that 
No/N > 0, so that a finite fraction of the particles occupies the ground state level. 
As T is lowered and (or) ¢ is raised, an increasing number of particles accumulate 
in the ground state, so that Bose-Einstein condensation occurs. Since the ground 
state has zero energy, the condensed system exerts no pressure, and is said to be 
‘degenerate’. It should be emphasised that the analysis following (14.169) only 
applies when T < To(p). If T > Tp(¢e), the number of particles in the ground state 
is negligible. 

Using (14.174), the condition T < 7o(p) for Bose-Einstein condensation to occur 
can be expressed in the form 


pr% > (27)(2.315)(2s + 1) (14.176) 
where we have introduced the thermal de Broglie wavelength 
Ar = é (14.177) 
aa (2mkT )!/2 


which is equal to the de Broglie wavelength of a particle of mass m and energy kT. 


Experimental verification of Bose-Einstein condensation 


Although the phenomenon of Bose-Einstein condensation of an ideal gas was pre- 
dicted independently in 1924 by A. Einstein and S. N. Bose, attempts to observe 
it met with great difficulties for many years. These difficulties arise from the fact 
that at a given temperature a sufficiently large density must be attained. However, if 
the density is too high, the interactions between the bosons dominate the quantum 
Statistical effects responsible for the condensation phenomenon. 
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Recent experimental efforts to demonstrate Bose-Einstein condensation have there- 
fore concentrated on using dilute atomic gases, in which the interparticle spacing is 
large compared with the range of interatomic interactions. The gas atoms must of 
course be bosons. In addition, they must be cooled to very low temperatures, so 
that their thermal de Broglie wavelength 47 is large enough for several atoms to be 
contained in a volume A3. 

The first observation of Bose-Einstein condensation was made in 1995 by 
M. H. Anderson, J. R. Ensher, M. R. Matthews, C. E. Wieman and E. A. Cornell, 
using a dilute gas of rubidium (°’Rb) atoms. The condensate fraction first appeared 
near a temperature of 1.7 x 107’ K and a density of 2.5 x 10!* atoms per cubic 
centimetre. To obtain this result, Anderson et al. cooled and trapped the atoms by 
using methods which we now briefly describe. 

The first one uses the interaction of the atoms of a gas with light beams to reduce 
their thermal motion. The process which is at the basis of the manipulation of atoms 
by light is the radiation pressure exerted by light on material particles. The radiation 
pressure was known originally to astronomers studying the deflected tails of comets. 
At the microscopic level, the action of light on the motion of atoms can be understood 
by remembering that when a photon is scattered by an atom, the net momentum 
transfer is given by the difference between the incident photon momentum p and the 
momentum p’ of the scattered photon, with p = hv/c and p’ = hv'/c. Although 
each individual scattering process causes a very small velocity change (of the order 
of 1 cm/s), the accumulated momentum transfer per second can be large if the rate 
of scattering events is increased. This can be achieved by choosing the frequency v 
of the incident light to be close to a resonance frequency vz, = (E, — E,)/h in the 
absorption spectrum of the atom. 

The first experimental demonstration of the action of light on the motion of atoms 
was made in 1933 by R. Frisch, who observed the deflection of a beam of sodium 
atoms illuminated by a sodium lamp. However, the intensity of the light produced 
by the lamp was insufficient to manipulate the atoms in a useful way. The situation 
changed completely with the advent of lasers (see Section 16.3) which provide intense, 
highly directional and quasi-monochromatic sources of light. In 1972, H. Walther 
and his colleagues were able to act efficiently on the motion of atoms with a tunable 
laser, and between 1970 and 1975 a number of schemes were proposed to slow atoms 
with laser beams. In the proposal made in 1975 by T. Hansch and A. Schawlow, 
atoms are cooled by using three orthogonal pairs of counterpropagating laser beams 
(see Fig. 14.5). The lasers are detuned below the resonance transition (v < v,,). As 
a result, an atom is more likely to absorb a photon when it is moving towards the laser 
source because only then is the frequency Doppler-shifted towards resonance. When 
the atom absorbs a photon, it recoils in the direction of the laser beam, and hence 
slows. The subsequent re-emission of the photon by spontaneous emission leads to a 
recoil in random directions, so that the net effect is a deceleration of the atom. The 


+ A composite particle, such as an atom, is a boson if the sum of its protons, neutrons and electrons is 
an even number; the composite particle is a fermion if this sum is an odd number. 
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Optical molasses 


Laser beam 


Figure 14.5 Schematic diagram of a laser arrangement producing optical molasses. 


rate of these absorption—spontaneous emission cycles (fluorescence cycles) is only 
limited by the lifetime of the excited atomic level, and can reach 10° per second. 
Using this Doppler-cooling method, S. Chu et al. were able in 1985 to cool a cloud 
of 10° sodium atoms to a temperature of about 240 wK. The atoms then move as in 
a viscous medium, created by the laser light, called ‘optical molasses’. 

Even at these very low temperatures, the atoms can diffuse out of the intersection 
region of the molasses laser beams. In order to trap them, one can use a magneto- 
optical trap (MOT) which produces a restoring force due to the combination of 
oppositely directed circularly polarised light together with a weak magnetic field 
whose magnitude is zero at the centre of the trap and increases with the distance from 
the trap centre. 

In the work of Anderson et al., the rubidium atoms were first Doppler cooled and 
trapped. Once in the trap, the atoms were further cooled by evaporative cooling, 
which consists of selectively ejecting atoms having higher than average energy. This 
can be achieved by using electron spin resonance (ESR) techniques (see Section 12.4). 
The remaining atoms then undergo elastic collisions, which leads to thermalization at 
a lower temperature. In this way the temperature of the atomic cloud can be reduced 
to the value required for Bose—Einstein condensation to occur in the lowest energy 
level of the trap potential. 

Following the experiment of Anderson et al. in 1995, Bose—Einstein condensation 
has been observed by a number of research groups. As an illustration, we show in 
Fig. 14.6 the data obtained by J. R. Ensher and colleagues in 1996 for a dilute gas of 
87Rb atoms. Because the gas was confined in a potential well created by the magnetic 
trap, the relation (14.175) is modified to read 


NO (= (14.178) 
N yo ; 


where 7) ~ 7p, and T < Tj. In Fig. 14.6, the onset of Bose-Einstein condensation 
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Figure 14.6 The fraction No/N of ®’Rb atoms in the ground state of the trap as a function of the 
scaled temperature T/7,. The solid curve corresponds to the theoretical prediction. The dots 
represent the experimental data of J. Ensher et a/. At the transition, the atomic cloud contained 
40000 atoms at a temperature of 280 nK. 


is clearly apparent for temperatures T less than 7), in agreement with the theoretical 
result (14.178). At temperatures T > T,, the fraction of particles in the ground state 
is negligible, as expected from the discussion below (14.175). Improvements of the 
theoretical values can be obtained by taking into account the interactions between the 
particles. 


Fermi-Dirac gases 


For a fermion gas, the constant a, or the fugacity z = exp(—q), is determined by 
specifying the density o and solving the implicit equation (14.165) with y = 1, 


_ (2s +1) (2m - i ENdE (14.179) 
0 An? h? 9 exp(BE+a)4+1 : 


Since the lowest state with E = 0 can only be occupied by one fermion (for each spin 
State), for a system containing a large number of particles this state is unimportant, 
and in contrast to the boson case no correction need be made to (14.179). Introducing 
the variable x = BE = E/kT, the particle number density can be written as 


(25 +1) (2mkT \?/* 
where 
(a) / gemma (14.181) 
n(@) = —______, : 
° 9 exp(x+a)+1 
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Inspecting (14.180), we see that if o/7%/* is small a must be large and positive, in 


which case 
a : exp( ) 
— } exp(—a 
,) p 


af exp(—q@). (14.182) 


81/2(a) ~ exp(-a) | x'/? exp(—x)dx 
0 


In this limit, we regain the result (14.167), and the Fermi gas behaves like a classical 
Maxwell—Boltzmann system. On the other hand, if o/T*/* is large, w must be 
negative, and large in magnitude. In this low-temperature or high-density limit, it can 
be shown‘ that 


2 
g12(a) = glen (14.183) 


and from (14.180) 


a ~ —Ep/kT = —BEp (14.184) 
where 
he 2 an 2 .\2/3 
3 14.185 
F (57) (370 "p) ( ) 


The constant Ef is known as the Fermi energy, and for the case of spin-1/2 particles, 
is the same as the constant obtained in (10.39). To examine the significance of Er 
we recall (14.146), which gives the average number of particles (n;) occupying each 
single-particle level. At low temperatures, for fermions, using (14.184) for a, we 
have 


(n;) = {exp(B(E; — Eg)) + 1}7'. (14.186) 


At T = 0,(B — ov), (n;) = 1 for all E; < Eg while (n;) = O for all E; > Ef. 
This is a consequence of the Pauli exclusion principle. Since only one particle can 
occupy each state, in the ground state all the lowest states are occupied up to the 
level with E = Eg. For low temperatures, with T < 7p, where Tg = Epf/k is 
called the Fermi temperature, most of the lowest energy levels remain filled. The 
corresponding distribution function, treating £; as a continuous variable, has been 
illustrated in Fig. 10.4. In the temperature interval 0 < T < Tf the Fermi gas is said 
to be degenerate. 

Even at T = 0, a Fermi gas exhibits pressure because with the exception of the 
(2s + 1) particles in the lowest energy level with E = 0, all the particles are in motion, 
in complete contrast to the boson gas, which exhibits no pressure at the absolute zero 
of temperature. 


4 See, for example, Feynman (1972) pp. 36-7. 
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Problems 


14.1. Consider two electron beams of the same intensity, the first one being 
totally polarised in the z-direction, and the second one totally polarised in the x- 
direction. 


(a) Show that the density matrix is given by 


_ (3/4 1/4 
P=Ni741/4)° 
(Hint: Use the result (6.252) to obtain the normalised eigenfunction of S, 


corresponding to the eigenvalue fi /2.) 


(b) Prove that the degree of polarisation of the system is | P| = 27'/?. 


14.2 Consider the elastic scattering of spin-1/2 particles by a spin-O target. 
Choosing the z-axis of spin quantisation along the incident direction k: 


(a) Show that for incident spin-1/2 particles polarised parallel to k (longitudinal 
polarisation) the differential cross-section for scattering without spin flip is 


do _ do _ 5 
qot = qa°v?? = |f (0)| 


and that for spin-flip scattering it is 


& oe eee ) = |2(0)|’: 
qa! = F0' VJ 18 


(b) Starting from the expression (14.73) for scattering into any final spin state, 
and denoting the Cartesian components of the unit vector n (given by (14.60)) 
by (— sing, cos ¢, 0) show that if the incident beam of spin-1/2 particles is 
fully polarised in the x-direction (transverse polarisation with P = x) then the 
differential cross-section (14.73) reduces to 

do 


pee 2 2 at é 
39 = (FCO)? + 1g(O)P ILI — S19) sing. 


Compare this result with that corresponding to an incident beam of spin-1/2 
particles polarised along k (longitudinal polarisation). 


14.3 —‘~ Verify that the fugacity z of gases at room temperature and pressure satisfies 
z<€ I. 


14.4 Write down explicitly the partition function Qy given by (14.133) for 
a two-particle system with three energy levels F,, E> and E3 (a) for Maxwell— 
Boltzmann, (b) for Bose-Einstein and (c) for Fermi—Dirac statistics. 


14.5. Below 2.19 K liquid helium displays the property of superfluidity. Since 
helium atoms are bosons of spin zero, this phenomenon is believed to be connected 
with Bose-Einstein condensation exhibited for temperatures T < 7p, where Tp is 
defined by equation (14.174). By evaluating 7p explicitly, show that the result obtained 
is close to the critical value 2.19 K. 


Problems # 677 


14.6 Evaluate the specific heat at constant volume of a Fermi gas in the low-and 
high-temperature limits using the expression 


dU 


Cpe sli. 
"aT ly 


Using this result, estimate the contribution made by the valence electrons in aluminium 
to the specific heat. 

(Hint: Treat the electrons as a Fermi gas. Aluminium is trivalent, its density is 
2.7 x 10° kg m~? and its mass is 27 in atomic mass units.) 
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Problems 717 


Until now we have based our study of quantum mechanics on the Schréddinger 
equation, which can be obtained from the Hamiltonian formulation of non-relativistic 
classical mechanics by using the correspondence rule (3.25). This equation, which 
is invariant under Galilean transformations (see Section 5.10), correctly describes 
the phenomena only if the velocities of the particles involved are small with respect 
to the velocity of light c. However, it is not invariant under a Lorentz change of 
reference frame, as required by the principle of relativity. In this chapter, we shall 
extend the theory to study relativistic wave equations. Two cases will be considered: 
the relativistic Schrodinger or Klein—Gordon equation for spinless particles, and the 
Dirac equation for particles of spin 1/2. 


The Klein—Gordon equation 


In 1926, when he was developing his non-relativistic equation, E. Schrodinger also 
proposed a relativistic generalisation of it, which is known as the Schrédinger rel- 
ativistic equation or Klein—Gordon equation. This equation is relevant for the rel- 
ativistic dynamics of spinless particles, such as 7 mesons. Because such particles 
have no internal degrees of freedom, their wave function W in configuration space 
can only depend on the variables r and f. 

In order to find the wave equation to be satisfied by the wave function W(r, t), we 
shall proceed empirically, as we did in Chapter 3 to obtain the Schrédinger equation in 
the non-relativistic case. As in Chapter 3, we shall use the correspondence principle 
to make sure that we recover the classical laws of motion in the classical limit. 
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Free particle 


We begin by considering a free particle of spin 0. The relativistic relationship between 
the energy E and momentum p of a free particle of rest mass m is 


E = (m*c* + p*c’)'/”. (15.1) 


Using the correspondence rule (see (3.25)) 
) 
E> iy = Lrve P > Pop = —ihV (15.2) 


and operating on both sides of the equation (15.1) on a wave function W(r, ft), we 
obtain the relativistic analogue of (3.11): 


p) 
ih = (m*c* — hc? V*)'/ Ww. (15.3) 


This equation has serious drawbacks. Firstly, we must interpret the square-root 
operator on the right-hand side. If we expand it in a power series, we obtain a 
differential operator of infinite order, which is very difficult to handle. Secondly, 
the resulting wave equation presents the unattractive feature that the space and time 
coordinates appear in an unsymmetrical way, so that relativistic invariance is not 
clearly exhibited. 

To avoid these difficulties, we remove the square root by starting from the relation- 
ship 


E* = m’*c* + p*c? (15.4) 
obtained by squaring the energy relation (15.1). Making the substitutions (15.2) and 


acting on both sides of (15.4) on a wave function Y, we obtain the Schrédinger 
relativistic equation or Klein—Gordon equation for a free particle: 


92 
rr —mcw — h?ce?V7W. (15.5) 


It is worth noting that this is a second-order differential equation with respect to the 
time, in contrast to the (non-relativistic) Schrédinger equation, which is of first order 
in the time derivative 0/dt. 


Charged particle in an electromagnetic field 


If the spinless particle has an electric charge g, and is moving in an electromagnetic 
field described by a vector potential A(r, t) and a scalar potential @(r, f), we can, in 
analogy with the non-relativistic case (see (5.230)), make the replacements 


so that (15.4) is replaced by 
(E —qo) =m*c' +c?(p—qA)’. (15.7) 


15.1 The Klein-Gordon equation @ 681 


Making the substitutions (15.2) and operating on both sides of (15.7) on a wave 
function W(r, ft), we obtain the Klein-Gordon equation for a spinless particle of 
charge g in an electromagnetic field: 


? 
eet eee ee 2y_: = 2 
Lae qd) V=mcV +c*(-1hV — gA)’W. (15.8) 


It is interesting to investigate the non-relativistic limit of this equation. In order to 
do this, we introduce the new wave function V(r, ¢), which is related to V(r, t) by 


W (r,t) = W(r, t) exp(imct/h) (15.9) 


and satisfies the equation 


or 
= 7 [-A’V? + 2ihgA.V + ihg(V.A) + g?A’]W. (15.10) 


ew aw  do]- 
Se ler ee + 2ih(mc* — q¢@)— a (ome? — qh) + ihg a 


In the limit in which |go| « mc’, |(h/2mc?)d/dt| « |@| and |(A? /2mc*)a? WV /at?| 
<« |hadW /dt|, this equation reduces to the non-relativistic Schrédinger equation for a 
spinless particle of mass m and charge q in an electromagnetic field, namely 


Ou 1 . 
ipo — 5 (-in — gA) + ao. (15.11) 
m 


This is the equation (11.17) we used in Chapter 11. 


Stationary state solutions 


Let us return to the Klein—Gordon equation (15.8) and suppose that A and @ are 
independent of the time. We may then look for stationary state solutions of this 
equation, which have the form 


Wr, ft) = w(r) exp(—iEt/h). (15.12) 
Substituting (15.12) into (15.8), we obtain 

c’(-ihV — qA)’wv = [(E — 4) — m’c*] v. (15.13) 

In particular, if A = O and @ 1s spherically symmetric, we have 

—CR Ve = [(E -— go(r)) — mc" ly. (15.14) 


Following the method of Section 7.2, we can separate this equation in spherical polar 
coordinates. As in (7.45), we write 


Weim(0) = Re(r)Yim(@, $) (15.15) 
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and obtain for the radial functions R-;(r) the equations 


d? 2d Id +1 
-en'l (% i -=) wae Renin = [(E — qo) — mc"}Rei(r), 
r r dr r 
b= O12... ; (15.16) 


As in the case of the Klein—Gordon equation (15.8), it is instructive to examine the 
non-relativistic limit of the equations we have obtained. To do this, we write 


E=E'+mc’ (15.17) 


and assume that both |E’| and |g@| are small in comparison with mc?. We may then 
write 


(E’ + mc? — qo)? — m*c4 


E’—qo\ 
mc4 ( + i) —m*c4 
mc 


(E — qd)? —m*c* 


I? 


2 
mec + —(E' —q¢) +: | —m’c* 
mc 


~ 2mc?(E’ — q®@). (15.18) 


Hence, we see that in the non-relativistic limit the equation (15.13) reduces to 


inv ae ao|v apy (15.19) 


This is the expected result, since it can equally be obtained by starting from the 
non-relativistic Schrddinger equation (15.11), and assuming that A and ¢ are time- 
independent. We can then look for stationary state solutions of (15.11) of the form 


Wr, t) = w(r) exp(—-iE’t/h) (15.20) 


and the resulting equation for y(r) 1s precisely (15.19). 
Turning now to the particular case for which A = 0 and @¢ 1s spherically symmetric, 
we find by using (15.18) that the non-relativistic limit of the radial equations (15.16) 


1S 
Wid  2d\ W+dA 
~2m\dr2" rdr) | 2mr?_ Rei(r) = E'R 15. 
2m (a+-5)+ 2mr2 +4600) EIT) EI(r) (15.21) 


in agreement with the results obtained in Section 7.2. 


Interpretation of the Klein-Gordon equation. Continuity equation 


We now turn to the interpretation of the Klein—Gordon equation. This is non-trivial 
since, as pointed out above, the Klein—Gordon equation is of second order in the time 
derivative 0/dt, which is different from the Schrédinger equation (3.21) upon which 
the probabilistic interpretation of non-relativistic quantum theory was based. 
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In order to simplify the discussion, we shall consider only the free-particle Klein— 
Gordon equation (15.5). To interpret the wave function as we did in Section 3.2 for 
the non-relativistic case, let us try to construct a position probability density P(r, r) 
and a probability current density j(r, f) satisfying the continuity equation (see (3.39)) 


ap 
=~ + V.j=0. (15.22) 


Proceeding by analogy with the Schrédinger equation, we multiply (15.5) on the left 
by W*, multiply the complex conjugate equation on the left by W, and take the differ- 
ence of the two resulting equations. We then obtain the continuity equation (15.22) 
if we define the real quantities (Problem 15.1) 


ih aw aw* 
P(r,t) = wr _ 15.23 
oe) aa ( or at ) ( ) 
and 
h 
jir.t) = yr OD —(Vv*)v], (15.24) 
m 


The constants appearing in the above two equations have been determined in such 
a way that the expressions obtained for P(r, t) and j(r, t) reduce to the usual ones 
for the Schrédinger theory in the non-relativistic limit. Indeed, we see that the 
expression (15.24) for j(r, t) is identical with the non-relativistic form (3.34), while 
the expression (15.23) for P(r, t) 1s readily shown (Problem 15.2) to reduce in the 
non-relativistic limit to |W(r, t)|7, as given by (3.27). 

Looking at (15.23), we note that P(r, f) is not positive-definite, so that it cannot be 
interpreted as a position probability density. This is one of the difficulties encountered 
in dealing with the Klein—Gordon equation. 

Another difficulty arises as follows. The free-particle Klein—Gordon equation 
(15.5) has plane wave solutions of the form 


Wir, t) =A expli(k.r — wt)], (15.25) 


where A is a constant. These are also eigenfunctions of the operators Ey, = 1hd/dt 
and Pop = —ihV with eigenvalues E = hw and p = Ak, respectively. Substitut- 
ing (15.25) into (15.5), we find that 


hw = +(m*c* + fc*k’)!”. (15.26) 


The positive and negative square roots in (15.26) correspond to an ambiguity in the 
sign of the energy which is also present in the classical relation (15.4). Indeed, this 
relation is not equivalent to (15.1), but to the more general relation 


E =+(m’c* + p*c’)!” (15.27) 


which contains an additional negative-energy root. Thus, in order to obtain the 
‘simple’ Klein—Gordon equation (15.5), we have introduced extraneous negative- 
energy solutions. As a result, the energy spectrum is no longer bounded from below, 
and it appears that arbitrary large amounts of energy could be extracted from the 
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15.2 


Figure 15.1 The energy gap AE = 2mc? between the positive and negative continua of a free 
particle of mass m described by the Klein—-Gordon equation (15.5). 


system if an external perturbation allows it to make a transition between the positive 
and negative energy states. For a free particle initially at rest, this would happen if the 
external perturbation allowed it to jump over the energy gap AE = 2mc* between 
the positive and negative energy continua (see Fig. 15.1). 

These difficulties seemed at the time so severe that the Klein—Gordon equation 
fell for a while into disrepute, until W. Pauli and V. Weisskopf reinterpreted the 
equation in 1934 as a field equation (like Maxwell’s equations for the electromagnetic 
field) and quantised it by using the formalism of quantum field theory. The Klein— 
Gordon equation then becomes a relativistic wave equation for spinless particles, 
within the framework of a many-particle theory in which the negative energy states 
are interpreted in terms of antiparticles. It should be noted that the number of particles 
is not conserved because of the possibility of creation and destruction of particle— 
antiparticle pairs. 

In the Dirac theory, to which we now turn our attention, we shall find it possible 
to define a positive-definite position probability density P(r, t), but the presence of 
negative-energy solutions will again imply that the Dirac theory must ultimately be 
interpreted as a many-particle theory. 


The Dirac equation 


In 1928, P. A. M. Dirac discovered the relativistic wave equation which bears his 
name while seeking a relativistic wave equation with positive definite probability 
density. For several years after its discovery, the Dirac equation was thought to be the 
only valid relativistic wave equation for particles with mass. This idea was dismissed 
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only after Pauli and Weisskopf reinterpreted the Klein—Gordon equation as a field 
equation for spinless particles. Even now, however, the Dirac equation is particularly 
important because it describes particles of spin-1/2, such as electrons. 

In the non-relativistic quantum theory, particles of spin 1/2 are described by two- 
component spinor wave functions which allow for the two spin states, the z-component 
S. of the spin angular momentum taking on the values m,h, where m, = +1/2. In 
the same way, one expects that spin-1/2 particles in the relativistic theory must be 
represented by wave functions having at least two components. However, since all 
spin-1/2 particles are associated with antiparticles having the same mass and spin, 
but of opposite charge, we expect to need a four-component wave function. This was 
unknown when Dirac obtained his equation, and it was one of the great achievements 
of theoretical physics that Dirac was able to predict the existence of the positron (the 
antiparticle of the electron) from his theory. 

By analogy with non-relativistic quantum mechanics, Dirac started by looking for 
a wave equation of the form 


) 
ey = HW (15.28) 


which like the Schrédinger equation (3.21) is Jinear in 0/dt, and not quadratic like 
the Klein—Gordon equation. Since in a relativistic theory the spatial coordinates 
(x; = xX,X2 = y, X3 = Z) of a space-time point (called an ‘event’) must enter on the 
same footing as the time coordinate x4 = ict , the equation (15.28), and hence the 
Hamiltonian H, is expected to be linear in the space derivatives 0/dx,(k = 1, 2, 3). 
The wave function W(r, tr) in (15.28) is assumed to have N components YW, (r, f), 
where i = 1, 2,...N, and hence may be written in the form of a column vector as 


Vi 
W2 
y= : (15.29) 


Wy 
Free particle 


Let us first consider the case of a free particle. The Hamiltonian must then be 
independent of r and f¢ (since there are no forces) and the simplest candidate, linear 
in the momentum and mass terms, may be written in the form 


H = CQ.Pop + Bmc* 


= 6 Ok (Pop )k + Bmc? (15.30) 


3 
k=] 


where Pop = —ihV and (pop), with k = 1, 2, 3 denote the Cartesian components of 
Pop. The three components (a, @2, @3) Of @& as well as the quantity 6 are independent 
of r,t, p and E, but need not commute with each other. 
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Substituting (15.30) into (15.28) and remembering that Eo) = ihd/dt, we obtain 
the Dirac wave equation for a free particle: 

(Eop — CO-Pop — Bmc?)W = 0 (15.31la) 
or 


a 
in— Ww = —jhca.VW + Bmc’W. (15.31b) 


Since V is acolumn vector with N components, this equation is a matrix equation, 
which can be written more explicitly as the set of N coupled equations 


‘Any nee aa aa : ¥j+8 Wy 
nNn— WY; —1NCc ott a2 — a3 — ; imc ; 
or Fe 2) Ox) : 0x7 . 0X3 ij ’ = : , 


j=l 


In order to determine the quantities a,(k = 1, 2,3) and B which appear in the 
above equations, we first require that any solution W of the free-particle Dirac equa- 
tion (15.31) must also be a solution of the free-particle Klein—Gordon equation (15.5), 
which we rewrite for this purpose as 


[Es — Bop? — mc") = 0. (15.33) 


This requirement, based on the correspondence principle, guarantees that in the classi- 
cal limit the wave packet solutions of the Dirac equation (15.31) will exhibit the correct 
relativistic energy-momentum relation (15.4) fora free particle. Multiplying (15.3 1a) 
on the left by the operator ( Eop +C@.pop + Bm c?), we obtain the second-order equation 


3 N 
|E3 —¢ (121) + > (a,c) + at:)(Pop (Pop 
k=l 


k<l=1 
3 
-me' (Ya B+ Ba)( ops — m’c*p? w =0. (15.34) 
k=1 


Comparing (15.34) with (15.33), we see that each component W; of the Dirac wave 
function satisfies the Klein—Gordon equation (15.33) provided that 


(0)? = (a2)? = (a3)? = B* = 1, 
[a},a2]4 = [a2, 03], = [a3, a1], = 9, (15.35) 
lay, Bly = [a2, B)+ = [a3, BJ, =O 


where [A, B], denotes the anticommutator of A and B (see (6.223)). Thus, the four 
quantities a, a2, a3 and 6 anticommute in pairs, and their squares are equal to unity. 
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Since the quantities a, (k = 1, 2, 3) and B do not commute, they cannot be numbers. 
We are therefore led to consider N x N matrices. In order that the Hamiltonian H 
be an Hermitian operator, H = H", the matrices a, and 6 must also be Hermitian: 


a=a’, p=p (15.36) 


Dirac representation for the matrices a and £. 


We shall now make use of the relations (15.35) and (15.36) to construct an explicit 
representation of the matrices a@ and £. In the interest of simplicity, we shall require 
this representation to be of lowest rank as possible. 

We first observe that since (a,)? = B* = 1, the eigenvalues of a, and 6 are +1. It 
also follows from their anticommutation properties that the trace of each a, and of B 
is equal to zero. Indeed, since [a,, B]4 = 0 and B* = 1, we have 


a, = — Boy, B (15.37) 
and therefore 

Tr a, = Tr(—fBa;, B). (15.38) 
On the other hand, using (15.37) and the fact that a, 6 = —Ba,, we have 

on = Bray (15.39) 
from which 

Tr o;, = Tr(B’a,) = Tr(Bax, B) (15.40) 


where we have used the fact that the trace of a product of matrices does not depend 
on the order of its factors. Upon comparison of (15.38) and (15.40), we see that 
Tr a, = 0. Similarly, since 


B = —a, Bay (15.41) 
we have Tr 8B = Tr(—a, Ba,). But we also have 
Tr 8B = Tr [(ax)?B] = Tr (a, Bax) (15.42) 


so that Tr B = 0. Since the trace is the sum of the eigenvalues, and the eigenvalues 
of the matrices a, and B are +1, we conclude that there are as many +1 as —1 
eigenvalues. As a result, the matrices a, and 8B must be of even rank. 

Let us first consider the simplest possibility, namely N = 2. Comparing (15.35) 
with (6.238) and (6.239), we see that the matrices a, and B have similar algebraic 
properties as the 2 x 2 Pauli spin matrices o,, 0, and o- given by (6.243). However, 
so long as we deal with 2 x 2 matrices, we cannot find a representation of more than 
three anticommuting quantities. Indeed, because any 2 x 2 matrix can be expressed 
as a linear combination of the four linearly independent matrices o,,0,,0, and | 
(where / is the unit 2 x 2 matrix), one can prove that it is not possible to find a fourth 
matrix that anticommutes with all three of the Pauli spin matrices o,, 0, and o;. 
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We therefore have to consider the case N = 4. Following Dirac, we shall choose 
a representation in which the matrix £ is diagonal. If J denotes the unit 2 x 2 matrix 
and o, (k = 1, 2,3) are the three Pauli spin matrices (0,,0,,0,), then the 4 x 4 
matrices 


-— 0 Ok = I O 
a= (5, 5) p=( a (15.43) 


satisfy all the required conditions: they are Hermitian and can readily be seen 
(Problem 15.4) to satisfy the relations (15.35) by using the properties of the Pauli 
spin matrices. The particular representation (15.43), called the Dirac representation, 
is especially convenient to discuss the non-relativistic limit of the Dirac equation, as 
we Shall see in Section 15.6. It is worth noting that the solution of equations (15.35) 
and (15.36) is not unique, but it can be shown that any set of matrices satisfying these 
conditions provides the same physical results. 

As a result of the above discussion, we see that the wave function VY of equa- 
tion (15.29) must contain four components as anticipated at the beginning of this 
section. It is called a four-component spinor and is appropriate for particles of spin 
1/2. Representations with higher rank matrices correspond to particles with spin 
greater than 1/2. 


Charged particle in an electromagnetic field 


To obtain the Dirac equation for a spin-1/2 particle of charge g moving in an electro- 
magnetic field described by a vector potential A(r, t) and a scalar potential @(r, fr), 
we make the usual replacements (15.6) in (15.31) and obtain 


[(Eop — 9) — CO.(Pop — GA) — Bic? ]¥ = 0 (15.44) 
Or 
ra] 
in— Ww = [-ihca.V —cqa.A+q¢ + Bmc’]. (15.45) 


Upon comparison with (15.28), we see that the Dirac Hamiltonian for a spin-1/2 
particle of charge q in the presence of an electromagnetic field is given by 


H =ca.(Pop — gA) + q¢ + Bnc’. (15.46) 


Adjoint equation; continuity equation; probability and current densities 


We have seen above that the wave function VY may be considered as a column matrix 
of the form (15.29), with four components W; (i = 1, 2,3, 4). We can define W* to 
be a row vector with components Y*, namely 


Wr= (WF WT WF Wh). (15.47) 
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Using (15.45), (15.46) and the fact that a, 8 and pop are Hermitian, we see that Y* 
satisfies the equation 


| 
ih — WH 
= (ihcV — cqA)V".a+qo¥t + mc?" B. (15.48) 
The quantity 
4 
P(r,t) = Wviw = »: IW, |? (15.49) 


i=! 

is clearly positive and can be interpreted as a position probability density, in the same 
way that ||? is the position probability density for the non-relativistic Schrodinger 
equation (3.21). By multiplying (15.45) on the left by W* and (15.48) on the right by 
W, and taking the difference of the two results, it is found that 


oP 

a + V.(U'caW) =0. (15.50) 
If we interpret the vector 

j(r,t) = ¥'ca (15.51) 


as a probability current density, the equation (15.50) takes the form of a continuity 
equation 

oP 

— +Vj=0, (15.52) 


and we see that ca@ can be interpreted as a velocity operator. 


Stationary state solutions 


Let us assume that A and @ are time-independent. We may then look for stationary 
state solutions of the Dirac equation having the form 


Wir, t) = W(r) exp(—-1Et/h) (15.53) 
where y (r) is a time-independent four-component spinor: 
Wi 
y= i (15.54) 
Wa 
From (15.45) and (15.53) we obtain for yw (r) the equation 
[-ihca.V —cqa.A+q¢+ Bmc’]W = Ey. (15.55) 


Let us write the four-component spinor w in terms of two-component spinors, 


_ (Va 
y= a) (15.56) 
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15.3 


where 


_{h _ (% 
Va= ts , We= ie (15.57) 


Using the representation (15.43) of the matrices @ and 8, the two-component spinors 
wa and Wg are found to satisfy the two coupled equations 


(qo +mc*)W, +co.(-ihV —qA)Wvg = Ewa, (15.58a) 
co.(—ihV — gA)va + (go —mc’)We = Es. (15.58b) 


These equations will be used in Section 15.6 to study the non-relativistic limit of the 
Dirac equation. 


Covariant formulation of the Dirac theory 


In order to satisfy the principle of relativity, the Dirac equation and the continuity 
equation upon which its physical interpretation is based must keep their form when 
Lorentz transformations are performed. 

Let us first recall that homogeneous Lorentz transformations are real, linear, homo- 
geneous transformations of the space-time coordinates leaving invariant the norm of 
the intervals between the different points of space-time. This is in accordance with the 
physical observation that the velocity of light in vacuo, c, is the same in all inertial 
(Lorentz) reference frames. Thus, if two observers, who are in different inertial 
reference frames S and S’, describe the same physical event with the coordinates x,, 
and x/,, respectively, the homogeneous Lorentz transformation between the two sets 
of coordinates is 


4 
ee ae os (15.59a) 


p=! 
= LyyXy (15.59b) 


where in the second line we have followed the convention of summing over repeated 
indices. The coefficients L,,,, depend only on the relative velocities and spatial 
orientations of the two reference frames S and S’. Since the spatial components 
x, and x,(k = 1,2, 3) are real and the time components x4 = ict and x, = ict’ are 
imaginary, it follows that 


Lip isreal, i,k =1,2,3 (15.60a) 

Li, and L4; areimaginary, i =1,2,3 (15.60b) 
and 

L44 18 real. (15.60c) 


A four-vector a,(u = 1, 2,3, 4) is a set of four quantities transforming like the 
coordinates x,,, with a,(k = 1,2, 3) being real and a4 being imaginary. It is often 
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convenient to denote a four-vector a, in the form a, = (a, a4). For example, in this 
notation x, = (x, ict). The squared norm of a four-vector is defined to be 


a,,a, = a° +a, =a’ — |agl’ (15.61) 


where a* = a.a = (a))* + (az)? + (a3) is the usual squared norm of the three-vector 
a. In what follows we shall continue to denote by a the norm (length) of a three-vector, 
where a = |a|. 

Four-vectors a, can be classified into three categories depending on their squared 
norm. Those with a,,a, < 0 are called time-like, those with a,,a, > 0 are said to be 
space-like and those with a,,a, = 0 are null vectors. This classification corresponds 
to the position of the four-vector with respect to the light cone 


Lit = vr+y4+27-c7r =0. (15.62) 


In accordance with the physical observation that the velocity of light in vacuo, c, 
is the same in all Lorentz reference frames, it is sufficient to require that the norm 
of the four-vector x, be invariant under the transformation (15.59). As a result, the 
coefficients L,,, must satisfy the conditions 


Luvbyp a Sup. (15.63a) 
Ly boy = bp (15.63b) 


where 6,, is the usual Kronecker delta symbol. It follows that the norm of any four- 
vector a,, iS invariant under a homogeneous Lorentz transformation. In addition, the 
scalar product of two four-vectors a,, and b,,, defined as 


a,b, = a.b + agb, (15.64) 


is also an invariant. 
Of particular importance in what follows is the energy-momentum (or 
four-momentum) four-vector 


JE 
Pu = (p. i=) (15.65) 
whose squared norm is given by 


2 

PuPp = ie ge —m*¢? (15.66) 
so that the four-vector p,, is time-like. 

It follows from the conditions (15.63) that 


det |L,y| = +1 (15.67) 


so that for every homogeneous Lorentz transformation there exists an inverse trans- 
formation, which we can write as 


5 ae One ae (15.68) 
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Let us set v = p = 4 in (15.63b). We then have 


3 
1— do (La)? 
k=1 


(La)? 


3 
1+ > \Lax|? > 1 (15.69) 
k=] 


so that either L44 > 1 or Lag < —1. If L4q > 1, the transformation conserves the sign 
of the fourth (time) component of time-like vectors, and is called an orthochronous 
Lorentz transformation. If L4, > 1 and in addition det|L,.| = +1, the transfor- 
mation also conserves the sense of Cartesian systems in three-dimensional space; it 
is then called a proper Lorentz transformation. Proper Lorentz transformations can 
be built up by an infinite succession of infinitesimal transformations. They include 
ordinary three-dimensional spatial rotations as well the special Lorentz transforma- 
tions called boosts, which are transformations to coordinates in relative motion along 
any spatial direction. The orthochronous Lorentz transformations (La, > 1) with 
det |L,,y| = —1 include the spatial reflection or spatial inversion 


Xp = —Xp, Ny =Xq (15.70) 


and the product of a spatial reflection with a proper Lorentz transformation. The 
homogeneous Lorentz transformations with L4, < —1 include the time reflection or 
time inversion 


4, =X. 2%, (15.71) 


and will not be needed in what follows. 

Finally, we note that in addition to the homogeneous Lorentz transformations, we 
can consider inhomogeneous Lorentz transformations, also called Poincaré transfor- 
mations, such that 


xi Ska ah (15.72) 


where d,, is a constant four-vector. 


Covariant form of the Dirac equation 


Let us return to the free-particle Dirac equation (15.31). Multiplying this equation on 
the left by B/hc and introducing the 4 x 4 matrices y, = (1, 72. ¥3. 4) = (VY. Y4) 


such that 
Ve = —iBa,, k=1,2,3 (15.73a) 
ya = B (15.73b) 


we obtain the covariant form of the Dirac equation: 


0 mc 
a ae WY — * e 
(1, ia ) 0 (15.74) 
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The properties of the matrices y, are easily derived from those of the a, and B. 


The fact that a, and 6 are Hermitian implies that 
Vy = Yu (15.75) 


so that the matrices y, are also Hermitian. From (15.35) and (15.73), we also have 
VpVv + Wp = 20nv, u,v =1,2,3,4. (15.76) 


Using the Dirac representation (15.43) for a, and B, the matrices y, have the form 


nies 0 —Ok = I O 
n=i(? oh n= (4 =“ (15.77) 


Let us now generalise our treatment to the case of a spin-1/2 particle of charge g 
moving in an electromagnetic field described by a vector potential A(r, t) and a scalar 
potential @(r, t) which form the four-vector 


A, = (A, id). (15.78) 


Multiplying both sides of (15.45) by B/fc, and using (15.73), we obtain the covariant 
form of the Dirac equation for a charged particle in an electromagnetic field: 


@) ig mc 
— —-—A, }+— |¥ =0. 15.79 
(see) + | ae 
Taking the Hermitian conjugate of this equation, we have 
0 ig tt 0 ig fo eg EE es 
— +A JY Yy +1 -— - As |vy, + —Wv =0 15.80 
(= cL jj .) Ve ( Dx, i :) V4 h ( ) 


where we have used the fact that x, = ict and Aq = i@ are purely imaginary. It is 
convenient to introduce the Dirac adjoint 


V= Wy, (15.81) 


so that after multiplying (15.80) on the right by y4 and using (15.75) and (15.76), we 
find that W satisfies the equation 


Oe NGG ag (15.82) 
cM ay 


which is called the adjoint equation. 

We can also write the continuity equation (15.52) in covariant form. Multiplying 
(15.79) on the left by W and (15.82) on the right by W, and adding the two resulting 
equations, we find that 


oe 
— (Wy, ¥) = 0. 
ax, Yu) (15.83) 


Defining the probability current density four-vector 


jn =icVy,V (15.84) 
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we can rewrite (15.83) as the continuity equation 


7) 
—j, =0. 15.85 
Ox, Ju ( ) 
Using (15.49), (15.51), (15.81) and (15.84), we see that 
Ju = G, 1cP) (15.86) 


so that (15.85) expresses the continuity equation (15.52) in covariant form. 


Lorentz invariance of the Dirac equation 


We shall now prove that the Dirac equation for a free particle 1s invariant under 
Lorentz transformations. Suppose that in a reference frame S where a given event 
has coordinates x,, this equation takes the form (15.74), namely 


re] mc 
— +— |] V = 0 15.87 
(v, ax, + jj ) (x) ( ) 


where the symbol x stands collectively for (x|, x2, x3, X4) = (r, ict). Inanew Lorentz 
frame S’ the coordinates of the same event are given by x/,, as defined by (15.59) for 
homogeneous Lorentz transformations. Using the inverse transformation (15.68), we 


have 
f) 0 
= 15.88 
OX py ax! 
Substituting (15.88) into (15.87), we find that 
ft VG Gj 6 (15.89) 
eee Ox’ h ae ° 


Let us now define the four-component wave function of the particle 
in the new Lorentz frame S’ as W’(x’), where x’ stands collectively for 
(X},%5, X3, X4) = (1, ict’). We assume that ’(x’) can be obtained from V(x) by a 
transformation of the form 


W'(x') = AV (x) (15.90) 


where A is a4 x 4 matrix. We shall now show that ’(x’) satisfies a Dirac equation 
of the standard form, namely 


) mce\. | 
(nes a =e (x) =0. (15.91) 
Ox’ 
Using (15.90), and multiplying on the left by A~!, (15.91) becomes 
| 0 mc 
Aa "( y,—— + — )AW(x) = 0, (15.92) 
Ox, oA 


which reduces to (15.87) provided that 
AlyA= Vielen: (15.93) 
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Therefore, if a4 x 4 matrix A satisfying this equation can be found, the wave functions 
W(x) and W’(x’) satisfy Dirac equations of the same form, so that the Dirac equation 
is invariant under homogeneous Lorentz transformations. 

Let us begin by considering infinitesimal proper Lorentz transformations, for which 


Loy = Spy + Envy (15.94) 
where |€,,»| < 1. Using the relations (15.63), we find that 

Euv = —Evp- (15.95) 
We also have from (15.93) and (15.94) 

A'yA=yt+ Vubvu- (15.96) 


By using (15.76) and keeping only first-order terms in €,,,, it 1s easy to check 
(Problem 15.5) that (15.96) is satisfied provided that 


] 
Az=I+ re Vp Yo (15.97a) 
and 
| 


where / is the unit 4 x 4 matrix. Finite proper Lorentz transformations can be obtained 
by a succession of these infinitesimal proper Lorentz transformations. 
We now consider pure spatial reflections (15.70), for which 


Lit = —dix, L, k= 1, 2 3 (15.98a) 

La, = Lyg =O (15.98b) 
and 

Lag = 1. (15.98c) 


By direct substitution into (15.93), it is found that 
A=ny (15.99) 


where 77 is aconstant. Since two reflections bring one back to the original coordinate 
system, we may take n? = 1, so that 7 = +]. Thus, under a spatial reflection 


W'(—r, ict) = ny V(r, icr). (15.100) 
We may write this equation in the alternative form 


W'(r, ict) = nysW(-r, ict) 
nyaPW (Fr, ict) (15.101) 
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15.4 


where P is the non-relativistic parity operator introduced in Section 5.10. We note that 
the relativsitic wave function V(r, icf) is not an eigenfunction of P. It is convenient 
for future use to introduce a relativistic parity operator defined as 


P=ny4P (15.102) 


which is Hermitian and such that P* = /. 

We also remark that the Dirac equation is form-invariant under space and time 
translations, and hence under inhomogeneous Lorentz transformations. 

Finally, we note that the method employed in this section can also be used to write 
the Klein—Gordon equation in covariant form, and prove its invariance under Lorentz 
transformations. 


Plane wave solutions of the Dirac equation 


Let us return to the Dirac equation (15.31) for a free particle of spin-1/2. Since the 
Hamiltonian (15.30) is independent of r and r, we can seek eigenfunctions common 
to both the energy and momentum operators, namely plane waves of the form 


Wr, t) = Auexp[i(p.r — Er)/h] (15.103) 


where A is aconstant and u is a four-component spinor independent of the space-time 
coordinates x,, of the particle. The plane waves (15.103) are eigenfunctions of the 
operators Eo, = ihd/dt and Pop = —ihV with eigenvalues E = hw and p = hk, 
respectively. Substituting (15.103) into (15.31b) gives for u the matrix equation 


(ca.p + Bmc’)u = Eu. (15.104) 


It 1s instructive to consider first the case of a particle at rest, so that p = O. 
Denoting by u(O) the corresponding four-component spinor, and using (15.43), we 
find that equation (15.104) then reduces to 


2 
mel O 
( 0 we u(O) = Eu(0) (15.105) 
where we recall that / is the unit 2 x 2 matrix. This equation has the eigenvalues 
E, = mc? (occurring twice) and EL = —mc? (occurring twice) and four linearly 
independent eigenvectors which are given (up to an arbitrary constant) by 
l 0 0 0 
0 ] 0 0 
(1) = (2) = (3) = (4) = 
us’’(Q) 0 us’(Q) = 0 u-’(O) = us’ (O) = 0 
0 0 0 ] 
(15.106) 


The first two solutions describe a spin-1/2 particle with positive energy E, = mc’. 
The last two solutions, corresponding to the negative energy E_ = —mc’?, will be 
interpreted at the end of this chapter. 
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Let us now consider the case p 0. It is convenient to write the four-component 
spinor u in terms of two-component spinors u4 and ug as 


a (i) | (15.107) 


_ {41 _ [43 
ua = oo . Up= bt (15.108) 


We then have, from (15.104) and (15.43), 


2 
= I cop ) foe _FE (*) (15.109) 
co.p —mc’l}] \upg UB 


so that uw, and wz are related by 
co.p co .p 
“a = ———— Ug, UZ = — 
A E-—me? BE + me 


Using the second of these equations to eliminate ug, and making use of (6.241), we 
find that 


UA. (15.110) 


C7 (o.p)*u4 = p’cru, = (E* — m*c*)ua. (15.111a) 
Similarly, upon elimination of u4, we have 
c*(o.p)*up = p°c’up = (E? —m’*c*)upg. (15.111b) 


The four eigenvalues of equation (15.109) are therefore given by 


E, =+(m’c*+ p’c’)'” occurring twice (15.112a) 
and 
E_ = —(m*c* + p*c’)'” occurring twice. (15.112b) 


This result may also be obtained by wniting the four linear, homogeneous equations 
corresponding to (15.109). Using the expressions (6.243) of the Pauli matrices and 
denoting the Cartesian components of the three-vector p by (px, py, pz), we obtain 
a set of algebraic equations for the four components u; of u. That is, 

(mc? — E)u, + Cp-U3 + C(py — ipy)ug = 0 
(mc* — E)ur + (px + ipy)us — cp-u4 = 0 

cpu, +c(px — ipy)u2 — (mc? + E)u3; = 0 (15.113) 

C( px +ipy)uy, — cpzu2 — (mc? + E)u,g = 0 
These equations have a non-trivial solution only if the determinant of the coefficients 


is zero. This determinant has the value (E? — m*c* — p’c*)?, so that we must have 


(E? — m’c* — p’c*)? = 0 (15.114) 
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which indeed gives the energy eigenvalues E, and E_ of equation (15.112). More- 
over, when the condition (15.114) is satisfied, the determinant is of rank 2 (1.e. 
all 3 x 3 minors vanish). Thus there are two linearly independent solutions of 
equations (15.109) corresponding to the positive energy E, = +(m?c* 4+ p*c’)!/2, 
which describe a free spin-1/2 particle of energy EF, and momentum p. They can be 


written as 
a B 
wu) =N cop |. u” =N co.p (15.115) 
E, + mc? E, +mc? 


where a and £ are the basic two component spinors (6.230), and N is anormalisation 
constant. The general solution u* corresponding to the positive energy E, and the 
momentum p is therefore given by a linear combination of the solutions uv" and u®?, 


namely 
x 
ut =au") + bu” = N co.p (15.116) 
Ey. + mc? 


where a and b are complex coefficients, and x = aa+bf is a general two-component 
spinor (see (6.216) and (6.233)). It is worth noting that the four components 
ur (i = 1,2,3,4) of u* are not independent of each other. Indeed, we see from 
(15.110) that once the two-component spinor uw, is given, the other two-component 
spinor wg is specified (and vice versa). Therefore, it is always possible to express 
the two lower components u;* (i = 3, 4) of any solution u* in terms of the two upper 
components uj (i = 1, 2). 

Let us now consider the solutions corresponding to the negative energy 


E_ = —(m*c* + p*c’)!” and the momentum p. There are two linearly independent 
solutions of this type, which may be written as 
co.p co.p 8 
ee (O4 ee 
u? = N ( —E_+mc? u% = N ( —E_+mc* (15.117) 
ar B 


The general solution u~ corresponding to the negative energy E_ and the momentum 
p is therefore a linear combination of the solutions (15.117). That 1s, 


co.p ss. 
u~ = au) + bu = N ( —E_ me) (15.118) 
X 


where @ and b are complex coefficients and x = da +58 isa general two-component 
spinor. As for the case of positive-energy solutions, the four components 
u,(i = 1,2,3,4) of u~ are not independent, the two upper components 
u,; (t = 1, 2) being related to the two lower components u,; (i = 3, 4). 
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We also note that the four solutions u(r = 1,2,3,4) given by (15.115) 
and (15.117) are orthogonal: 
uY=0, rdés (15.119) 


(r)* 


I 9 


where r,s = 1,2,3,4 and each uw" is a row vector with four components u 
namely 


ul = (ul us* us uf”). (15.120) 


Non-relativistic limit 


It is also interesting to consider the non-relativistic limit of our solutions. Then 
E, = —E_ is close to mc’, and large with respect to cp. Thus, looking back at 
equations (15.110), we see that for the positive energy solutions the two-component 
spinor ug is of order (v/c) times u4, where v = p/m is the magnitude of the 
(non-relativistic) velocity of the particle; uw, is the so-called large component and 
up the small component of the four-component Dirac spinor u. On the other hand, 
for negative-energy solutions, wu, is of order (v/c) times ug in the non-relativistic 
limit; in this case ug is the large component and u, the small one. We also note 
that in the limit p = 0 the solutions u“” given by (15.115) and (15.117) with N = 1 
reduce to our previous result (15.106). In particular, for the two solutions (15.115) 
corresponding to positive energies, we see that with N = | we have in the limit 
p— 0 


fas (5). Omer ‘ (15.121) 


so that we retrieve the basic Pauli spin functions. Similarly, for the two negative- 
energy solutions (15.117), we have in the limit p — 0 (choosing N = 1) 


u® > (°). u™ + a (15.122) 


The physical distinction between the two solutions for each sign of the energy can 
therefore be understood in the non-relativistic limit by taking into account the spin of 
the particle. 


Spin and helicity operators 


Guided by the above result, let us return to the relativistic solutions u given 
by (15.115) and (15.117), and analyse the two-fold degeneracy corresponding either 
to the positive energy E, = +(m*c* + p’c’)'/ or the negative energy E_ = 
—(m*c* + p*c*)'/?. This degeneracy implies that there must be another operator 


which commutes with the Hamiltonian (15.30) and with the momentum operator 


Pop = —1hV, whose eigenvalues can be taken to label the states. To construct this 
operator, let us first introduce the Dirac spin operator 
h 
S=- (15.123) 


pi 
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where 3% = (2X), X2, X3), the XL, being 4 x 4 Dirac spin matrices given by 
Ly = & 4 | (15.124) 


0 o 


It follows from the properties of the Pauli spin matrices that the three Cartesian 
components of S satisfy the commutation relations (6.181) characteristic of angular 
momentum operators. Moreover, for any state V, 


I 
SwWHs(stlhv, sa ; (15.125) 
and the two possible eigenvalues of S,, S, and S, are +h/2. Using the properties of 
the Pauli spin matrices, it is straightforward to show (Problem 15.6) that if H is the 


free-particle Dirac Hamiltonian (15.30), then 
h 
[H,S] = 5 [C&.Pop + Bmc’, ] 


= 1Nc(@ X Pop) (15.126) 


so that in general the spin operator (15.123) is not a constant of the motion. In fact, 
for any unit vector n, we have 


[H,n.S] = —ihca.(n X pop) (15.127) 


which shows that the eigenfunctions of H are in general not eigenfunctions of 
Sn = h.S. As a result, an eigenvalue of the spin operator S cannot be assigned 
in an arbitrary direction (6, @), except in the rest frame of the particle for which 
p = 0. In that frame, we see from (15.116) and (15.118) that the corresponding 
spin eigenfunctions for positive energies and negative energies are respectively (with 
N=1) 


u"(p=0)= 4 , u(p=0= 4 (15.128) 


where x = aa + bf and x = Ga + bf. 
Let us now return to the equation (15.127), and choose n to coincide with p, the 
unit vector pointing in the direction of the momentum. We then find that 


[H, p.S] = 0 (15,129) 


The operator p.S, which is the component of the spin operator in the direction of 
motion p, is called the helicity operator. We see from (15.129) that this operator 
commutes with the free-particle Dirac Hamiltonian (15.30). In addition, the operator 
p.S commutes with the momentum operator Pop = —ihV. It follows from (15.129) 
that the helicity operator p.S is a constant of the motion. Its eigenvalues AA define a 
quantum number J, called the helicity, which in the present case can take the values 
A = +1/2 (positive helicity) and 7 = —1/2 (negative helicity). Hence, for a given 
momentum, there are two different positive-energy four-component spinors having 
the form (15.116) and corresponding to positive and negative helicity, respectively. 
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Similarly, there are two four-component spinors of the form (15.118), which corre- 
spond respectively to positive and negative helicity. 

It is worth stressing that the positive-energy four-component spinors (15.115) are in 
general not eigenfunctions of the helicity operator p.S. However, appropriate linear 
combinations of these spinors can be formed, which are eigenstates of p.S; the same 
is true for the negative-energy four-component spinors (15.117). Thus, returning to 
(15.116), we can express the two-component spinor yx as a superposition of the two 
linearly independent spinors x; and x; which are eigenstates of the operator p.S. 
These are (see (6.252) and (6.255)) 


cos § sin § (15.130) 
a sin cel? a — cos cel? 


where (0, #) are the polar angles of the vector p. A four-component spinor u* such as 
(15.116) with x given by x; then represents a spin-1/2 particle with its spin directed 
parallel to its momentum p, that is with helicity A = +1/2. In the same way, if in 
(15.116) x is set equal to x,, then u* represents a particle with its spin anti-parallel 
to p, that is with helicity A = —1/2. If x = a;x+ +, xy, then |a,|? and |a,|* give 
the relative probabilities of finding the particle with spin ‘up’ and spin ‘down’ relative 
to the direction of p, that 1s, with helicity +1/2 and —1/2. 

An interesting particular case is that for which the z-axis is chosen along the 
momentum p of the particle, so that p = (0,0, p). The positive energy solutions 
(15.115) then become 


I 0 
(1) 0 (2) I 
ue’ =N cp ; CoS N 0 (15.131) 
E,+mc- _ ep 
0 E,+mc? 


while the negative-energy solutions (15.117) become 


St Pe 0 
—E_+mc- 
0 4 + _, 
u =N — uw2® an or (15.132) 
0 


Furthermore, we now have 
p.Su™ = Su =rAhu” (15.133) 


with A = +1/2 whenr = 1,3 and A = —1/2 whenr = 2,4. Thus we see that 
the solutions vu”) are eigenfunctions of S-. This result is a direct consequence of 
the discussion following equation (15.129), since in the present case S- is just the 
component of the spin operator in the direction of motion. 
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Normalisation of the solutions 


Let us now return to the four solutions u“” given by (15.115) and (15.117). Each of 
these solutions can be normalised to unity by requiring that 


uP Y~=1, r=1,2,3,4 (15.134) 


It is then easily found (Problem 15.7) that the normalisation constant N is given (apart 
from an arbitrary complex multiplicative factor of modulus one) by 


Qe? —1/2 2\ 1/2 

E 

es | eee ce UP a Ll (15.135) 
(E, + mc?) 2E &: 


Combining the normalisation condition (15.135) with the orthogonality 
relations (15.119), we see that the solutions wu“ satisfy the orthonormality relations 


uy = 8, r,s = 1,2,3,4. (15.136) 


To each of the four four-component spinors wu) solutions of equation (15.104) 
corresponds a four-component plane-wave solution of the free-particle Dirac equation, 
which, using (15.103), is given by 


wrt) = Au” expli(p.r — Et)/A], r= 1,2,3,4. (15.137) 


The normalisation of these plane-wave solutions can be chosen in various ways. 
Let us assume that the particle is localised in same large volume V. Then 


[ wore =|A’?V, r=1,2,3,4. (15.138) 
If we require that the solutions be normalised to unity, then we can take 
AS Vrs (15.139) 
However, it is often convenient to adopt a normalisation such that 
fee ( Ey ) (15.140) 
Vmc? 


in which case the normalisation condition (15.138) is Lorentz invariant 
(Problem 15.7). 


Solutions of the Dirac equation for a central potential 


Let us consider a spin- 1/2 particle of mass m and charge gq in a static central field such 
that A = 0 and V(r) = g(r) 1s the potential energy. The Dirac Hamiltonian (15.46) 
is therefore given in this case by 


H =cQ.pop + Bmc? + V(r) (15.141) 
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and the Dirac equation to be solved is 
[C&-Pop + Bmc? + V(r)]W(r) = Ev(r) (15.142) 


where w(r) is a four-component spinor. 

In order to separate variables in this equation, let us look for operators which 
commute with the Hamiltonian (15.141) and hence yield good quantum numbers. 
We saw in Section 7.2 that in the non-relativistic Schrédinger theory the Hamiltonian 
H = p2,/2m + V(r) of a spinless particle of mass m in a central field commutes with 
every Cartesian component of the orbital angular momentum operator L = r x pop, as 
well as with L?. As a result, simultaneous eigenstates of the operators H, L* and L- 
exist in Schrédinger’s non-relativistic theory, with eigenvalues given by E, /(/ + 1)h? 
and mh, respectively'. In Dirac’s theory, however, neither the Cartesian components 
of L, nor L* commute with the Dirac Hamiltonian (15.141). Indeed, it is readily 
shown (Problem 15.8) that if H denotes this Hamiltonian 


[H, L] = —ihc(a@ x pop). (15.143) 


Let us now consider the Dirac spin operator S = (h/2) introduced in the previous 
section (see (15.123)). We recall that for any state YW one has Sw = s(s + 1I)Aew 
with s = 1/2 (see (15.125)) and that the two possible eigenvalues of S,, S, and S- 
are +h/2. We also remark that any Cartesian component of S commutes with any 
Cartesian component of L. Moreover, using the properties of the Pauli spin matrices, 
we have 


[H,S] = ihc(a@ x Pop) (15.144) 


where H is the Dirac Hamiltonian (15.141). 
We can now define a total angular momentum operator J as the sum of the orbital 
and spin angular momentum operators: 


J=L+S. (15.145) 


It is easily checked that the three Cartesian components of J satisfy the basic com- 
mutation relations (6.139) of angular momentum operators and that [J*, J] = 0, 
so that J? commutes with each of the components of J. As a result, simultaneous 
eigenfunctions of J* and one of its components (which we choose to be J.) can be 
found. As usual, we denote the eigenvalues of J* by j(j + 1)A? and those of J. by 
mh. Making use of the results (15.143) and (15.144), we find that 


[H, J] =0 (15.146) 


so that every Cartesian component of J commutes with the Dirac Hamiltonian 
(15.141). Using (5.101c), we see that J° also commutes with this Hamiltonian: 


[H,J’] =0. (15.147) 


' As in Sections 6.10, 8.2 and 10.5 we denote by m; the quantum number corresponding to the operator 
dis, 


“~ 
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Since we have [H, J*] = 0, [H, J-] = Oand J’. J.]| = 0, it follows that simultaneous 
eigenstates of the Dirac Hamiltonian (15.141) and of the operators J’ and J. can be 
found, with eigenvalues given respectively by FE, j(j + 1)h* and m jf. 

Let us now consider the non-relativistic parity operator P defined by (5.336a). The 
Dirac Hamiltonian (15.141) does not commute with ?,, since the first term on the nght 
of (15.141) is odd under the operation r — —r, while the second and third terms are 
even. However, the relativistic parity operator P introduced in (15.102) is easily seen 
to commute with H, as well as with J* and J-. 

We also remark that the operator 


u.L 
C= 6( =" =F ' (15.148) 
commutes with H. To prove this, we first define the radial momentum operator 
ld l 
Pr = h-—r= —(F.Pop — th) (15.149) 
ror r 
and the ‘radial velocity’ operator 
l 
a, = —(a@.r) (15.150) 
r 
both of which are Hermitian. Using (15.43) and (15.124), together with (6.241), we 
have 
(Q.F)(Q@.Pop) = (.r)(X.p) 
= P.Pop +14.L 
= rp, +i(u.L +h). (15.151) 


l 


Multiplying on the left by r~'a, and using the fact that a? = 1, we obtain the identity 


1 
Q@-Pop = @r |. + ~ (2 + m| 


= a, p, +ih—" BK. (15.152) 
r 
This result allows us to rewrite the Hamiltonian (15.141) as 
H =ca,p, +1h “a, BK + Bmc? + V(r). (15.153) 
r 


It is easy to verify that the operator K commutes with p,,a@, and B, so that it also 
commutes with H. In addition, since J = L +S and S = (4/2), we have 


3 


AX.L=-28.L—=y-LV?-S=-jf-L’- ra (15.154) 


so that we may write 


2 
irke= a(s =e eee 7) (15.155) 
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Let us now return to the Dirac equation (15.142). Using (15.153), we can put it in 
the form 


Hw =[ca,p, + ina, BK + Bmc? + Vir)|W = Ev. (15.156) 


As in (15.56), we express the Dirac four-component spinor w in terms of two- 
component spinors wy, and wg. From the above discussion it follows that we can take 
w to be a similtaneous eigenfunction of the operators H, P, A ee J. and K. Hence, 
choosing n = +1 in (15.102), we can write 


Wa\ p(Wa Wa\ _ Wa 
n(te)ae(t). p(s) nat) asset 


sy a) = j(j+DR eo od. i eh (vs) (15.157b) 
i) =«K -) (15.157c) 

In terms of the non-relativistic parity operator P, we have 
p ts gh ad | (15.158) 


We found in Section 6.10 that the simultaneous eigenfunctions of the operators 
L?, S?, J? and J- are the spin-angle functions ,"’ , which have the parity (—1)'. For 
the case of a spin-1/2 particle (s = 1/2), they are given by (6.297) and/ = j + 1/2 
with j = 1/2,3/2,.... It follows that W, 1s proportional to yi" Similarly, Wp 
iS proportional to yy which has the parity (—1)'. From (15.158) we see that Wz, 


has opposite (non-relativistic) parity to 4. Thus, remembering that /’ can only take 
the values j + 1/2, it follows that /’ = 1+ 1. Therefore, if / = j — 1/2, then 
’=l1+1=j+4+1/2 while if/ = j + 1/2, then/’ =] —1 = j — 1/2. Moreover, 
from (15.155) and (15.157c) we have 


2 2 
(¥ ed Pee valz = Kha, (¥ = fae > )ve = —Kh* Wp. 
(15.159) 


As aresult, w4 and wg are eigenfunctions of J* — L? + f2/4 with eigenvalues «h? 
and —Kh?, respectively, where 


2 
«= AG ++) +5 = (445) BIG: (15.160) 


Hence 


k= (15.161) 
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and we see that « takes on all positive and negative integer values except zero. We 
also observe that the value of « determines both / and /, since 


1 
j=kkl— 5 (15.162) 


(15.163) 
—K, k <0 
In terms of the usual spectroscopic notation the states labelled by 
k = +1, —-1,4+2, —2,... correspond to 1/2, p12, P3/2, d3/2,... states. 
We may therefore write the solutions of (15.156) in the form 


© [ PeOyT” 
Weem, =r {- rails (15.164) 
IQ Ex COR 1 


In this equation Pe, (r) and Q_e,(r) are radial functions, and the factor 1 in front of 
Qe,(r) has been introduced in order to obtain real radial equations for Pe,(r) and 
QeEx (r). 
Substituting (15.164) into (15.156) and making use of the identities 
(o.B) = yr 
“2 


, los 
+3 


(15.165a) 
Goy Say" (15.165b) 


we find that the radial functions Pe,(r) and Q_e,(r) satisfy the coupled first-order 
differential equations 


2 
F 2 «| pgp oD (15.166a) 
dr r he 
= 2 
E ‘: “loc pw tea i AUT a (15.166b) 
dr or he 


These coupled equations play the role of the radial Schrédinger equation (7.52) in the 
non-relativistic theory. 

By eliminating the function Q¢,(r), between the two equations (15.166), we can 
find a single second-order equation for Pe, (r), which has the form 


d? Ae ape oo Pe” lps 5 (15.167) 
dr2 A dr Ar r2 = : 
where 
E+mc* — V(r) , dA 
AG) = AS. (15.168a) 
hic dr 
E — mc? — V(r) 
BG) Se (15.168b) 


hc 
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Free spherical waves 


As a first example, let us consider the case of a free particle, for which V = 0. The 
equation (15.167) then reduces to 


d I+ 
eee +k? |Pr(r) =0 (15.169) 
dr? 
where we have used the facts that e(« — 1) =/(1 + 1), and 
po (15.170) 


The equation (15.169) is identical in form to the free-particle non-relativistic equa- 
tion (7.60). Its regular solution (vanishing at r = Q) is given apart from an arbitrary 
multiplicative constant by 


Pev(r) = rjkr) (15.171) 


where j is a spherical Bessel function. 
The corresponding function Qe,(r) can be obtained from Pe,(r) by 
using (15.166a), namely 


hc d K 
K SS ee ee ee . 15.172 
Or.(r) 35 | ex (r) (15.172) 
For the case k = /+ 1 we have 
hike 
QeEx(r) = Fae rjisi(kr) (15.173) 


while for « = —/, we find that 


hkc 
QEx(r) = ane rji—\(kr). (15.174) 


In obtaining these results, we have used the relations 


1 
ji(e) = 5 te) — jr4i(p) 


+1 


ji(p) + ji-1(p) (15.175) 


satisfied by the spherical Bessel functions j;. 

In summary, for any value of the energy E outside the energy gap (—mc*, mc’), 
there exist free spherical wave solutions of the Dirac equation (15.156). When « = 
1+ 1, wehave j =/ + 1/2, and the free spherical wave is given by 


ilk) ye 
WEKm, =C hke 


2 


(15.176a) 


; : jum, 
Ve matte a 
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where C is a constant. When « = —/, we have j = / — 1/2, and the free spherical 
wave iS 
jt (kr) Yer 
Wecm, =C ike 7 (15.176b) 


‘ , jum, 
Fine re 


The hydrogenic atom 


As a second example, we shall consider the bound states of an electron, of mass m 


and charge g = —e, inthe Coulomb field of a nucleus of charge Ze, which we assume 
to be infinitely heavy. In this case 
7 2 
VAS = (15.177) 
(40 Eo)r 


and the two coupled equations (15.166) become 


F — «| Pex(r) = (1 + =| =F =] Oex(r), (15.178a) 

dr r h mc r 

E 4 “loc = (1 — 5] — =O | Petr (15.178b) 
dr or h mc? r 


where a = e”/(4z€hic) is the fine structure constant (1.68). 
To solve these equations, one can follow a procedure similar to that of Section 7.5. 


We first put 
o=or (15.179) 
where 
mc E? \' 
_ =(1 _ =a) (15.180) 
so that the coupled equations (15.178) can be written as 
d K mc E Za 
= — = |Pexto) = }|—(I+ 8) + — |Qex(p) (15.1814) 
do 0 vh mc p 
d K mc E Za 
a | Oe (p) ye i el = Peep), (15.181b) 
dp op vh mc p 


Let us first examine the asymptotic behaviour of Pe,(o) and Q-,(). For large p, 
the equations (15.181) become 


mc 


d E 
7, Pex(p) = Fae + =) Orx(p), (15.182a) 
p vh mc 


d mc E 
d QeEx(p) = ¢ = 5) [Peto (15.182b) 
p vh mc 
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Since we are interested in bound states, we require that both Pge,(o) and Oe,(p) 
vanish at infinity. In this case, the asymptotic equations (15.182) are satisfied by 
taking (Problem 15.9) 


Pex (p) = ae ®, (15.183a) 
Orx(p) = ae ” (15.183b) 


where the ratio a; /az is given by 


ay Geiay 


7 (eine (15.184) 


We can therefore look for solutions of the coupled equations (15.181) having the 
form 


E 1/2 
Pex, (p) = n(1 + =a e ° F(p) (15.185a) 
mc 


We 
QeEx(p) = -n(1 = a e-*s(p) (15.185b) 
mc 


where WN is a normalisation constant and the functions f(o) and g(p) are required to 
tend to unity when 9 — oo. We now write series expansions for f(o) and g(p) in 
the form 


oe 


fie) = pe dicep’, co #0, (15.186a) 
k=0 

g(p) = p’ Dd idip*, dy #0. (15.186b) 
k=0 


Substituting the expressions (15.185) and (15.186) into the equations (15.181) and 
equating the coefficients of each power of o, one obtains a sequence of equations, the 
first of which yields for s the relation 


s=+(k? — Z*a’)!”. (15.187) 


In order that the radial functions Pe, and Qe, be regular at the origin (that is, 
Pe,(0) = Qe,(0) = 0), we must take the positive square root’ in (15.187), so that 
s=t(k? — Z2a7)!/7, 

The remaining equations of the sequence provide recurrence relations for the 
coefficients c), d),...Cn,d,,.... To satisfy the asymptotic boundary conditions that 
Pex,(p) and Qr,(p) vanish at infinity, the series (15.186) for f(o) and g(p) must 


> For this treatment to be valid, we must have Z2a? < x”, which is always the case if Z < 137. 
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terminate. As in the non-relativistic case, it is found that this is only possible for 
certain values of FE, which are the Dirac energy eigenvalues 


ee ee as ) poe (15.188) 
=m SS ‘: 
és n—j—1/2+1G +1/2)? — Z?0?}!/ 


By expanding this result in powers of (Za)’, one obtains 


Za)? (Za)* 3 
EP = mec pees Bee ane Ae hes + (15.189) 
: 2n2 2n4 \j+i1/2 4 


Subtracting the rest energy mc’ from this result, we obtain the energy values 


= D 2 
er _ En —- MC 


(Za)? n 3 
a (0) ian sole 
= E' [1 + s Gears )+ (15.190) 


where E) are the non-relativistic (Schrédinger) energy eigenvalues (7.114) with 
2 = m. Upon comparison of (15.190) with the expression (8.115) obtained in 
Section 8.2, we see that the two results agree if terms of higher order in (Za)? are 
neglected in (15.190). As explained in the discussion following equation (8.115), 
a non-relativistic energy level E®’, which depends only on the principal quantum 
number n, gives rise to fine structure splitting into n different Dirac levels E,,; (with 
j =1/2,3/2,...,n—1/2) when relativistic effects are taken into account. It should 
be emphasized that in Dirac theory two levels having the same values of the quantum 
numbers n and j but with/ = j + 1/2 (such as the 2s) /2 and 2p),2 levels) are still 
degenerate. 


Comparison with experiment 


Many spectroscopic studies of the fine structure of atomic hydrogen and hydrogenic 
ions (in particular Het ) were made to test the Dirac theory, but no definite conclusion 
had been reached by 1940. Although there was some evidence strongly supporting the 
theory, the measurements performed by W. V. Houston in 1937 and R. C. Williams 
in 1938 were interpreted in 1938 by S. Pasternack as indicating that the 2s;/2 and 
2Ppi/2 levels did not coincide exactly, but that there existed a slight upward shift 
of the 2s;/2 level with respect to the 2p;,2 level of about 0.03 cm™!. However, 
the experimental attempts to obtain accurate information about the fine structure of 
hydrogenic atoms were frustrated by the broadening of the spectral lines, due mainly 
to the Doppler effect. In fact, other spectroscopists disagreed with the results of 
Houston and Williams, and found no discrepancy with the Dirac theory. 

The question was settled in 1947 by W. E. Lamb and R. C. Retherford. Using 
microwave techniques to induce a radio-frequency transition between the 2s) /2 and 
2P1/2 levels, they demonstrated in a decisive way the existence of an energy difference 
between these two levels, called the Lamb shift (see Section 8.2). The need to 
explain the Lamb shift was a key factor which stimulated the development of quantum 
electrodynamics (QED), perhaps the most successful of all physical theories. 


15.6 
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Non-relativistic limit of the Dirac equation 


In this section we shall investigate the non-relativistic limit of the Dirac theory, re- 
stricting our attention to stationary problems for which A and ¢ are time-independent. 
Our starting point is therefore the system of two equations (15.58) for stationary states. 
In order to examine its non-relativistic limit, we write, as in (15.17) 


E = E'+mc’. (15.191) 


Substituting (15.191) into (15.58), we find that the two-component spinors yy, (r) and 
Wa(r) satisfy the system of coupled equations 


goa t+ co.(-ihV — qA)ve = E'Wa, (15.192a) 
co.(—ihV —qA)Wat+qovp = (E’ +2mc’) We. (15.192b) 


This pair of equations is still exact. Solving (15.192b) for wg, we obtain 
_ l 
— E’+2mc? — qo 


wep co.(-ihV — qA)Wa. (15.193) 


In the non-relativistic limit both | E’| and |g@| are small in comparison with mc?. 
We may then write approximately 


Va = —6(-inV —qgA)Wa (15.194) 
2mc 


and we see that waz is smaller than y, by a factor of order p/mc (that is, v/c, where v 
is the magnitude of the velocity). The two-component spinors yw, and Wg are known 
in this case as the /arge and small components of the four-component spinor yw. 


The Pauli equation and the magnetic moment of the electron 


Substituting (15.194) into (15.192a), we find that 


| 
5 lo.(-ihV — gA)l'Wa + abWa = E'Wa. (15.195) 


Using the identity (6.241) satisfied by the Pauli spin matrices, we can write the first 
term on the left-hand side of (15.195) as 


| | h 
=—[o.(-inV — GA) Wa = = (—inV — Aya — Po lV x Awa. 
m 2m 2m 
(15.196) 


Now V x A = B, where B is the magnetic field, so that equation (15.195) becomes 
to h ) 
—(-iav — gAy — (6.B) +.9¢| Wa = E'Wa. (15.197) 
2m 2m 


This equation is known as the Pauli equation. It differs from the corresponding 
non-relativistic form (15.19) of the Klein—Gordon equation for spinless particles in 
predicting an interaction between the external magnetic field B and the Pauli spin 


712 @ Relativistic quantum mechanics 


operator S = (A/2)o of the particle. We emphasise that the Pauli equation (15.197) 
is an equation for a two-component spinor wave function. 


To apply the Pauli equation to the case of an electron, we put g = —e. We then 
have 
] , 7) eh / 
—(-ihV + eA)* + —(o.B) —ed|Wa = E Wa. (15.198) 
2m 2m 


The term ef(o.B)/2m on the left of this equation corresponds to an interaction 
—M,.B between the magnetic field B and an intrinsic magnetic moment M, of the 
electron, due to its spin, with 


h 
Wi oe ages (15.199) 
2m m 


where 4g = eh/2m is the Bohr magneton (1.84). We may also write the above 
equation as 


M, = —g,upS/h = —855—S (15.200) 
m 


where the spin gyromagnetic ratio g, has the value g, = 2. We see that the Dirac 
theory not only predicts the existence of an intrinsic magnetic moment M, for the 
electron, but it also predicts for it the value MMA, = —(e/m)S (corresponding to 
g, = 2), in very good agreement with experiment’. 

In the particular case such that the magnetic field B is uniform, the vector potential 
A can be written as A = (6B x r)/2 and the scalar potential @ can be taken to be 
gd = 0 (see (12.64)). The Pauli equation (15.197) then reduces to equation (12.69), 
which we studied in Section 12.2. 


Higher order corrections for a spin-1/2 particle in a central potential. 
Fine structure of hydrogenic atoms 


We have shown above that to lowest order in u/c, the Dirac theory is equivalent to 
the two-component Pauli theory. We shall now investigate higher order corrections 
(of order v7/c*) for the case of a spin-1/2 particle of charge g in a central potential 
V(r). 

Our starting point is again the pair of equations (15.192), in which we set A = 0 
and g@(r) = V(r). We then obtain the system of two coupled equations 


Vila tco.(—-ihV)We, = E'Wa, (15.201) 
co.(—ihV) Wa t+ Vp = (E’ + 2mc?) wp. (15.201b) 


+ In fact, the electron has an ‘anomalous’ magnetic moment, which differs slightly from the value 
MM. = —(e/m) S corresponding to g, = 2. The quantity a = (g, — 2)/2 has been measured with 
tremendous accuracy by R. S. Van Dyck, Jr. P. B. Schwinberg and H. G. Dehmelt in 1987 to give the 
value a = (1.159652 188 4 + 0.000000 004 3) x 107. The present theoretical result, calculated by using 
quantum electrodynamics, is (1.159652 2 + 0.0000002) x 1077, the main source of inaccuracy being 
relative uncertainties of the order of 107’ in the value of the fine structure constant a. 
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Solving (15.201b) for wg, we have 


I 


va = E'+2mc* — V 


co .(—ihV) Wa. (15.202) 
Substituting this expression for Wg into (15.201a), we obtain 


—*h?(o.V) ay, (o.V)Wat+ Va = E'Wa (15.203) 


E' + 2mc? 
and we note that no approximation has been made so far. 

Let us now expand (E’ + 2mc? — V)7! in powers of (E’ — V)/2mc?. Keeping the 
lowest order terms, we have 


| E'’—vV 
'4.9mce? —V)! a a 15.204 
a aa 3 2mc? ( 


so that equation (15.203) becomes 


h? E'-V h? 
= > |o.1vs — (o.VV)(o.VwWa) + Va = E'Wa. 


Im 2 4m2c? 
(15.205) 
Now, using the identity (6.241), we have 
(o.V)=V? (15.206) 
and 
(o.VV)(o.Vwa) = (VV).CV Wa) H10.1(VV) x (Vya)]. (15.207) 
Moreover, since V(r) is spherically symmetric, 
dv 
VV = —F, (15.208a) 
dr 
dv a 
(VV).CVWa) = ee (15.208b) 
dr or 
and 
2 1dVv 
ia.[(VV) x (Vwa)] = -3-—LS Wa (15.208c) 
hc r dr 


where we have used the facts that the orbital angular momentum operator is given by 
L=r x (—ihV), and that the Pauli spin operator is S = (A/2)oa. 
Using (15.206)-(15.208), we can rewrite the equation (15.205) in the form 


hi? he E'-V 1 ldv h? dv 
|-3-v' + V(r) + eee : iz 


Im 2mc? 2m2c2r dr 4m2c2 dr ar 


= E'Wa. (15.209) 
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The first and the second terms on the left-hand side of this equation constitute the 
non-relativistic Hamiltonian of a particle of mass m in a central potential V(r). Since 
Pop = —ihV and E’ — V(r) ~ pj, /2m, the third term can be written as 


WE -VO) Oo Pop 
2m 2mc?2 ~— §m3¢? 


(15.210) 


and is easily seen to be a relativistic correction (of order v? /c*) to the non-relativistic 
kinetic energy operator —(h*/2m)V* = p,,/2m (see Problem 8.10). The fourth term 
is the spin-orbit interaction, which is readily shown to be of order v*/c? times the 
potential energy V(r). 

The last term on the left of (15.209) is a relativistic correction (of order v7/c?) to 
the potential energy which gives rise to some difficulty because it is non-Hermitian. 
The origin of this difficulty is that if the original Dirac four-component spinor y (r) 
is normalised to unity, namely 


| wv (r)w(r)dr = 1, (15.211) 


then from (15.56) we have 


[ivicovaen + Ve (r)Wa(r)|dr = | (15.212) 


so that the ‘large’ two-component spinor yw, only satisfies approximately the normal- 
isation condition 


: wi (r)wa(r)dr = 1. (15.213) 


C. G. Darwin has shown that the correct normalisation (15.213) of w, can be obtained 
by replacing the last term on the left of (15.209) by the symmetrical combination 


| h? dv a " he dva\' 
2 4m2c? dr dr 4m2c2 dr dr 


1 woava) (__w adv 
9 4m2c2 dr ar Am2c?2 dr dr 


2 
8m2c2 


where the arrow indicates operation on the left. The operator in (15.214) is clearly 
Hermitian and is called the Darwin term. 

Using the above results, we find that the wave equation for a spin-1/2 particle in a 
central potential V(r), including relativistic corrections of order v7/c?, is 


V-V(r). (15.214) 


Hwa(r) = E'wa(r) (15.215) 
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where y,(r) is a two-component spinor and the Hamiltonian is given by 


p’ p* 1 d1dv h? 
oo 2m pee 8m3c* —- 2mec? r dr as 8m?c? 
where we have omitted the subscript on the momentum operator for notational 
simplicity. 
In particular, for hydrogenic atoms the central potential is the Coulomb potential 
V(r) = —Ze*/(4meor), and we have 


V-V(r) (15.216) 


5 Ze? 
VV(r) =4n 6(r) (15.217) 
Am €0 
so that the Darwin term (15.214) is then given by 
h? th? ( Ze? 
—— V°V(r) = —~ ( —— ]é(r). 15.218 
8m?c? 2m*c? (—| tr) ( ) 


Since this term acts only at the origin and the hydrogenic wave functions vanish at 
r = 0 when! + OQ, it follows that the Darwin term gives a relativistic shift only to 
the energy levels of the s states, for which / = 0. Thus, the wave equation for one- 
electron atoms (ions) including relativistic corrections through order v*/c? is given 
by (15.215), where 
p’ p’ 1 I1dv nh? ( Ze* 
= 2m aw 8m3c* ee 2m2c2 r dr i sa an ieee 


4n £0 
with V(r) = —Ze*/(4meor). The Hamiltonian (15.219) is the starting point of our 
discussion of the fine structure of hydrogenic atoms in Section 8.2. 


Negative-energy states. Hole theory 


We have seen that both the Klein—Gordon and Dirac relativistic wave equations admit 
negative-energy solutions which are not realised in nature. This gives rise to an 
apparently fatal difficulty, since an external electromagnetic perturbation will cause 
a charged particle (for example an electron) with energy greater than its rest mass 
energy mc? to make a radiative transition to a state of negative energy less than mc?. 

In 1930, Dirac proposed a way out of this difficulty for electrons by formulating 
his hole theory. He suggested that all the negative-energy electron states in the 
universe are full. Since, according to the Pauli exclusion principle, only one electron 
can occupy each state, transitions from positive to negative energy states are then 
forbidden, unless there is some mechanism to empty negative-energy states. In this 
picture, the vacuum consists of an infinite sea of electrons filling all the negative- 
energy states, and no electrons in positive-energy states. 

It is possible for a negative-energy electron to interact with radiation of energy 
greater than 2mc’, thereby making a transition to a state of positive energy larger 
than mc’. This transition leaves behind a hole in the sea of negative-energy electrons. 
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Figure 15.2 IMlustration of electron—positron pair production. A negative-energy electron e- 
interacts with radiation and makes a transition to a positive energy state, leaving behind a hole 
(a positron e*) in the sea of negative-energy states. 


E 


mc2 


—mc2 


Figure 15.3 Mlustration of electron—positron annihilation. A positive-energy electron e~ annihi- 
lates with a hole (a positron e+) in the sea of negative-energy states, emitting radiation. 


Measured with respect to the vacuum, this hole appears to have positive charge (+e) 
and positive energy; it can therefore be interpreted as a positron. It is in this way that 
Dirac predicted the existence of positrons, which were subsequently discovered in 
1933 by C. D. Anderson. The reaction in which radiation of energy greater than 2mc? 
produces a positive-energy electron e~ together with a positive-energy positron e+ 
is called pair production, it is illustrated in Fig. 15.2. The reverse process, in which 
a positive-energy electron e~ falls into a negative-energy hole, emitting radiation, 


Problems 


Problems M 717 


corresponds to electron—positron annihilation (see Fig. 15.3). Both electron—positron 
pair production and annihilation have been observed and studied. 

The Dirac hole theory is asymmetric with respect to electrons and positrons. 
However, one can equally start from a Dirac equation for positive-energy positrons. 
The vacuum would in this case consist of an infinite sea of filled negative-energy 
positron states, with no positron in positive energy states. A hole in the sea of 
negative-energy positron states would then correspond to a positive-energy electron. 

In spite of its success in predicting the existence of positrons, the hole theory leaves 
many questions unanswered. In particular, no account is taken of the interactions of 
the particles in the sea of negative-energy states. In fact, the hole theory is no longer the 
one-particle theory that we started with, as it involves an infinite number of particles. 
It has been superseded by quantum field theory, in which the Klein—Gordon and Dirac 
equations are interpreted as field equations. 


15.1 Starting from the Klein—Gordon equation (15.5), obtain the continuity 
equation (15.22), where P(r, t) is given by (15.23) and j(r, t) by (15.24). 


15.2. Using the phase transformation (15.9), show that the expression of P(r, rt) 
given by (15.23) reduces to |W(r, f)|* in the non-relativistic limit. 


15.3. Using the radial Klein—Gordon equation (15.16), find the energy levels 
for a spinless particle of mass m and charge g moving in the Coulomb field of an 
infinitely heavy nucleus of charge Ze. 

(Hint: Define the quantities 


p= Caer — B12, 
hic 
2ZaE 
— hcp 
p = Br 
and 


ld +1) =1d +1) — 270? 


where a = e? /(4m €ghic) is the fine structure constant. Then, show that the radial 
Klein—Gordon equation (15.16) can be written in the form of equation (7.98), namely 


d Vi'+l) yp 1 
————— 2° t—, _ O 
Ee + ; 5 eno 
where ue;(0) = pRe;(p).) 
15.4 Prove that the matrices a, and B given by (15.43) in the Dirac representation 
satisfy the relations (15.35). 
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15.5 Using the properties of the y matrices and the fact that ¢,,, = —é,,, prove 
that equation (15.96) is satisfied to first order in €,, provided that A and A7! are 
given by (15.97a) and (15.97b), respectively. 


15.6 Let H_ be the Dirac Hamiltonian (15.30) for a free particle of spin 1/2 and 
S = (4/2) be the Dirac spin operator (15.123). Prove that 


[H, S] = ihc(@ X Pop). 


15.7 (a) Using the normalisation condition (15.134), obtain the expression 
(15.135) for the normalisation constant NV. 
(b) Show that if the normalisation condition (15.140) 1s adopted, then the right-hand 
side of (15.138) is a Lorentz invariant. 


15.8 Let H be the Dirac Hamiltonian (15.141) for a spin- 1/2 particle in a central 
potential V(r). Prove that 


[H, L] = —ihc(@ X Pop) 
where L = r X Pop is the orbital angular momentum operator. 
15.9 Show that the asymptotic coupled equations (15.182) are satisfied by taking 
Pex(p) = aye *, Qex(p) = ane” 
where the ratio a, /a2 is given by (15.184). 


15.10 Starting from the Dirac equation (15.79) for a spin-1/2 particle of mass m 
and charge q in an electromagnetic field, one can write the corresponding equation 
for a particle of the same mass, but opposite charge —q, namely 


se We reel (ee 
ae Ry ee 


where W.. is called the charge conjugate wave function. Show that 
W.. = y2v* = yok wv 


where K is the operator of complex conjugation introduced in Section 5.10. The 
operator C = y2K is called the charge conjugation operator for particles of spin 1/2. 
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Further applications of quantum 
mechanics 


The van der Waals interaction 719 
Electrons in solids 723 

Masers and lasers 735 

The decay of K-mesons 746 


Positronium and charmonium 753 


In this chapter a number of interesting applications of quantum mechanics, chosen to 
illustrate the wide variety of problems that can be solved, are discussed. The first con- 
cerns the long-range interaction between neutral atoms, known as the van der Waals 
interaction, which is an example of the use of second-order perturbation theory. This 1s 
followed by a short account of the properties of electron motion in crystals drawing on 
the theory of motion in a periodic potential introduced in Chapter 4. Next we discuss 
some features of masers and lasers, which illustrate the application of stimulated 
emission studied in Chapter 11. The chapter concludes with two examples drawn 
from elementary particle physics. The first, a direct illustration of the superposition 
principle, is concerned with the properties of neutral K-mesons, and the second shows 
how the mass spectrum of a class of mesons can be analysed in terms of a bound 
‘charmed’ quark and anti-quark system. 


The van der Waals interaction 


In this section we shall discuss the forces that act between two neutral atoms. For 
simplicity, we take the example of two hydrogen atoms, the first composed of a proton 
situated at A and electron |, and the second of a proton situated at B and electron 2. 
The coordinate system is shown in Fig. 16.1. The internuclear distance AB is R, 
and is taken as the z-axis. The distances of electron | from A and B are denoted by 
ria, 1g and, similarly, r2q and r2R denote the distances of electron 2 from A and B, 
respectively. The distance between the two electrons is r;7. The Hamiltonian for the 
system in the adiabatic approximation, in which the internuclear distance R is fixed, 
is 


H = Hy+ Hgt+ VC, 2) (16.1) 


719 
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Figure 16.1 A coordinate system for calculating the long-range interaction between two 
hydrogen atoms. 


where Ha is the Hamiltonian of the atom (A + e; ). Hg is that for the atom (B + e, ) 
and V (1, 2) is the interaction energy between the two atoms. We have 


he 2 I 
Hy = —-— wv? — (<—)— (16.2a) 
2m "A 4méo/ ria 
he e? l 
Ae = 2esy> = ae 16.2b 
i 2m "8 (<—)— ( 
and 
e* 1 ] 1 I 
Vd,2) = —+— — — — — }. (16.2c) 
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Two remarks should be made. First, because we are interested in large distances 
of separation R, V(1, 2) is small and can be treated as a perturbation. Second, since 
exchange effects arising from the identity of the two electrons are of short range, we 
can, for large R, ignore the antisymmetry of the wave function. Although the long- 
range forces are important for scattering, the binding forces considered in Chapter 10 
are greater in magnitude by a factor of 10°, which is why, even for states of large 
vibrational excitation, the long-range forces play no significant role in the bound-state 
problem. 

Let the Cartesian coordinates of electron | with respect to A as origin be x14, yia, 
Zia, and of electron 2 with respect to B as origin be x2p, y2g, Z2n. Then, as we are 
taking the z-direction to be along AB, 


he = "(Cbn-= ay Gon in) Es Si ERY 
rip = [tia + Yiq + Gia — RY 


roa = [X33 + Yop + (Zon + RY)”. (16.3) 
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Each of the terms | /rj2, 1/r)g and 1/r24 can be expanded in a Taylor series in powers 
of 1/R. Thus 


ee Al faa ss ) 
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In the same way, we have 
1 1 z2p | X3q + Y5_ — 2255 
a = 51 Tet tae — 
and 
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The expansion of V(1, 2) in powers of 1/R is obtained by combining (16.2c) 
with (16.4), (16.5) and (16.6). The terms in 1/R and |/R? are seen to cancel, so that 
for large R 


2 
e | 
VI, 2) = —| Fy (X1a%2B + YAY2B — 2214228). (16.7) 
4 EQ R 
This long-range interaction has the form of the interaction energy of two dipoles, the 
first composed of proton A and electron 1, with electric dipole moment D; = —erj,, 
and the second of proton B and electron 2 with electric dipole moment Dy = —erpp. 


The energy of interaction 1s 


I 


V= ney) R3 (16.8) 


{D,.p; 3 (D,.R)(D2.R) 
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which on taking the z-axis along R, reduces to (16.7). 


The perturbation energy 


The energy of the unperturbed system in which both hydrogen atoms are in the ground 
State is 2E,,, and the unperturbed wave function is ¥,("14)W1;(r28), which satisfies 
the equation 


(Ha + Ag — 2E1s)Wis(ria) Wis(r2B) = 9. (16.9) 
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The total energy of the system, allowing for the perturbation V (1, 2), can be written 
as 


E= 2h) EY 46°) as sin, (16.10) 


where E“”? is calculated from nth-order perturbation theory, and V (1, 2) is given by 
the expression (16.7). 
The first-order correction 


EY? = f vitrarWitran)V CL, 2vhig(ra)¥ie(ron) dead (16.11) 


is immediately seen to vanish, because the matrix elements of the angular-dependent 
terms, such as x,a, Yja, Z1a4, are zero when taken between spherically symmetric 
wave functions such as y;(r14). The first non-vanishing perturbative correction is 
E"), which is given by (see (8.28)) 
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16.12 
ey (16.12) 


J#0 


where Wo = Wis(ria) Wis(r2p), W; are the wave functions of the intermediate states, 
and the summationruns over all discrete and continuous intermediate states, excluding 
the ground state. In our case the wave functions y; are products of hydrogen wave 
functions centred on protons A and B. The energy denominator Eo — E; 1s always 
negative. The numerator is positive and behaves like 1/R®°, so that the long-range 
interaction between two hydrogen atoms is 


Cw 

ER) = as (16.13) 
where Cw is a positive constant known as the van der Waals constant. The same 
procedure can be carried through for any pair of neutral atoms, and (16.13) may be 
shown to give the general form of the long-range (van der Waals) interaction, although 
of course the quantity Cw varies from system to system. 

The long-range force is always attractive, but when R becomes small, the force 
becomes repulsive in character, as we saw in Chapter 10. This has suggested the 
introduction of empertcal potentials to describe atom—atom scattering. One of the 
most widely used of these is the Lennard-Jones potential, which has the form 


vr) =c}—(~2 fy 16.14 
w=cl(z) -(F) = 


where C and Ro are constants. The constant C can be related to the van der Waals 
constant Cw, but both C and Ro are usually treated as empirical constants to be 
determined from the data on atom—atom scattering. 


16.2 
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Electrons in solids 


Solids can be divided into those that are crystalline and those that are amorphous. The 
subject of this section are the crystalline solids, which are distinguished by the fact 
that the atomic nuclei of the constituent atoms occupy equilibrium positions forming 
a regular lattice, which possesses a definite periodicity and symmetry. The inner 
shell electrons remain localised about the nuclei situated at the /attice sites, but the 
outer (valence) electrons are not localised and move freely throughout the crystal. 
This arises because the spacing between the ions, formed by the nuclei and the inner 
electrons, is comparable with or smaller than the extent of the wave functions of the 
valence electrons in the corresponding isolated neutral atoms. 

The Born—Oppenheimer approximation can be applied, as in the theory of 
molecules (see Section 10.6). In this approximation, the motion of the valence 
electrons is determined by supposing that the positive ions formed by the nuclei 
and inner shell electrons remain completely fixed at the lattice sites. In fact, these 
ions can vibrate about the equilibrium positions, but as in the case of molecules 
this motion can be treated to a good approximation independently from that of 
the valence electrons. This idealised situation was studied in Section 4.8 for a 
one-dimensional array of atoms forming a linear crystal. If such a crystal is formed 
of N atoms with one valence electron per atom, each valence electron moves 
independently in an effective field due to all the other electrons and the nuclei. 
The Coulomb interaction between two valence electrons 1s of the same order of 
magnitude as the interaction between a valence electron and an ion fixed at a 
lattice site. However, the electron—electron interactions tend to give rise to a nearly 
constant effective potential. This constant potential 1s superimposed on the periodic 
potential due to the ions situated at the lattice sites. 

As we saw in Chapter 4, each energy level of the isolated atoms gives rise to a band 
of energies when the atoms are brought together to form a crystal. The simplest case 
is that in which all the atoms are of one species, with one valence electron per atom. 
If the ground state is an S state (with zero orbital angular momentum) then the lowest 
energy level of a system of N isolated atoms 1s N-fold degenerate. On bringing these 
atoms together the interactions remove the degeneracy and the energy splits into N 
separate levels. Since N 1s very large this energy band is quasi-continuous. Higher 
energy levels of the isolated atoms give rise to further energy bands of the crystal 
in a similar way. In a one-dimensional crystal (see Section 4.8), we showed that 
the different energy bands do not overlap and are separated by energy gaps. This is 
not necessarily the case for three-dimensional crystals because the periodicity of the 
lattice structure may be different in different directions, and the energy bands overlap 
in some Cases and not in others. In view of the Pauli principle, each of the N levels 
in a band can be occupied by up to two electrons, so that in the monovalent example 
we have been discussing, only half the available energy levels of the lowest band 
(the ground state) are full. On the other hand, if the atoms contribute two valence 
electrons per atom, then the lowest band is completely full. We shall use these ideas 
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to explain qualitatively why some materials have much greater electrical resistivity 
than others. 


Resistivity 


The resistivity of materials varies over an enormous range from 10~® Q m for a good 
conductor to 10'8 Q m for a very good insulator. This can be explained in terms of 
the band structure and the number of valence electrons of the material concerned. As 
we have just seen, for a material such as sodium, which is monovalent with an atomic 
ground state of zero orbital angular momentum, there are N valence electrons in a 
crystal containing N atoms, and in the ground state these occupy only one-half of 
the N available levels. This is called the valence band. There are many unoccupied 
levels close to those which are occupied, so that the electrons can easily be excited 
from one level to another and under the influence of an external electric field the 
electrons can move freely. Such materials are good conductors. With an odd number, 
(greater than one) of valence electrons per atom in the ground state, the lowest band 
(or bands) will be full and the next highest half occupied, so that such a material is 
also a good conductor. In contrast, if the material has an even number of valence 
electrons per atom, the valence band is completely occupied. The resistivity of the 
material now depends on whether the next highest band overlaps the valence band 
or not. If the bands overlap, the electrons are easily excited into vacant levels of the 
higher band, called the conduction band, and the material is a conductor. Examples 
are calcium, magnesium and the other alkaline earths. If there is a large energy gap, 
the electrons cannot be excited easily and the material is an insulator. For example, 
diamond is an insulator with an energy gap of 5.33 eV and a resistivity of 10'® Q m. 
In an intermediate situation such that the energy gap is small, some electrons can 
be excited thermally to the higher band and the material is a semiconductor. For 
instance silicon, with an energy gap of 1.14 eV is a semiconductor. The resistivity 
of a semiconductor is very temperature-dependent. In particular, silicon at very low 
temperature is a good insulator, but at room temperature it has a resistivity of about 
10°  m. Germanium, another semiconductor, is also a good insulator at very low 
temperature, but at room temperature is a much better conductor than silicon and 
has a resistivity of ~ 0.4 &2 m because the energy gap (0.63 eV) is much smaller. 
Apart from thermal energy, radiative energy can be used to change the resistivity of a 
semiconductor dramatically, since electrons can be excited into the conduction band 
by the absorption of a photon. 

The size of the energy gap between bands can be altered significantly by the 
presence of impurities in a crystalline material. The deliberate addition of impurities 
to obtain some desired characteristic is known as doping and is a crucial process in 
the manufacture of transistors and other electronic devices. 


Electron dynamics 


We shall now discuss the motion of an electron through a crystal lattice, starting with 
the one-dimensional model of a crystal discussed in Section 4.8. There we saw that 
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an electron moving in the periodic potential due to the ions situated at the lattice sites 
could be described by a Bloch wave function of the form (4.199): 

Wx (x) = e'*ux (x) (16.15) 


where ux (x) is a function with the periodicity of the lattice 


ux(x +1) =uK(x). (16.16) 
The Schrédinger equation satisfied by wx (x) is 
h? 
(-F 5 + V0) vec = E(K) Wx (x). (16.17) 


If the periodic boundary conditions (4.210) are imposed, the only allowed values of 
K are those given by (4.212), namely 


2mNn 
K = —, 
NI 


where N is the number of atoms in the linear crystal. Since the values of K are 
discrete, the wave functions yx (x) can be normalised to unity and the wave functions 
corresponding to different values of K are orthogonal. Thus 


n=O Ee, can (16.18) 


| Wie (x) Wr (x)dx = dxK (16.19) 
L 


where the symbol L means that the integration is over the length of the crystal. Let 
us now calculate the average velocity (v,) of an electron described by wx (x). It is 
equal to the expectation value of the operator p,/m so that 


| l d 
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m 
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where in the last line we have used (16.15). 
To obtain information about the effect of the operator (—ifid/dx + AK) in (16.20), 
we note from (16.15) and (16.17) that ux (x) satisfies the equation 


H(K)ux (x) = E(K)ug (x) (16.21a) 
where 

H(K) = 5 (-it ‘ AK V 16.21b 
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and in view of (16.19) 


| UR (xX)UK(x)dx = SKK. (16.22) 
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To proceed further we require a result known as the Feynman—Hellmann theorem. 
Consider a Hamiltonian H(A) which depends on a parameter A, such that 


H(A)b, = E(A)dy (16.23) 


where @, is the normalised eigenfunction corresponding to the eigenenergy E(A). 
Under an infinitesimal change in A so that A — 4+), the change in the Hamiltonian 
is equal to (0H (A)/d0A)dA. From first-order perturbation theory (which is exact since 
the change in H is infinitesimal), the corresponding change in F(A) is 


dE(A) 4 _ (0, OH (A) 


di 
dA OX 


Dividing throughout by dA, we obtain the Feynman—Hellmann theorem which states 
that dE(A)/dA is equal to the expectation value of 0H (A)/dA: 


dE (A) ( dH (A) 
ger ON 


os}. (16.24) 
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This result can now be applied to the Hamiltonian (16.21b) by taking K as the 
parameter A. It is possible to treat K as a continuous variable in this way since as 
N is very large, being of the order of 107°, equation (16.18) shows that the discrete 
values of K are very closely spaced. Thus we have 


os}. (16.25) 


dE(K) h : _ d 
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Comparing (16.26) with (16.20), we obtain the result 
1dE(K) 
Bee 16.27 
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The dependence of E(K) on K can be plotted as a dispersion curve. Recalling that 
the energy is unchanged if K is changed by a multiple of 27/1, we can adopt the 
reduced-zone scheme whereby K is confined to the interval —z// to 2/1. This zone 
is known as the first Brillouin zone, the second Brillouin zone covers the adjacent 
intervals m/l << K < 2m/land —2n/l < K < —n/l,andso on. Typical dispersion 
curves in this scheme are shown in Fig. 16.2, where E,(K), E2(K),..., represent 
the lowest energy bands. Note the energy gaps between the bands, the importance of 
which to the electrical properties of the material has already been emphasised. 

For a free particle E(K ) is parabolic, E(K) = h? K?/2m so that (v,) = AK /m. 
For small K, the band energy E,(K) is approximately quadratic in K, but near the 
zone boundary, at K = +77/1, the behaviour is quite different, producing the gap 
between the energy bands E(K) and E2(K). 

In a three-dimensional crystal, the Bloch wave functions can be written as 


WK(r) = eux (r) (16.28) 
where ux (Fr) is periodic in the lattice, that is 


ux(r+ R ;) = ux (Pr) (16.29) 
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Figure 16.2 Dispersion curves for a one-dimensional crystal in the reduced zone scheme. 


and R; is a vector joining the origin, situated at a lattice site, to any other lattice 
site 7. The energy bands are now functions of the three components K,, K, and 
K. of K. As, in general, the periodicity of a three-dimensional crystal is different in 
different directions, the dispersion plot of E(K,, K,, K-) against K,, for example, is 
not necessarily the same as the plot against K, or K-,. It is for this reason that in the 
three-dimensional case energy bands can overlap. Despite the difference, the average 
velocity can be computed as for the one-dimensional case, and it is found that 


(vy) = ~VKE(K). (16.30) 


It is illuminating to examine the problem of the electron velocity in a periodic 
lattice from another point of view. Returning to the one-dimensional case, the time- 
dependent Bloch wave functions can be written as 


Wi (x,t) =U (x)expli(Kx — E(K)t/h)]. (16.31) 


By superposing solutions belonging to different values of K , anormalised wave packet 
W(x, t) can be constructed which represents a localised electron moving along the 
one-dimensional crystal 


m/l 
V(ix,t)= / a(K')Wx(x, t)dK’ (16.32) 
—n/l 
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where K’ has again been treated as a continuous variable, and the integration is over 
the reduced zone. 

Let us take a(K’) to be sharply peaked about K’ = K. In this case, expanding the 
exponent in Vx' (x, f) as 


ee, , oo dE(K’) 
i(K x—E(K )t/h)~i(Kx—E(K)t/h)+i(K -K)}x-| t/h 
dK’ Jeg 
(16.33) 
we find that (16.32) can be written approximately as 
r/l 
W(x, t) = exp[i(Kx — E(K)t/h)] a(K’)ug (x) 
—x/l 
x exp] i(k” — Ks — ee | rin} Jan (16.34) 
dK’ K'=K 


The factor exp[i(K x — E(K)t /h)] has no effect on the probability density |W (x, r) |, 
which depends entirely on the integral in (16.34). The value of this integral is small 
because of the oscillatory exponential factor in the integrand, except for values of x 
and t connected by the relation 


— [dE(K’) 
pil ra a (16.35) 


This condition determines the motion of the centre of the wave packet, and the group 
velocity uv, of the packet is given by 


1 [dE(K’ 
pee boa, (16.36) 


which agrees with (16.27). Ina three-dimensional crystal the group velocity becomes 


] 
Mem [Vx E(K)]k =k (16.37) 


in agreement with (16.30). 

Since it has been assumed that a(K’) is peaked about K’ = K, the uncertainty 
principle shows that the wave packet is spread over an appreciable range of x, covering 
several cells of the crystal. It is only under this circumstance that vg, is constant in 
time and coincides with the expectation value (v,). 


External electric fields 


Now we shall consider what happens if a static electric field of strength € is applied to 
a one-dimensional crystal. Provided the field varies slowly over distances comparable 
to the lattice interval /, by Ehrenfest’s theorem (see Section 3.4) the motion of the 
wave packet representing an electron is classical. The additional potential energy due 
to the interaction of the electric field with the charge (—e) of an electron is 


W (x) = eEx. (16.38) 
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Figure 16.3 The motion of a point on a dispersion curve for a one-dimensional crystal in the 
presence of an electric field in the negative x-direction. 


Let us first consider the effect of this potential when the first Brillouin zone contains 
only one electron, so that there are no restrictions arising from the Pauli exclusion 
principle. In this case, the rate of change of the energy of the electron must equal the 
rate of work done by the field, so that, classically, 


dE(K) — dW(x) 


= —ef Ig. 16.39 
di di ane ( ) 
Since 
dE(K) dE(K)dk 
— — 16.40 
dt dk dt ( ) 
we see from (16.36),(16.39) and (16 .40) that 
dK 
h— = -e€. (16.41) 
dt 


If the electrical field is in the negative direction, dK /dt > 0 and K increases steadily 
with time, moving along the dispersion curve (see Fig. 16.3) until the maximum 
value // is reached at point A. As the state for K' = +27/I coincides with that for 
K’' = —m/I the point representing K appears at B and again moves steadily towards 
A. Recollecting that E(K) = E(—K) and that v,(K) = —v,(—K), we see that the 
electron oscillates back and forth along the x-axis. 


The effective mass 


In discussing the motion of an electron in an external field a useful concept is that of 
effective mass, which can be introduced as follows. The acceleration of the electrons 
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dv, /dt can be expressed, using (16.36) as 


lf d2E(K’ dK 
a = dv,/dt = = oa — 
hi dK? Jpeg dt 
1 [a2 E(K’ 
oe amen] (—e€) (16.42) 
hi dK’ ee 
where in the second line (16.41) has been employed. Since for a free electron moving 
in a field € 
ma = —e€ (16.43) 


it is natural to rewrite (16.42) in the form 


m*a = —e€ (16.44) 
where 
2 4-1 
m* = he oe? (16.45) 
dK” K'=K 


is known as the effective mass. Near the energy minimum at the bottom of an energy 
band m* is positive, but in the upper half of the energy band m* 1s negative and the 
electron behaves like a positively charged particle. 


Electric current 


Let P(K) be the probability that the state of energy E(K) is occupied, then the 
electric current carried by the electrons in an energy band is 


—w 


m/l 
[= -e | P(K)v,(K)dK. (16.46) 
/l 


If a band is completely full sothat P(K) = 1 foreach value of K, the current vanishes 
since v,(K) = —v,(—K). Ifa band is not completely full but is filled symmetrically, 
as in Fig. 16.4, the current is likewise zero. However, under the influence of an electric 
field, the points representing the states on the dispersion curve all move in a direction 
opposite to the direction of the field, so that the distribution becomes asymmetric as in 
Fig. 16.5, and a net current flows. As we have already seen, since K values increase 
until reaching 2// and then reappear at —z/// the current oscillates. This is because a 
perfect crystal does not obey Ohm’s law and possesses no resistivity. In real crystals, 
the electrons interact with impurities and also are scattered by the ions, which are not 
completely fixed but vibrate about equilibrium positions. These interactions have the 
effect of reducing the kinetic energy of the electrons so that states at the top of the 
band remain unoccupied and the K distribution remains permanently asymmetric, 
with the consequence that a unidirectional current flows. 
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Figure 16.4 When a band is not full but is filled symmetrically no current flows. 
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Figure 16.5 When a band is not full, under the influence of an electric field the distribution 
becomes asymmetric and a net current flows. 


Particles and holes 


We have already discussed the important effects in real three-dimensional crystals 
that the overlapping of bands and the size of the energy gap between bands have on 
the electrical conductivity. In an intrinsic semiconductor, the valence band is full at 
zero temperature. At finite temperatures some electrons are thermally excited into 
the conduction band and move under the influence of an external field as particles of 
effective mass m* and charge —e. The valence band now possesses a few ‘holes’ in 
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an otherwise full band. Since a full band carries no current, a hole in a full band must 
Carry a current which is equal in magnitude and opposite in sign to the current carried 
by an electron. As the velocity of a hole and an electron are the same, this means that 
a hole carries a positive charge of magnitude e. Equation (16.44) for such a positive 
charge reads 


mya = e€ (16.47) 


where mj, is the effective mass of a hole. The holes occur near the top of the energy 
band, for which the effective mass of an electron is negative. Hence a hole behaves 
like a particle of positive effective mass, and in general 


d2E K’ a | 
me = —m* = —h? a (16.48) 
dk” K'=K 
The current carried by a band containing holes is given by 
m/l 
[= | [1 — P(K)]ug(K)dk (16.49) 
—x/l 


where P(K ) is, as before, the probability that the state of energy E(K ) is occupied. 


Quantum dots and artificial atoms 


We have seen that electrons can move freely in acrystal lattice, being associated with 
a certain effective mass. In a recent development it has become possible to produce 
bound states of a number of electrons by fabricating crystals of semi-conducting 
material so that these electrons are confined to a small region with dimensions of the 
order of 10~° to 10~’ m. These dimensions are much larger than either normal atomic 
dimensions or the spacing of the lattice sites (3-4 x 10~? m). Such bound systems 
of from one to several hundred electrons are called guantum dots or artificial atoms. 
Their existence allows the quantum properties of many-electron systems of different 
sizes and shapes to be studied without the limitations of working with the naturally 
occurring elements. 

A particular example which has been studied is a multilayer crystal fabricated in 
the form of a cylindrical rod, shown schematically in Fig. 16.6. A central conducting 
layer A of gallium arsenide (GaAs) 1s sandwiched between two insulating layers B 
of aluminium gallium arsenide (AlGaAs) in which about 7% of the gallium atoms 
have been replaced by aluminium atoms. Let us consider a single electron confined 
to the conducting layer and unable to penetrate the potential barrier represented by 
the insulating layers. Taking the axis of the crystal to be the z-direction and the 
conducting layer to be in the xy-plane, the potential confining the electron to the 
crystal can be modelled by the two-dimensional harmonic oscillator potential V(r), 
where 


VE 16.50 
ae ces (16.50) 
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Figure 16.6 Schematic diagram of a crystal containing a quantum dot or artificial atom. A 
central conducting layer A of gallium arsenide is sandwiched between two insulating layers B of 
aluminium gallium arsenide. 


with 
r= x*+y’ (16.51) 


In (16.50), the region is taken to be the centre of an conducting disc, yz is an effective 
mass and w is a constant. The energy levels of such a system have been worked out 
in problem 7.20 (c) where it was found that 


E, = hw(n + 1). (16.52) 
with 
n= 2H, + || = 0, 1,25... (16.53) 


Here we have written the magnetic quantum number m as m, for future convenience. 
This quantum number can be a positive or negative integer, or zero, while n, is a 
positive integer, or zero. 

By applying an electric field further electrons can be added to the quantum dot by 
tunnelling through the insulating barrier and the energy required to add an additional 
electron can be measured. As in the case of real atoms discussed in Section 10.5, 
artificial atoms exhibit a shell structure. Two electrons can occupy the lowest energy 
state with n, = m; = 0, but because of the Pauli exclusion principle a third electron 
must occupy the next higher state with n, = 0, my = +1. Allowing for the electron 
spin, four electrons can occupy the second shell, so that when the first two shells 
are full, containing six electrons, extra energy is required to add a seventh. In the 
third shell, either n, = O and m; = +2 orn, = 1 and m,; = 0; thus the third shell 
can contain six electrons and the first three shells are full when the dot contains 12 
electrons. The numbers of electrons corresponding to the filling of successive shells, 
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Figure 16.7 The current flow through a quantum dot as a function of the applied potential. 


2, 6, 12, 20, 30... are known as magic numbers following a terminology borrowed 
from nuclear physics. 

In a particular experimental arrangement the electric field allowing the number of 
electrons in the dot to be altered is produced by encircling the dot by an electrode to 
which is applied a negative potential. As the magnitude of this potential is increased 
the diameter of the dot is reduced and correspondingly the number of electrons within 
the dot can be decreased one by one. Since energy is required to add an extra electron 
to the dot, if the dot contains N electrons no current can flow until the magnitude of 
the applied potential is decreased to the point that N + 1 electrons are confined. The 
result of a measurement of the current flow as a function of the applied potential is 
illustrated in Fig. 16.7. The current is zero between the peaks, which correspond to the 
number of electrons increasing from N to N + 1, with N = 1, 2,.... The potential 
difference between the peaks is a function of the extra energy required to add an 
electron to the dot. It is seen that this difference is greatest when N = 2,6, 12, 20,..., 
corresponding to the magic numbers! . 

Because the artificial atoms are so large magnetic fields of moderate strength (of 
the order of | T) produce effects that cannot be observed directly in the laboratory for 
real atoms since in that case field strengths of 10° T would be required. For a field in 
the direction of the z-axis the Schrédinger equation for a single electron in a dot can 
be obtained from (12.75) by adding the potential (16.50) and setting k* = 0, since 
there is no motion in the z-direction. We have 
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= Ew(x, y) (16.54) 


' A more detailed account of experiments with quantum dots can be found in the review of 
Ashoori (1996). 
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where the mass m has been replaced by the effective mass j. Setting @ = (wi +w7)!/? 
where w; = (12/h)B is the Larmor angular frequency and proceeding as in (12.77)- 
(12.79), the energy levels are given by 


E = hw, (m, + 2m,) + (n+ I)h@w (16.55) 


where n is given by (16.53) as before. The energy levels now depend on m, as well 
as on |m,|. This reflects the fact that the magnetic field distinguishes between the 
directions parallel and antiparallel to the z-axis. 


Masers and lasers 


In this section, we will show how the phenomenon of stimulated emission discussed 
in Chapter 11 can be used to construct amplifiers or generators of electromagnetic 
radiation. Suppose | and 2 are two levels, with energies FE, E2(E2 > E)), out of the 
many levels of a particular material. Consider a beam of electromagnetic radiation 
of intensity / and angular frequency w = (E2 — E,)/h passing through this material. 
The rate of change of the energy density because of absorption from the beam is 


dp. 
dt 
where JN is the number of atoms in the lower energy level per unit volume and W), is 


the transition rate per atom for absorption. Similarly, the rate of change of the energy 
density because of stimulated emission 1s 


= —N, (iw) W> (16.56) 


dps 
dt 


where N> 1s the number of atoms in the upper energy level per unit volume, and W) 
is the transition rate per atom for stimulated emission. In Chapter 11, it was shown 
that W,. and W>, are equal and both are proportional to the intensity / of the incident 
radiation. The cross-section o, defined as 


= N2(hw) W2 (16.57) 


o = (hw)Wy2/1 (16.58) 


is characteristic of the particular pair of levels, but is independent of the intensity of 
the beam radiation. In terms of 0, we can write the net rate of change of energy per 
unit volume traversed by the beam as 

do 

— =oaI(N2—N)). (16.59) 

dt 
If the beam is of cross-sectional area A, and is travelling parallel to the z-axis, then 
by using (11.13) we have 

d/ 


— =alI(N;,—N)). (16.60) 
dz 
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We see that if N; > N> the incident radiation is absorbed as it traverses the material, 
but if Nz > N, the radiation is amplified. Spontaneous emission will also increase the 
number of transitions from the upper level 2 to the lower level 1, but the corresponding 
transition rate is independent of the intensity 7, and provided that / is sufficiently 
large this contribution can be ignored. 

Under thermal equilibrium, we know that for non-degenerate energy levels 


N 
wy, = exPL—(E2 — E1)/T (16.61) 


where k is Boltzmann’s constant and T is the absolute temperature. Since E, > E, it 
follows that Nz < N, and the material acts as an absorber. To achieve amplification, 
a population inversion must be arranged with Nz > Nj, so that the substance cannot 
be in thermal equilibrium. 

When amplification is achieved in the microwave region, we speak of a maser 
(microwave amplification by stimulated emission of radiation) and for radiation of 
higher frequencies we use the term /aser (light amplification by stimulated emission 
of radiation). 


The ammonia maser 


The first maser, constructed in 1954 by C. H. Townes, J. Gordon and H. Zeiger, was 
based on some properties of the ammonia molecule, which we shall now describe 
briefly. 


The inversion spectrum of NH3 


The ammonia molecule NH; has the form of a pyramid, whose summit is occupied 
by the nitrogen atom, while the base is an equilateral triangle formed by the three 
hydrogen atoms (see Fig. 16.8). At equilibrium, the distance NH is d = 1.014 A, the 
distance of the nitrogen atom from the plane of the hydrogen atoms is zo = 0.38 A 
and the angle a between an N-H bond and the threefold axis of symmetry of the 
molecule is a = 67°58’. 

There are many degrees of freedom in this system, involving electronic, vibrational 
and rotational motions, which result in a variety of energy levels and various quantum 
numbers to specify them. In this section, however, we shall assume that the NH; 
molecule is in its lowest electronic state and shall analyse a particular vibrational 
motion which Is associated with the inversion of the molecule. To see how this comes 
about, let us consider one of the possible vibrational motions of the NH3 molecule, 
analogous to the movement of an umbrella which is being opened and closed, and 
during which the angle @ oscillates around its equilibrium position. Neglecting 
all other degrees of freedom, the potential energy of the system is then a function 
V (z) of the algebraic distance z between the plane of the hydrogen atoms and the 
nitrogen atom. The curve V(z) is sketched in Fig. 16.9(a). Because the system 
is symmetric with respect to the plane z = OQ it is clear that the potential V(z) 
must be an even function of z. The two minima of V(z) correspond to symmetrical 
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Figure 16.8 Schematic diagram of the ammonia molecule. 
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Figure 16.9 (a) The potential well for the inversion motion of ammonia illustrated in (b). 


configurations of the molecule such that the nitrogen atom is located respectively 
above and below the plane of the hydrogen atoms [see Fig. 16.9(b)] at the equilibrium 
positions z = +z) = £0.38 A. We shall refer to these two configurations as the ‘up’ 
and ‘down’ configurations, respectively. The molecule can vibrate in the manner 
indicated above in either of the two potential wells, with the nitrogen atom on one 
side of the plane of the hydrogen atoms. The wave number corresponding to this 
vibrational motion is ) = 950 cm™!, which is in the infrared region. 
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(a) 


Figure 16.10 The wave functions (a) Wy and wq; (b) wu and Wg; (c) vn and y2. 


As seen from Fig. 16.9(a), the potential V(z) forms a barrier about z = 0. This 
barrier is due to the Coulomb repulsion between the nitrogen nucleus and the three 
protons. If it were of infinite height, the nitrogen atom would never be able to penetrate 
the plane of the hydrogen atoms and be found on the other side of this plane. However, 
the barrier has a finite height Vy = 2072 cm™', so that there is a certain probability 
that the molecule will invert during the course of its vibrations, i.e. make transitions 
between the ‘up’ and ‘down’ configurations. It is important to emphasise that in the 
ground state (v = 0) as well as in the first excited state (v = 1) of the vibrational 
mode considered here, the energy of the molecule is lower than the potential height. 
As a result, the inversion of the molecule NH; in the vibrational states v = O and 
v = | is a classically forbidden (or hindered) motion which can only take place 
because of the quantum mechanical tunnel effect. 

In order to understand the characteristics of this tunnelling motion let us write the 
one-dimensional Schrédinger equation for the motion along the z-axis, namely 

h° dy(z) 

2m dz? 
where m is an effective mass. If the potential barrier between the two wells were 
of infinite height, the two wells would be totally ‘disconnected’ and the energy 
spectrum would consist of the same set of energy eigenvalues in each well. Thus, each 
energy eigenvalue of the system would be doubly degenerate, and the eigenfunctions 
corresponding to a given energy would be linear combinations of the ‘up’ and ‘down’ 
wave functions Wy(Z) and Wa(z) which vanish identically for z < Oandz = QO, 
respectively. A pair of wave functions Wo and Wa is shown in Fig. 16.10(a) for the 
case of the lowest (v = 0) vibrational state. 

In the actual molecule, with a finite barrier, there is a ‘coupling’ between the 
two wells which allows the inversion motion to occur. As a result, the degeneracy is 


+ V(z)y(z) = Ew(z) (16.62) 
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removed, and the energy levels are split into doublets (see Problem 4.11). Inthe simple 
model considered here, the separation between the pair of energy levels forming a 
doublet depends only on the nature of the potential barrier and on the vibrational 
state of the molecule. As indicated in Fig. 16.9(a), the two energy levels forming the 
lowest (v = 0) doublet are separated by about 9.84 x 107° eV (0.8 cm7'), while the 
next (v = 1) lowest pair of levels are about 4.4 x 1077 eV (36cm!) apart. We note 
that the inversion wave numbers }(v = 0) = 0.8 cm! and v(v = 1) = 36 cm7! 
are much smaller than the wave number » = 950 cm™! which corresponds to the 
vibrational motion, since inversion is considerably inhibited by the presence of the 
potential barrier. 

In what follows we shall focus our attention on the lowest doublet (v = 0) which 
we Shall treat as atwo-level system. It is clear from the above discussion that since the 
potential barrier is finite we do not have rigorous ‘up’ and ‘down’ eigenfunctions We (z) 
and Wa(z) vanishing identically for z < 0 and z 2 O, respectively. Instead, we define 
the corresponding wave functions y,(z) and wg(z) to be those for which the nitrogen 
atom is most probably located above or below the plane of the hydrogen atoms. These 
wave functions are sketched in Fig. 16.10(b). It 1s important to realise that because 
the two wells are coupled, the functions yw, and wq are not energy eigenfunctions, 
and are not orthogonal to each other. Indeed, the true energy eigenfunctions must be 
either Symmetric or antisymmetric with respect to the inversion operation z — —z. In 
terms of normalised wave functions yy, and wq, the normalised energy eigenfunctions 
are therefore given by 


l 
_ 16.63 
Wy aa + Wa) ( a) 
and 
| 
= —(y, - . 16.63b 
2 Ja Wa) ( ) 


The symmetric wave function yw, corresponds to the lower energy EF, of the doublet, 
while the antisymmetric wave function w2 corresponds to the higher energy E>. Both 
functions yw, and yw are shown in Fig. 16.10(c). The energy splitting of the doublet 
1S 


AE = bo — Ey. (16.64) 


and we recall that its experimental value is AE ~ 9.84 x 107° eV. 
Having obtained the normalised energy eigenfunctions yy, and w2 we may write 
the general time-dependent wave function of our two-level system as 


Wz, 0) = cri (zee + cpyy (ze et" (16.65) 


where c; and c> are constants. Let us assume that at time t = O the wave function 
describing the system is y,, so that the nitrogen atom is most probably to be found 
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above the plane of the hydrogen atoms at that time. Using (16.63) and (16.65) we 
then have 
l 


W(z,t = 0) =c1 Wi (z) + c2W2(z) = Wulz) = WT, 


[yi(z) + Y2(z)] (16.66) 


so that 

] 
Wei 
Substituting (16.67) into (16.65) and using (16.64), we see that the wave function 
W(z, t) will evolve in time according to 


| 


(16.67) 


CH N= 


¥(z,1) = Fabien + yr (zye emer AEN) 
= qln + Wo(zje me Ein (16.68) 
where we have written AE = hv. At the time t = 1 /(2v) the wave function (16.68) 
is given by 
W(z,t = 1/(2v)) = Sie) — Yo(z)Jee” 
J 
= Walzer”. (16.69) 
Thus 
W(z,¢ = 1/(2v)) |? = |walz)I? (16.70) 


and the nitrogen atom is most probably to be found under the plane of the hydrogen 
atoms at f = 1/(2v). Since the energy difference AE = hv = 9.84 x 107° eV 
corresponds to a frequency v ~ 23 800 MHz, we see that the time required for the 
NH; molecule to invert is tf = 1/(2v) = 2.1 x 107!! s. 

The existence of the energy doublets of the ammonia molecule was first inferred 
from the analysis of its infrared vibrational—rotational and pure rotational spectra. 
However, radiative transitions between the two states forming a doublet can also 
occur, the corresponding lines being in the microwave region. In 1934, the progress 
made in radio-frequency techniques allowed C. E. Cleeton and N. H. Williams to 
observe directly a peak in the absorption spectrum of the ammonia molecule at a 
wavelength A ~ |.25 cm, corresponding to the inversion frequency v ~ 23 800 MHz 
of the lowest doublet. The experiment of Cleeton and Williams opened the field 
of microwave spectroscopy and eventually made possible the development of the 
ammonia maser by C. H. Townes and his colleagues. 


Population inversion 


The ammonia molecule has many levels other than the doublet we have just discussed, 
but maser action is sought just between these two particular levels. The necessary 
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Figure 16.11 The ammonia maser. Molecules produced by the oven are collimated, selected 
into the upper level 2 by the inhomogeneous focusing field and then passed into the maser 
cavity. The whole apparatus is placed in an evacuated vessel. 


coupling with the electromagnetic field takes place because the molecule possesses 
an electric dipole moment. In the configuration ‘u’ (up) this dipole moment is of 
magnitude D and is directed in the negative z-direction, while in the configuration 
‘d’ (down), it is of the same magnitude but in the opposite direction. 

Because the energy separation of the levels is so small a normal population in 
thermal equilibrium contains very nearly equal numbers of ammonia molecules in 
each of the energy eigenstates labelled FE; and F,. However, by passing a beam 
of ammonia molecules through an inhomogeneous electric field (see Fig. 16.11) a 
separation of the molecules in the two levels can be achieved, just as in a Stern— 
Gerlach magnet a separation is achieved between levels with different components of 
a magnetic dipole. To see this, consider a static electric field directed in the positive 
z-direction of magnitude €. Although this field is non-uniform macroscopically, it 
can be considered to be uniform over distances of the order of molecular sizes. The 
additional interaction energy in configuration y, is DE and in configuration wg it is 
— DE. This additional interaction slightly alters the eigenenergies of the FE, and E 
levels. Using the result (8.129) and assuming that AE >> (DE)’, we find that the 
perturbed energy levels are 


E, = E, —(DE)*/AE (16.71a) 
E, = E)+(DE)’/AE. (16.71b) 


The force on the molecule in the z-direction, F., depends on which of the states | or 
2 1s concerned, since 


a, D? 0€ 
ria =-Aeiy = 42(2)e(#) 46.7 


In a uniform field the force vanishes, but in an inhomogeneous field with d€ /dz > 0 
the molecules in level | are deflected in the positive z-direction and those in level 2 
in the negative z-direction. 

Having obtained a population entirely in the state of higher energy E>, maser action 
occurs by stimulated emission of the transition from the level 2 to the level 1, which 
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is reinforced by passing the beam through a cavity tuned to the required frequency. 
It is this method which was used in 1954 by C. H. Townes et al. to achieve for the 
first time a population inversion. 


Lasers 


The extension of the maser concept into the optical frequency range was proposed in 
1958 by A. L. Schawlow and C. H. Townes, who considered a plane-parallel] resonator 
such that an active material is placed between two plane mirrors (see Fig. 16.12). 
If one of the mirrors is partially transparent, an output beam can be obtained. If 
the power generated within the material by stimulated emission is greater than the 
sum of the power output and the power losses, then the laser acts as an oscillator 
and the intensity of the radiation between the mirrors increases exponentially. This 
increase in intensity will be finally limited by the ability of the ‘pumping’ mechanism 
producing the population inversion to keep up the number of atoms or molecules in 
the upper level. The laser oscillations can be started by a single photon resulting from 
spontaneous emission from the upper to the lower level. In applications, masers are 
frequently used as amplifiers, while lasers are more usually employed as oscillators 
generating radiation. 

The characteristic properties of a beam generated by a laser are (a) monochromatic- 
ity, (b) directionality, (c) brightness (d) spatial coherence and (e) temporal coherence. 
The monochromaticity is a consequence of the fact that only light arising from a 
transition between a pair of levels is amplified. The output of a laser is a parallel 
beam which emerges perpendicular to the plane of the mirrors in an arrangement 
such as that illustrated in Fig. 16.12. This is due to the fact that only electromagnetic 
waves propagating in this direction will be reflected back and forth between the 
mirrors. This directionality also accounts for the brightness of a laser beam. The 
power output of other light sources is usually spread out into a large solid angle, but 
in a laser it is concentrated into a narrow unidirectional beam. 

In stimulated emission, at each transition one photon is added to a mode of the 
resonator (i.e. a stationary electromagnetic field configuration which satisfies both 
Maxwell’s equations and the boundary conditions) containing N photons. The extra 
photon is completely in phase with the incident photons and has the same polarisation. 
It follows that if laser (maser) action is initiated by a single photon, at each transition 
one extra photon will be produced and after N transitions, all (N + 1) photons will 
be in phase and contribute to the same mode of the electromagnetic radiation: the 
laser (maser) light is said to be coherent. This is in contrast to other sources of light 
(such as a lamp filament), where the dominant process is spontaneous emission, so 
that the phases and polarisations associated with each photon are different. There are 
two independent concepts of coherence: spatial coherence and temporal coherence. 
If the phase difference between two points on a wave front, normal to the direction of 
propagation, is zero at all times, the wave is said to exhibit perfect spatial coherence. 
If the active material in a laser is homogeneous, the output beam exihibits spatial 
coherence over its whole cross-sectional area. It is in fact effectively a single plane 
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Figure 16.12 Schematic diagram of a laser in which the active material is confined between 
plane parallel mirrors. 


wave of the form E(r, t) = & 9 sin(k.r — wt), with a single angular frequency and 
with all points on the wave front in phase. Temporal coherence relates to the duration 
of the output wave, and the coherence time is the interval over which the output 
is represented by the same plane wave. The stability of the laser determines the 
coherence time; it can be extremely long compared with the periodic time of the 
radiation. A detailed account of the properties of laser light can be found in the book 
of Svelto (1982). 

We shall now briefly describe some ways of producing a population inversion, 
which can be used to obtain laser action. In the first of these, one looks for a three- 
level system (see Fig. 16.13) such that E; < EF, < E3, with a fast decay between 
levels 3 and 2 and a slow decay between 2 and 1. Incident radiation of angular 
frequency w3,; = (£3 — E,)/h is used to raise as many atoms as possible from the 
level 1 to the level 3: this is known as ‘pumping’. If level 3 decays rapidly to level 2, 
a population inversion can be obtained between levels 2 and 1. It should be noted that 
a population inversion cannot be obtained between levels 3 and 1, because when the 
number N3 of atoms in level 3 equals the number AN, of atoms in level 1, absorption 
is balanced by stimulated emission. The ruby laser constructed by T. H. Maiman 
in 1960 (which was the first laser to operate) provides an example of a three-level 
laser. A ruby is acrystalline alumina (Al2O3) which contains Cr’* ions. These Cr>+ 
ions are excited by green light (A = 5500 A) to a number of closely spaced levels. 
Interaction with the crystal lattice de-excites these levels by a non-radiative process 
to a metastable level 2, which has a particularly long life of the order of 107° s. Laser 
action can then occur between the levels 2 and 1, resulting in red light (A = 6943 A). 

Except in special cases, such as the ruby, it is difficult to produce a population 
inversion between a ground state and an excited state, because initially nearly all the 
atoms are likely to be in the ground state, and we have to get more than half the atoms 
in level 2 before a population inversion can be achieved. An easier approach is to 
use a four-level system (see Fig. 16.14) with E; < E, < E3 < E4, and attempt to 
create a population inversion between the two excited levels Ey and E3. We start with 
nearly all the atoms in the ground state 1. Level 4 is chosen so that it has a fast decay 
to level 3, and pumping between levels 1 and 4 then rapidly produces a population 
inversion between levels 2 and 3. As level 2 begins to fill up by stimulated emission 
at the angular frequency w32 = (E3 — E2)/h, the population inversion will decrease. 
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Figure 16.13 The three-level laser. 
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Figure 16.14 The four-level laser. 


To minimise this, level 2 is chosen so that it has a fast decay to the ground state. 

A gas laser presents an example of a multi-level system, which can be pumped by 
an electric discharge, rather than by incident radiation. An important example is the 
He-Ne laser, in which the active material is a mixture of helium and neon gases at 
low pressure. The energy levels concerned are shown in Fig. 16.15. In an electric 
discharge the helium atoms are raised to the 2'S and 2°S levels which are metastable. 
The ground state of neon has the configuration (1s)?(2s)?(2p)° and the lowest excited 
states have the configuration (1s)?(2s)(2p)°(nl). Of these, the nJ = 4s and nl = 5s 
states are coincident in energy with the 2°S and 2'S helium levels, respectively. Asa 
result, in collisions between the excited helium atoms and ground-stated neon atoms, 
there is a high probability that neon atoms will be excited to these levels, the helium 
atoms reverting to the ground state. The selection rules allow transitions to the lower- 
lying neon 3p and 4p levels. Furthermore, the lifetimes of the 4s and 5s neon levels 
are of the order of 10~’ s, which is about ten times longer than the lifetimes of the 
3p and 4p levels. The He-Ne mixture forms a ‘double’ laser system, which can 
show laser action between the 4s or 5s level and the 3p level, or between the 5s level 
and the 4p level. Each of the neon levels consists of several sub-levels, and out of 
the various possible transitions the strongest are: (a) between the 5s and 4p levels at 
X = 33 900 A; (b) between the 5s and 3p levels at A = 6330 A; and (c) between the 4s 
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Figure 16.15 The energy levels of the He-Ne laser. The neon configuration concerned is (1s)*, 
(2s)?, (2p)°nl, each configuration giving rise to a number of levels in the shaded regions. 


and 3p levels atA = 11500 A. The wavelength of the light generated in a He-Ne laser 
depends on the reflectivity of the mirrors between which the gas is placed. Oscillation 
will occur at the wavelength for which this reflectivity is a maximum. 


Physics with lasers and masers 


The availability of laser (or maser) light has opened up entirely new domains in 
physics. One of them is laser spectroscopy, which since the advent of widely tunable 
lasers around 1970 has far surpassed classical spectroscopic techniques in resolution 
and measurement accuracy. It has many important applications, not only in ultra- 
sensitive spectroscopy and metrology, but also in related areas such as laser cooling 
and trapping of atoms (see Section 14.8) and more generally the manipulation of 
atoms with light. 

Another area of great interest is guantum optics, which covers quantum phenomena 
in the interaction of radiation with atoms. It therefore provides an excellent ground 
for testing basic quantum features. For example, a fundamental system for studying 
radiation coupling with matter is a single two-level atom interacting with a single 
mode of an electromagnetic field in a cavity. This system, which received much 
attention shortly after the maser was invented, appeared at first glance of be another 
example of a ‘gedanken’ experiment. However, such a one-atom maser was built by 
H. Walther and his colleagues in 1985, and a one-atom laser emitting in the visible 
range has been realised by M. Feld et al. in 1994. A recent survey of the fields of 
quantum optics and laser spectroscopy has been given by Hansch and Walther (1999). 

If radiation fields of sufficient intensity interact with atoms or molecules, processes 
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16.4 


of higher order than the linear, single photon absorption or emission can play a 
significant role, and even dominate. These higher order processes, called multiphoton 
processes, correspond to the net absorption or emission of more than one photon 
in an atomic or molecular transition. Except for spontaneous emission (which 
does not require the presence of an external radiation field), the observation of 
multiphoton transitions requires large radiation intensities (typically in excess of 
10'° W cm~?) which, for optical and nearby frequencies, have become available 
through the development of the laser. Examples of multiphoton processes are the 
multiphoton excitation or ionisation (by the absorption of n > 2 photons) of atoms or 
molecules, and the multiphoton dissociation of molecules. An atomic or molecular 
system interacting with a strong laser field can also emit radiation at higher-order 
multiples, or harmonics, of the frequency of the laser: this process is known as 
harmonic generation. Finally, radiative collisions involving the exchange (absorption 
or emission) of n photons can occur in laser-assisted atomic collisions such as 
electron—atom or atom-atom collisions in the presence of a laser field. In recent years, 
super-intense laser fields have become available in the form of short pulses yielding 
intensities up to 10°? Wcm~*. These fields are strong enough to compete with the 
Coulomb forces in controlling the electron dynamics in atomic systems. As a result, 
atoms and molecules in superintense fields exhibit new properties, discovered by 
studying multiphoton processes. These modified properties generate new behaviour 
of bulk matter in intense laser fields, with wide-ranging applications such as the 
development of high-frequency lasers, the investigation of the properties of plasmas 
and condensed matter under extreme conditions of temperature and pressure (relevant 
for studies of inertial confinement fusion and in astrophysics) and electron acceleration 
to relativistic energies. A review of high-intensity laser-atom physics has been given 
by Joachain et al. (2000). The generation of super-intense laser fields and their 
applications is discussed by Mourou et al. (1998). 


The decay of K-mesons 


A particularly vivid illustration of the superposition principle of quantum mechanics 
is offered by the study of the decay of neutral K-mesons (kaons). To appreciate 
the results of experiments on K-meson decay, we first need to know a few facts 
about the interactions between elementary particles. The forces between particles 
can be classified into the strong, the weak, the electromagnetic and the gravitational 
interactions. Here we will be concerned only with the strong and weak interactions. 


The strong interaction 


The strong interaction is responsible for, among other things, the forces binding atomic 
nuclei, which we have already met in Chapters 10 and 13. Particles which participate 
in the strong interactions are called hadrons. There are two kind of hadrons: the 
baryons (such as the proton p, the neutron n, the hyperons &, &) which have half- 
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odd integer spin (3, 5,...) and are therefore fermions, and the mesons (such as 


the 2-mesons and the K-mesons) which have integer spin (0, 1, ...) and hence are 
bosons. These strong interactions are responsible for many production and scattering 
reactions between the nucleons, hyperons, mesons and their excited states. Typical 
examples are the &-hyperon and the K-meson which can be produced in the collision 
of a 7-meson (pion) and a proton 


fps Sr eR (16.73) 


Another example of a reaction due to the strong interaction is the production of two 
m-mesons and a A°-hyperon in the collision of a K~-meson and a proton 


K-+p—> A°+atd4a. (16.74) 


Such strong reactions conserve charge, energy, momentum and angular momentum. 
The rest masses and other characteristics of a few of the many particles which have 
been discovered are shown in Table 16.1. 

When excited states are formed in a reaction, these can subsequently decay rapidly 
through the strong interaction. For example, in the interaction between two pro- 
tons a A** particle may be formed which subsequently decays with a lifetime of 
approximately 10~7°s to a proton and a 7* meson 


p+tp— Attn 
\ pta7 (16.75) 


Study of reactions of very many types shows that certain selection rules are satisfied 
which can be expressed by assigning two extra quantum numbers to each type of 
particle. These quantum numbers are like electric charge, in that their algebraic sum 
is conserved in any Strong interaction. The first of these 1s the baryon number, B, 
which is +1 for the nucleons and hyperons (and their excited states) and zero for the 
mesons. The second is the hypercharge, Y, which is +1 for a nucleon, the K*- and 
K°-mesons, and is 0 for the A- and &-hyperons and for the z and n° mesons. Some 
other assignments are included in Table 16.1. 

It has been discovered that for each type of particle another type exists with the same 
mass and spin but with charge Q, hypercharge Y and baryon number B of opposite 
sign. This second type of particle is called the antiparticle of the first type. For 
example, the antiproton p (Q = —e, Y = B = —]1) 1s the antiparticle of the proton, 
and the antineutron n (Q = 0, Y = B = —1) is the antiparticle of the neutron. 
In strong interactions, the transition rate for a given reaction between particles is 
exactly the same as that for the reaction between the corresponding antiparticles. For 
instance, the transition rate for elastic scattering of neutrons by protons is the same 
(at the same energy) as that for the elastic scattering of antineutrons by antiprotons, 
while the transition rate for the reaction of equation (16.73) is the same as that for the 
reaction 


mt +p> x +K- (16.76) 
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Table 16.1 Strongly interacting particles (ground states). 


Charge-like quantum numbers 


Spin Mass (see text) 

Particle (in units of h) (in MeV /c2)* Q/lel B Y 
Nucleons 
p u 938.3 1 1 1 
n 5 939.6 0 1 1 
Hyperons 
ik } 1116 0 1 0 
r+ i 1189 1 0 
rh 5 1192 0 1 0 
> 5 1197 —1 1 0 
5° 5 1315 0 1 —1 
o- 5 1321 = 1 —1 
Q- 3 1673 —1 1 —2 
Mesons 
nt 0 139.6 1 0 0 
n9 0) 135.0 0 0 0 
nm 0 139.6 = ) ) 

0 0) 549 0 ) ) 
K+ 0) 494 1 ) 1 
K? 0 498 0 0 1 
K- 0 494 —] 0 ae 
K? 0 498 0 0 —1 


* 1 MeV/c? = 1.78268 x 10-* kg. 


where a bar over the letter designates the antiparticle. (Note that 2, the antiparticle 
of x* is written without a bar, and similarly for K~). Because of this symmetry 
between particles and antiparticles, it is useful to introduce an operator C, called 
the charge conjugation operator, which converts the wave function of a particle of 
momentum p into the wave function of the corresponding antiparticle with the same 
momentum. In the same way, when C acts on the wave function of an antiparticle 
of momentum p, it yields the wave function of the corresponding particle also with 
momentum p. If A denotes a particle and A the corresponding antiparticle, then 


C|A,p)=nclA,p) _C|A, p) = nz IA, p) (16.77) 
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where n, is a phase factor. Clearly C? = J, since applying C twice restores the 
original situation. Taking n, to be real we have n, = £1. The parameter 7, is called 
the intrinsic charge conjugation parity. By convention we shall assign n, = —1 to 
the K-mesons so that (suppressing p), for neutral K-mesons 


C|K°) = —|K°®) and C\K\-==|K?)- (16.78) 


In the case of charged pions m+ and 7 ~, n, is also chosen, by convention, to be equal 
to —1 so that 


C\lx*) = —|n7~) and C\lr7) = —|x7T). (16.79) 


On the other hand since the 2° meson is its own antiparticle, that is |7°) = |2°), we 
have that 


C\m°) = |r). (16.80) 


The symmetry between strong interactions involving particles and antiparticles can 
be expressed by the condition that the operator C commutes with the strong interaction 
Hamiltonian H, 


[H,, C] = 0. (16.81) 


In our discussion we shall need one further particle property. It can be shown that 
each particle can be assigned an intrinsic parity in such a way that a particle and the 
corresponding antiparticle have opposite intrinsic parity for fermions and the same 
intrinsic parity for bosons. Thus if P is the parity operator and A is a particle (or 
antiparticle) of momentum p, then 


PIA, Pp) = nplA, —p), (16.82) 


where np, the intrinsic parity, is chosen to be +1 for the particle fermions p, n, A,..., 
and —1 for the antiparticle fermions p, n, A, .... It is found that the intrinsic parity 
of the 2-mesons is np = —1 and the intrinsic parity of the K-mesons and K-mesons 
is also —1. Thus for K® and K® mesons at rest 


P|K°) = —|K°) P|K°) = —|K°). (16.83) 


The weak interaction 


Many elementary particle decays occur with transition rates which are extremely 
small compared with those associated with the strong nuclear interactions we have 
been discussing. These decays are due to the weak interaction. The first weak process 
to be investigated was the beta decay of nuclei, which takes place through the decay 
of the neutron 


n>pt+e +¥Y%, (16.84) 
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where v, denotes an electron antineutrino. Weak decays into final states containing 
only hadrons can also take place, for example 


A° > p+nx-. (16.85) 


This process occurs with a lifetime of 10~!° s, which can be contrasted with the much 
faster strong decay of the At* resonance, Att — p+27 (see (16.75)), which takes 
place with a lifetime of 10~7° s. There is clearly a useful qualitative distinction to be 
made between strong and weak interactions, although at a deeper level it is thought 
that all interactions are connected, in the same sense that electricity and magnetism 
are connected by Maxwell’s electromagnetic theory. A satisfactory unification of 
the weak nuclear interaction with electromagnetism has already been achieved in 
the ‘standard’ model of S. Weinberg and A. Salam (see, for example, the text by 
Halzen and Martin (1984)) and current research is concentrated on achieving a larger 
unification with the strong interactions and with gravitation. 

In weak decays, charge and baryon number are both conserved, but hypercharge 
is not. For example the A° hyperon (Y = 0) decays to a proton (Y = 1) anda 
mz -meson (Y = QO) (See (16.85)) so that the hypercharge Y increases by one unit 
during the reaction. Similarly, Y decreases by one unit in the Kt decay 


KP sar at + Vu (16.86) 


where x° is a neutral 2-meson, + is a positively charged muon and v, is a muon- 


neutrino. At the same time neither the charge conjugation operator C nor the parity 
operator P commute with the weak Hamiltonian Hy, 


[C, Hy] #0, [P, Hy] # 0. (16.87) 


However it is found that the product operator CP does commute with A\, to a very 
high degree of approximation (although not exactly), and this will have important 
consequences for our analysis of K°® and K° decay. 


The production and decay of K°®-mesons 


We now have everything we need to analyse the experiments on the production and 
decay of neutral K-mesons. As far as the strong interactions are concerned the K® and 
K® particles are distinct, being distinguished by different values of the hypercharge: 

— | for K° and Y = —1 for K®. For example, in the strong interaction between a 
7 meson and a proton, a K® meson is formed in the reaction 


nm +p— A°+K°. (16.88) 


In both the initial and final states the total hypercharge is Y = 1. Similarly, in 
the corresponding reaction between a 1 *-meson and an antiproton a K® meson is 
produced, the total hypercharge being Y = —1: 


re Pps ALR’. (16.89) 
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If only strong interactions existed, the K° and K® mesons would not only have ex- 
actly the same mass, but would also be stable. However because the weak interaction 
does not conserve hypercharge, the |Ko) and |Ko) wave functions are coupled and the 
Ko, Ko particles are not energy eigenstates of the total (strong plus weak) Hamiltonian. 
In fact the wave functions of the Ko and Ko particles are linear superpositions of the 
wave functions of the ‘observed’ particles: the short- and long-lived kaons, KQ and 
Ky, which are identified and distinguished by different (weak) decay modes. The 
K® particle decays with a lifetime t; ~ 107!° s mostly into a pair of 2-mesons 
and the most important weak decay of the K/ particle is into three 7-mesons with a 
lifetime t) ~ 6 x 10-8 s. Since both the K® and K° particles created in the strong 
interaction reactions (16.88) and (16.89) are in states which are superpositions of the 
states representing the K and K) particles, after creation both the two and the three 
m-meson decay modes are observed. 

As we mentioned earlier, the weak interaction Hamiltonian H,, commutes to a high 
degree of approximation with the combined parity and charge conjugation operations 
described by the operator CP. It is therefore useful, in a first approach, to formulate 
the problem in terms of CP eigenstates, |K?) and |K$). From (16.78) and (16.83) it 
is Straightforward to check that 

] a 
KY) = gC) + 1K") (16.90a) 
0 I 0 70 
|K;) pe ) — |K")) (16.90b) 


are such eigenstates, with 
CP|K}) =|K?),  CP|K3) = —|K}). (16.91) 


The transformation (16.90) being unitary, it is readily inverted to yield 
I 


|K°) = aki) + |K3)) (16.92a) 
- ] 
\K°) = alk) — |K5)). (16.92b) 


These equations show that the |K°) or |K®°) states created in strong interactions are 
equal mixtures of the |K?) and |K°) states more appropriate to the description of weak 
decays. 

Since the spin of the K-meson is zero, if it decays into a two-pion state the orbital 
angular momentum of that state must also be zero because the pion has zero spin. 
A two-pion state of zero orbital angular momentum is clearly an eigenstate of CP 
belonging to the eigenvalue 1, and it follows that the K} particle cannot decay to 
two pions (see (16.91)). The three-pion state 7+ ~ 2° can be in eigenstates of CP 
with eigenvalues either 1 or —1, depending on the relative orbital angular momenta, 
which however must be consistent with a total orbital angular momentum of zero. 
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As a consequence both the K® and K9 particles can make CP conserving transitions 
to three pions. 

As the K? and K9 particles decay at different rates, with lifetimes t, and 1) 
respectively, after a time t following the instant of creation the wave functions (16.92) 


become 
IWi(t)) = Silk!) expl—i8t/h — t/(2T%})] 
+|K3) exp[—iF2t/h — t/(2t)]} (16.93a) 
where 
IW.(¢ =0))=|K°), = |W_(@¢ =0)) = |K”). (16.93b) 


In the frame of reference in which the particles are at rest E; = M, c* and E, = M3c?, 
M, and Mz being the masses of the K° and K} mesons. Because only weak interactions 
are involved both M; and M) are extremely close to the mass Mx of the K® (or K°) 
particle and M,; — M2 < Mx. 

Since t2 >> tT, we see from (16.93) that after times t >> 1, the wave functions 
|Wi(t)) are entirely composed of |KS) components. This prediction can be tested 
experimentally since we see from (16.90) that the |K3) wave function is an equal 
mixture of the |K°) and |K°) wave functions. That is, if we start from reaction (16.88) 
which produces a pure |K®) state, after the passage of time we obtain a mixture of 
|K°) and |K°) states. Since the K® particle has hypercharge Y = —1 it can produce 
A°- and Z-hyperons via the reactions 


Kop Ao eat 
re Sue oe ay 
aa (16.94) 


and their interactions can be observed. Such experiments can also provide a value 
for the small mass difference M, — M> which is found to be about 107!* times the 
mass of the K°-meson. 


CP violation 


If the weak interaction were exactly invariant under the CP operation we would have 
|K?) = |K9) and the decay 


Kr 7" a (16.95) 


would be absolutely forbidden. However, in 1964 an experiment was performed by 
J. H. Christenson, J. W. Cronin, V. L. Fitch and R. Turlay in which it was found 
that some K? particles decay to the two-pion state with a branching ratio of about 
2 x 1073. That is 


WwW 
We — (0.2 +0.04) x 107? (16.96) 
T 
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As a consequence both the K) and K9 particles can make CP conserving transitions 
to three pions. 

As the K? and K3 particles decay at different rates, with lifetimes t, and 1 
respectively, after a time t following the instant of creation the wave functions (16.92) 


become 
IWi(t)) = <tIK exp[—iE,t/h — t/(2T%))] 
+|K3) exp[—iE2t/h — t/(2t)]} (16.93a) 
where 
IW.(¢ =0)) =|K°), — |W_(@¢ = 0)) = IK®). (16.93b) 


In the frame of reference in which the particles are at rest E, = M,c? and E) = Mc’, 
M, and M; being the masses of the K? and K} mesons. Because only weak interactions 
are involved both M, and M) are extremely close to the mass Mx of the K® (or K°) 
particle and M, — Mr < Mx. 

Since tT >> tT, we see from (16.93) that after times tf >> t, the wave functions 
|W. (r)) are entirely composed of |KS) components. This prediction can be tested 
experimentally since we see from (16.90) that the |K9) wave function is an equal 
mixture of the |K°) and |K°) wave functions. That is, if we start from reaction (16.88) 
which produces a pure |K®) state, after the passage of time we obtain a mixture of 
|K°) and |K°) states. Since the K° particle has hypercharge Y = —] it can produce 
A°- and =-hyperons via the reactions 


K9+ p> A°+n+ 
= aa! 

> D°4+nt (16.94) 

and their interactions can be observed. Such experiments can also provide a value 


for the small mass difference M, — M> which is found to be about 107'4 times the 
mass of the K®°-meson. 


CP violation 


If the weak interaction were exactly invariant under the CP operation we would have 
|K?) = |K9) and the decay 


K) > xt +an7 (16.95) 


would be absolutely forbidden. However, in 1964 an experiment was performed by 
J. H. Christenson, J. W. Cronin, V. L. Fitch and R. Turlay in which it was found 
that some K? particles decay to the two-pion state with a branching ratio of about 
2 x 107°. That is 


Gx = (0.2 £0.04) x 10 (16.96) 
T 
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where W, is the decay rate corresponding to the reaction (16.95) and Wy is the total 
decay rate of the K? particle. 
Two possibilities exist (they are not exclusive): 


(1) The states |K?) and |K@) differ from the states |K)) and |K°), of which they are 
now superpositions. This violation of CP is usually described by introducing a 
parameter €: 


|K°) + e|K®) 
kK) = 16.97 
|K3) + e|K9) 
Set 16.97b 
MD Ce? 


(2) The state |K9) itself can decay into two pions. This violation of CP is tradition- 
ally measured by a parameter €”. 


Which of these two possibilities is realised is a matter of experiment. It has been 
found that Je’/e| = (2.2 + 0.3) x 107%, so that the parameter e¢ is actually directly 
measured by (16.96); a recent value is |e] = (2.28 + 0.02) x 107°. 

The existence of this CP violating interaction means that the analysis we have 
presented of the decay of a neutral K-meson beam is not completely accurate. 
However, the analysis of the decay of a beam of K-mesons into components K@, 
K? is similar to that discussed above and will not be given here. 

Since the discovery of CP violation was made, searches for further decay processes 
showing the same behaviour (which is equivalent to a lack of invariance under time 
reversal) have been carried out, and some evidence has been found recently. 


Positronium and charmonium 


In this section we shall study the energy spectrum of two simple two-body systems 
which have a similar structure. The first one, positronium, is a bound electron— 
positron system and the second one, charmonium, is a bound system of a heavy quark 
and its antiquark. 


Positronium 


Let us first consider positronium. In the non-relativistic approximation, the Hamilto- 
nian of this system is the hydrogenic Hamiltonian 


p? e2 


~ Qu (4meo)r 


(16.98) 


in which the reduced mass uw = m/2, where m is the electron mass. The non- 
relativistic energy levels E,, of positronium are therefore given by (7.114) in which 
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with the orbital angular momentum quantum number L is P = (—1)/*!. Moreover, 
because positronium is composed of a particle (e~ ) and its own antiparticle (e*), its 
states are eigenstates of the charge-conjugation operator C introduced in Section 16.4. 
In order to determine the charge-conjugation parity C of a positronium state, we 
can consider the electron and the positron to be two states of the same particle, 
distinguished by the charge label. Since this particle is a fermion, it satisfies the 
Pauli exclusion principle, by which when two identical fermions are exchanged their 
wave function changes sign. In the present case, to exchange an electron with a 
positron we must exchange (a) the charges of the particles (C) and (b) the positions 
and spins of the particles. The exchange operation (b) introduces the factors (—1)* 
for the spatial part and (—1)°+! for the spin part, where we recall that the singlet spin 
function (corresponding to S = Q) is antisymmetric, while the triplet spin functions 
(corresponding to S = 1) are symmetric. Thus we have 


st eaeeas Ge (16.103) 
so that 
C =(-1)!+5 (16.104) 


showing that the positronium states are eigenstates of C with eigenvalues 
C = (—1)/*°. Asa result, the states of positronium can be labelled by the quantum 
numbers J, P and C, which are usually displayed in the form J°°. It is interesting 
to note that for each combination of J’© only one value of L and of S is allowed. 
The first few energy levels of positronium are shown in Fig. 16.16, where the 
fine-structure splittings have been greatly magnified and are not to scale. 


Charmonium 


In Section 10.2 we saw that the diversity of the hadrons can be explained in terms of 
a quark model. According to this model quarks can combine in two ways to form 
hadrons: a bound system of three quarks constitutes a baryon while a quark and an 
antiquark bound together form a meson. In the original form of the quark model 
introduced in 1964 by Gell-Mann and by Zweig, there were three ‘flavours’ of quarks 
denoted by ‘u’ (up), ‘d’ (down) and ‘s’ (strange). Estimates of the rest energies of the 
u, d and s quarks show that they are comparable to the energy binding these quarks in 
a hadron. As a result, fully relativistic calculations must be performed to study these 
systems; such calculations are in general too complicated to be practical. 

This situation was significantly modified in 1974, when a new meson, called the w 
particle, was discovered which could not be explained by the ‘traditional’ quark model 
with three flavours of quarks. However, a few years earlier, it had been suggested that 
there might exist a fourth ‘flavour’ of quark, the charmed quark c, which carries an 
extra additive quantum number—analogous to hypercharge—called charm. The mass 
of the charmed quark c was estimated to be much greater than that of the u, d and s 
quarks, so that a charmed quark c and its antiquark c would form a non-relativistic 
bound system (cc). By analogy with positronium, the bound system (cc) is called 
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Dissociation energy 


Energy (eV) 


Positronium 


Figure 16.16 The fine structure of the n = 1 and n = 2 levels of positronium. The ordinate 
shows the energy of the levels in eV. The energy splitting is extremely small, being of the order 
of 10-3 eV for the n = 1 and 10~4 eV for the n = 2 level; it is not shown to scale. 


charmonium. The w particle was soon identified to be a particular charmonium state 
(the 1°S; state), and subsequently other mesons have been identified with low-lying 
states of charmonium (see Fig. 16.17). 

Since the symmetry properties of the charmonium (cc) system are identical to 
those discussed above for positronium, we can expect that the energy-level diagram 
of charmonium will resemble that of positronium. Comparison of Figures 16.17 
and 16.16 shows that this is indeed the case. Of course, the energy scale is very 
different because the force at work in the positronium case is the electromagnetic 
one, while in the charmonium case it 1s the strong ‘colour’ force, ‘colour’ being 
believed to be the strong interaction’s ‘charge’. Looking at Figures 16.16 and 16.17, 
we See that the energy scale in the case of the charmonium spectrum is about 10° larger 
than that used for positronium. In particular, the ionisation potential of positronium 
is 6.8 eV, while charmonium becomes quasi-bound at an energy of about 630 MeV 
above that of the w particle. We also notice that the ‘fine-structure’ splittings are 
comparatively much larger in charmonium than in positronium. 

The discovery of charmonium has stimulated interest in the search for still heavier 
quarks, such as the ‘b’ (bottom) quark and the ‘t’ (top) quark (see Table 16.2). These 
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Figure 16.17 The energy levels of charmonium. The structure of the energy levels is similar to 
that of positronium but the splitting of the energy levels is of the order of hundreds of MeV. 
The levels correspond to particles which are known as the w, n,_ and x mesons as shown. The 
ordinate shows the total energy E of the levels in GeV. The corresponding particle masses are 
given by M = E/c?. The states above the horizontal line can decay into the D- and D-mesons 
and are only quasi-bound. 


quarks, together with their corresponding antiquarks, could form bound systems (bb), 
(tt), analogous to charmonium. The word quarkonium is now used to denote in general 
a bound system made of a heavy quark and its antiquark. It should be noted that as 
the b and t quarks are heavier than the c quark, the non-relativistic approximation 
should be even more accurate to study the properties of the (bb) and (tt) systems. In 
1977 the first (bb) states were discovered and identified with Y-mesons. 

Properties of the strong ‘colour’ force can be inferred from the quarkonium spec- 
trum. Quantum chromodynamics-the equivalent of quantum electrodynamics for 
strong interactions—predicts that at small distances the interaction potential acting 
between quarks should vary inversely with r, like a Coulomb potential. On the other 
hand, since free quarks are not observed, the potential at large distances must be such 
that the quarks are ‘confined’ and cannot become unbound. A phenomenological 
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Table 16.2 The quark system. The ‘flavour’, name, approximate mass at rest and electric charge 
of the various quarks is given. All quarks have spin 1/2 and baryon number 1/3, and exist in 
three ‘colours’. 


Approximate Electric 

mass at rest charge 
Flavour Symbol (in MeV/c?) (in units of e) 
up u 2-8 2/3 
down d 5-15 —1/3 
charmed C 1000-1600 2/3 
strange S 100-300 —1/3 
top t (174 +8) x 103 2/3 
bottom b 4100-4500 —1/3 


potential with these features at short and large distances is 
V(r) =—— +br (16.105) 
r 


where a and b are positive constants. 
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Measurement and interpretation 


Hidden variables? 759 

The Einstein—Podolsky—Rosen paradox 760 
Bell’s theorem 762 

The problem of measurement 766 


Time evolution of a system. Discrete or continuous? 772 


It will have become evident to the reader that quantum mechanics 1s a most successful 
theory. This has been illustrated in many applications described in this book. In fact, 
quantum mechanics has never been shown to fail, although some specific applications 
may be beyond the reach of our calculational ability. Nevertheless, quantum theory 
has features which seem strange compared with classical Newtonian mechanics and 
which some physicists have found difficult to accept. In this chapter, we shall discuss 
briefly some of the conceptual difficulties and experiments designed to resolve them, 
giving references for further study. 


Hidden variables? 


One of the most fundamental characteristics of quantum theory is its lack of deter- 
minism. When a single measurement of an observable A is made, the result is one 
of the eigenvalues a, of A. However, unless the system is in an eigenstate of A it is 
impossible to predict in any particular measurement which of the eigenvalues a,, will 
be obtained. All that can be predicted is the probability of obtaining the eigenvalue 
a, when the measurement is repeated many times on a set of identically prepared 
systems. This lack of determinism is quite different from anything in classical physics. 
It is, of course, true that many situations arise in classical physics which can only 
be described statistically, for example the motion of the molecules in a gas. This 
classical indeterminism arises merely from our lack of detailed knowledge about the 
positions and velocities of each molecule. It is believed that although unobservable in 
practice, in fact each ‘classical’ molecule at a given time has a well defined position 
and velocity, and the results of future measurements of the position and velocity 
of each molecule could, in principle, be determined!. Such considerations about 


| In practice, even the smallest errors made in the initial positions and velocities will cause the future 
positions and velocities to be indeterminable after a short interval of time, and the behaviour of the gas 
becomes ‘chaotic’. 
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classical systems have led to the supposition that quantum mechanics is an incomplete 
theory in that there are other variables, called ‘hidden variables’, of which we are not 
directly aware, but which are required to determine the system completely. These 
hidden variables are postulated to behave in a classical deterministic manner, the 
apparent indeterminism exhibited by experiment arising from our lack of knowledge 
of the hidden sub-structure of the system studied. Thus apparently identical systems 
are perhaps characterised by different values of one or more hidden variables, which 
determine in some way which particular eigenvalues are obtained in a particular 
measurement. 

It is of historical interest that de Broglie’s original interpretation of the wave 
function falls into the class of hidden-variable theories. He supposed the wave 
function to be a physically real field propagating in space and coupled to an associated 
particle which has both a well defined position and momentum. The coupling between 
the particle and the ‘pilot wave’ gives rise to the observed diffraction phenomena. 
A deterministic theory of this type was elaborated in 1952 by D. Bohm who was 
able to account for the diffraction and interference shown in particle scattering, 
obtaining exactly the same results as those given by quantum mechanics. However, 
this model containing both waves and particles as separate, but connected, entities 
is extremely complex. To most people’s minds it has even stranger features than 
those of quantum mechanics, and most physicists would reject it on the grounds of 
‘Occam’s razor’*. Perhaps the least acceptable feature of Bohm’s model, for those 
seeking an underlying classical mechanism to quantum theory, is its non-locality. 
For instance, in the analysis of the two-slit experiment (see Chapter 2) using Bohm’s 
model there is a force acting on a particle traversing one slit which is changed instantly 
if the second slit is opened, or closed. Such theories, in which an action at one place 
is transmitted instantaneously (or at least faster than the speed of light) to alter the 
situation at another, are called non-local. As we shall see, quantum mechanics 1s 
a non-local theory, but non-locality is generally not considered to be an acceptable 
feature of a classical theory. It might be thought that a sufficiently ingenious hidden 
variable theory might be constructed, which is both deterministic and local. However, 
J. S. Bell in 1965 was able to lay down conditions that all deterministic local theories 
must satisfy. As we shall see in the next two sections these conditions are found to 
be violated by experiment. 


The Einstein—-Podolsky—Rosen paradox 


The most famous physicist to question the completeness of quantum theory was 
A. Einstein. In 1935, in collaboration with N. Rosen and B. Podolsky, he proposed 
the following criteria as the basis of any acceptable theory: 


(1) The quantities concerned in the theory should be ‘physically real’, physical 


2 William of Occam (1285-1349). His maxim states that ‘It is vain to do with more what can be done 


with fewer’. 
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reality being defined as follows: ‘If, without in any way disturbing a system, 
we can predict with certainty the value of a physical quantity, then there exists 
an element of physical reality corresponding to this physical quantity.’ 


(2) The theory should be local, i.e. there is no action at a distance in nature. 


Einstein, Podolsky and Rosen were able to give an example of a quantum mechan- 
ical system which did not satisfy these conditions and concluded that the quantum 
description of nature was incomplete. Following Bohm, we shall investigate a simpler 
situation than that proposed by Einstein and his collaborators, but which exhibits 
similar features. Consider a system with total spin S = O which splits into two 
identical particles, 1 and 2, each of spin 1/2. When the particles are well separated 
let us measure the component of the spin of particle 1 parallel to some direction, 
which we shall define as the z-axis, Since the particle has spin 1/2, either the result 
+h /2 or the result —A/2 is obtained. Suppose that in a particular experiment the 
result +4/2 is found, then since the total spin of the two-particle system is zero, a 
measurement of the z-component of the spin of particle 2 has to produce the result 
—h/2. Subsequent measurements of the component of the spin of particle 2 parallel 
to the x-axis produce the results +4/2 and —f/2 on a fifty—fifty basis. Similarly, 
if the x-component of the spin of particle 1 is measured and found to be 4/2, the 
x-component of the spin of particle 2 must be —A/2 and the z-component of the 
spin of particle 2 will be found to be +4/2 or —h/2 on a fifty—fifty basis. We see 
that the act of measuring a component of the spin of particle 1 has altered the result 
obtained in measuring a component of the spin of the other particle. This alteration 
takes place instantly no matter how far apart particles 1 and 2 may be. Thus the 
quantum description does not obey the conditions | and 2. This fact 1s often known 
as the Einstein—Podolsky—Rosen paradox. However, N. Bohr rejected the idea that 
the result is paradoxical, taking the view that in condition | physical reality can only 
refer to situations in which the experimental arrangement is completely specified and 
suggesting that this is not the case because the system is disturbed from the outset by 
the experimenters’ decision to measure the x-component rather than the z-component 
of the spin of particle 1. 

The quantum situation can be contrasted with what would be observed if spin were 
a Classical variable. It would remain true that the spin components of particles 1 and 
2 would be found to be equal and opposite, because the total spin is zero. However, 
this would be the case because the spin vectors have definite values and directions 
right from the beginning when the state was created, and the act of measurement 
on particle 1 would not change the state of particle 2 in any way. Now it might 
be that the quantum results could be explained by this common-cause argument. 
For example, there might be a classical hidden variable (or variables), the value of 
which was determined when the spin-zero system was created and which subse- 
quently determined the experimental results. However, the experimental violation 
of Bell’s theorem, which we will now discuss, shows that this explanation is in fact 
incorrect. 
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17.3 


Bell’s theorem 


Consider again the spin-zero system of the previous paragraph, composed of two spin- 
1/2 particles. Choosing a particular direction z, the spin wave function is (see (6.301 )) 
I 
V2 


The component of the spin of particle 1 along a certain direction specified by the 
unit vector a is S,(1) where 


x1, 2) = —s[e(1)B(2) — BUD)a(2)]. (17.1) 


Sa(1) = S(1).a = ao (1).a(4/2) (17.2) 


where o(i) are the Pauli spin matrices for particle i. The result of a single measure- 
ment of S,(1) is either 4/2 or —h/2. These values occur in a series of measurements 
on a fifty—fifty basis, so that the expectation value of S,(1) is zero. This result also 
follows by calculating (S,(1)) using the wave function (17.1). 

If both the components of the spin of particle | along 4 and that of particle 2 along 
b are measured jointly, the corresponding observable is (o(1).a o(2).b)h? /4. The 
average result of a series of joint measurements of S,(1) and S,(2) is the expectation 
value of this operator. Denoting the expectation value of (o0(1).a o(2).b) by E(a, b) 
we find using (17.1) that 


—a.b 
—cos@ (17.3) 


E(a, b) = (x|o(1).4 o(2).bx) 


where @ is the angle between a and b. Ifa and b are in the same direction, the value of 
E (a.b) is —1, which just tells us that the two spin components are both of magnitude 
h/2 and of opposite sign. 

Now suppose there is a hidden variable* 4 which specifies the state of the system 
completely and which determines the values of the quantum variables obtained in a 
given experiment. The dynamical evolution of the hidden variable is considered to 
be subject to conditions | and 2 of the previous section. Each spin-zero system has a 
definite value of 4. When a large number of such systems are prepared identically let 
a fraction p(A) have values of the hidden variable between 4 and A + dA, normalised 
so that 


[ para — a p(a) 2 0. (17.4) 


Let us denote the result of a measurement of the spin component S,(1) of particle | 
along a direction a by A(a, 4)4/2 and of a measurement of the spin component S; (2) 
of particle 2 along a direction b by Bib, )h/2, where A(a, A) and Bib, 2) can only 
take the values + 1. Since the overall spin is zero, we must have 


A(a, A) = —B(a, A). (17.5) 


> There may be many such variables but this does not alter the essential nature of the discussion. 
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In a ‘complete’ theory A(a, A) and B(b, A) are entirely specified by the value of A. 
In a local theory, if the measurements are made at points which are well separated, 
A(A, A) can only depend on A and 4 but not on b. Similarly, B(b, A) is independent of 
4, so that the result of a measurement of S, and S, jointly is the uncorrelated product 
of A(a,A)A/2 and Bib, X)h/2. The average of a series of joint measurements is 
(h?/4)E(a, b), where 


E(a, b) = | p(A)A(Aa, A) B(b, A)dA. (17.6) 


This is in general non-factorisable and is correlated despite the fact that the individual 
product A(a, A)B (b, i) isnot. However, the correlation is through the common cause, 
the theory remaining a local one. Note that to distinguish the averages calculated by 
the local hidden variable theory from the quantum result (17.3), we have employed a 
script €. We notice that if a = b, then 


€(a, 4) = E(a, 4) = -1 (17.7) 


because of the conditions (17.4) and (17.5). 
Now consider a joint measurement of the component of the spin of | along a and 
of 2 along ¢, where ¢ is a different direction from b. We find that 


E(a, b) — €(a,® = [ pauaa A) B(b, A) — A(a, 4) BCG, A)}dA 


= / p(A)A(a, A)A(b, A){1 + A(b, A) BE, A)}dA (1.8) 


where we have used (17.5), together with the fact that {A(b, 4)}? = 1. 
The inequality 


| (a, b) — E(a, ©] < | p(A){1 + A(b, A)B(é, A)}dA (17.9) 
or 
\€ (a, b) — E(4, ®| < 1+ E(b,@) (17.10) 


then follows because A only takes the values +1 or —1, and p(A) is always non- 
negative. This is one of a family of inequalities deduced by Bell, which must be 
satisfied by any real local theory. It is easy to find directions a, b and é for which 
the quantum expectation values violate (17.10), so we can conclude that quantum 
mechanics is inherently a non-local theory. For example, let the angle between 4 and 
@ be 27 /3 and let b lie in the same plane as 4 and é making an angle 7/3 with each 
of them. Then from (17.3) we see that the quantum expectation values satisfy the 
relations 


|E(a, b) — E(a, &)| = | — cos(27/3) + cos(x/3)| = 1 (17.11) 
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and 

1 + E(b, ® = [1 —cos(z/3)] = : (17.12) 
with the consequence that 

|E(a, b) — E(a,®| > 14+ E(b,® (17.13) 


which violates the inequality (17.10). 


Experimental verification 


Now the question arises as to whether the correlations observed experimentally agree 
with the quantum result and violate the locality condition, or whether Bell’s inequality 
holding for real local theories is satisfied. Since 1972 a number of experiments of 
increasing accuracy have been carried out and analysed using an elaboration of the 
preceding theory which allows for the less than perfect efficiencies of the detectors. 
Rather than using particles most experiments have measured the states of polarisation 
of a two-photon system in which the photons propagate in opposite directions. In the 
experiments of A. Aspect and co-workers carried out in 1982, the 4p? 'So level of 
calcium is populated by two-photon excitation, using two lasers — a krypton laser at 
4060 A and a tunable dye laser at 5810 A. This level decays back into the 4s? 'So 
level by cascading through the 4s4p 'P, level (see Fig. 17.1) with the emission of 
two photons of wavelengths 5513 A and 4227 A, respectively. Since the total angular 
momentum is zero in both the initial 4p? 'So and final 4s* 'So levels, the overall 
angular momentum of the two-photon system is also zero. As a consequence, if the 
photons propagate in opposite directions parallel to the z-axis, the polarisation part 
of the wave function is of the form 


I 

w(I, 2) poe + v(1)v(2)] (17.14) 
where u(i) represents a photon linearly polarised along the x-axis and v(i) a photon 
linearly polarised along the y-axis. The polarisations are thus completely correlated 
and similar arguments apply to those we outlined for the spin one-half particles. 
The principle of the experiment is illustrated in Fig. 17.2. Two photons, hv, and 
hv2, emerge in opposite directions parallel to the z-axis from the source S, and are 
detected by the linear polarisation analysers I and II. The analysers I and II are 
orientated parallel to the unit vectors 4 and b, respectively, which lie in xy planes 
normal to the direction of propagation. These analysers record the result +1 if a 
photon is found to be linearly polarised parallel to a (or b) and the result —1 when 
the polarisation iS normal to a (or b). Four coincidence rates, N4(a, b), N__(a, b), 
N,_ (a, b) and N_.(a, b) are measured, where N,. (a, b) i is the rate at which results 
+1 are obtained in I oriented parallel to 4 and II oriented parallel to b simultaneously. 
The rates N__, N,_ and N_, are defined similarly. 
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As4p 'P, 


4s2 ISo 


Figure 17.1 Study of two-photon correlations. The 4p? 'So level of calcium is populated by 
two-photon excitation. The correlations between the polarisation of two photons emitted in the 
decay back to the 4s* 'So level, via the 4s4p 'P level, are studied in the experiment of Aspect 
and co-workers. 


x 
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Figure 17.2 Schematic diagram of an experiment to measure the correlation of linear polarisation 
when two photons hv, and hv? are emitted from a source S. (By courtesy of A. Aspect.) 


A correlation coefficient E (a, b) can be defined in terms of the four coincidence 
rates as 


N,.,.(a, b) + N__ (a, b) — N4_ (a, b) — N_ (a, b) 


E(a, b) = = _ _ —— 
N,.4(a, b) + N__ (a, b) + N4_ (a, b) + N_4(a, b) 


(17.15) 


The coefficient E (a, b) can be calculated using quantum mechanics by an argument 
rather similar to that used in obtaining the spin-1/2 result (17.3). In the present case 
it is found that 


E(a, b) = cos 2¢ (17.16) 


where @ is the angle between a and b. 

The corresponding correlation coefficient € (a, b) for a real local hidden variable 
theory is found by following a similar reasoning to that given above for the case of 
spin-1/2 particles. We again introduce a hidden variable (or set of variables) A, and 
a density function p(A) satisfying the condition (17.4). The result of a measurement 
of the polarisation when the analyser I is parallel to a is denoted by A(a, A), where 
A(a, A) can take the values +1 or —1, while B(b, A) is the corresponding quantity 
for a measurement using the analyser II. The correlation function € (a, b) is then of 
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17.4 


exactly the same form as (17.6), that is 
€(a, b) = | p(A)A(a, A)B(b, A)dA. (17.17) 
Out of the several Bell’s inequalities which can be deduced, the one chosen in the 
experiment of Aspect and co-workers is based on a quantity S defined as 
S = €(a, b) — E(a, b’) + €(a, b) + Ea’, B’) (17.18) 


where @, a’ and b, b’ represent two different orientations of the analysers I and II, 
respectively. Provided A and B can only take the values +1 or —1 and that (17.4) 
and (17.17) hold, it is not difficult to obtain the Bell inequality 


=P SZ; (17.19) 


On the other hand if the correlations € in (17.18) are replaced by the corresponding 
quantum correlations E, defined by (17.16), |S| can exceed 2 for various orientations 
of the four vectors 4, 4’, b and b’. In the 1982 experiments of A. Aspect and co- 
workers, the orientations were chosen such that 


4.b = b.a’ = a’.b’ =cos@ (17.20a) 
and 
a.b’ = cos 3¢. (17.20b) 


The experimental values of S were then obtained for various angles @ between 0° 
and 90°. The results are shown in Fig. 17.3 together with the predictions of quantum 
mechanics (the solid curve). The experimental results violate Bell’s inequalities 
and are in excellent agreement with the quantum predictions. Further experiments, 
reviewed by Zeilinger (1999) also show a violation of Bell’s inequalities. Hence it 
can be concluded that no local hidden variable theory underlies quantum mechanics. 
As we pointed out earlier, it is possible to construct non-local hidden variable theories 
which lead to the same experimental consequences as quantum mechanics, but there 
is no compelling reason to introduce such complexities. 


The problem of measurement 


The process of measurement differs in quantum mechanics in several respects from 
that in classical mechanics. For example, we have already seen that complementary 
pairs of variables exist, such as momentum and position which can only be mea- 
sured simultaneously up to limits imposed by the uncertainty relations. The word 
measurement itself is used in two rather different senses in quantum mechanics, 
which it is important to distinguish. First, there are those measurements, often called 
ideal measurements, which can be repeated immediately. For example, if a beam 
of atoms, each of spin one-half, is passed through a Stern—Gerlach apparatus (see 
Chapter 1), orientated to split the beam in the z-direction, one of the two emerging 


17.4 The problem of measurement Mi 767 


Ce le Beaten Weel Reelin Cited welt, elton oa" = 
\ \ ‘ 


Figure 17.3 Experimental data obtained for the correlation quantity 5(¢) by A. Aspect, P. Grangier 
and G. Roger. The solid curve represents the prediction of quantum mechanics and the shaded 
areas are those in which Bell’s inequality (17.19) is violated. (By courtesy of A. Aspect.) 


beams (see Fig. 17.4) contains only atoms with S$. = +//2 and the other only atoms 
with S. = —A/2. This measurement, which is better called state preparation, can 
be immediately repeated by passing, for instance, the S$. = +A/2 beam through 
a second Stern—Gerlach apparatus, orientated in the same way as the first. If this 
is done, all the particles will emerge deflected in the direction corresponding to 
S. = h/2 and none in that corresponding to S$. = —h/2. The passing of a beam of 
atoms through a Stern—Gerlach apparatus prepares an ensemble of atoms in a known 
State and is not really a measurement in the usual sense. To measure whether or not 
an atom has spin component S. = A/2 or S- = —hA/2, it 1s not only necessary to 
pass the atom through such an apparatus but also to detect it. The act of detection 
usually involves the absorption of a photon, or the capture of a particle, which are 
not repeatable processes. Thus measurements which can be immediately repeated on 
the same system are the exception rather than the rule. To repeat, we will distinguish 
between those ‘ideal measurements’ in which an ensemble of objects is prepared 
in a reproducible state, and true measurements which involve the detection of the 
object together with the determination of one or more of its properties, within certain 
limits—for example, energy, position, momentum, and so on. The former process 
allows one to say something about the future behaviour of the system, while the latter 
gives information about its immediate past. 

The relationship between the wave function WV, or the corresponding state vector 
|W), and the results of measurements have been discussed in Chapter 5. It is all- 
important to recognise that a knowledge of |) does not allow us to predict the 
results of a measurement on a single object of an observable A, except in the special 
case for which |) is an eigenstate of A belonging to some eigenvalue a,,, in which 
case the value a, will be obtained. Apart from this case, |W) only determines the 
frequency of obtaining a particular eigenvalue when the measurement is repeated a 
large number of times on a set of identically prepared objects or systems (called an 
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Stern—Gerlach 
Apparatus 


Figure 17.4 An example of state preparation. A Stern—Gerlach apparatus is orientated to split an 
unpolarised beam of spin one-half atoms A in the z-direction. The upper energy beam B contains 
only atoms with $, = +h/2 and the lower beam C contains only atoms with $, = —h/2. 


ensemble of systems). It is therefore incorrect to associate a wave function with a 
single object (with the exception noted). On the contrary, |’) provides us with the 
maximum possible information about an ensemble of identically prepared systems. 
It is important to be clear that the individual systems do not possess precise (but 
unknown) values of the variable A before a measurement is made. This would 
amount to the kind of hidden variable theory that we have seen to be untenable; rather 
a member of the ensemble cannot be said to possess a value for A (unless |) is 
an eigenvector of A) until a measurement has been performed. This view, although 
apparently correct, gives rise to some difficulties in interpretation, as Schrédinger 
pointed out in his famous cat paradox. 


Schrédinger’s cat 


In this thought experiment, a cat is placed in a closed box together with a radioactive 
atom and a device which releases a deadly poison on the decay of the atomic nucleus. 
If the wave function of a live cat is y and that of the initial state of the atom 1s ¢;, 
and if the wave function of a dead cat is wy and that of the final state of the atom is 
o;, then after a time ¢ the wave function of the system will be the superposition 


W(t) = Wy oO exp[—t/(2t)] + Wa bel] — exp(—t/t)]'” (17.21) 


where T is the lifetime of the radioactive atom. On opening the box at a certain time, 
the cat is clearly found to be either alive or dead. This is an act of measurement 
which forces the system into one of the eigenstates of being alive or being dead. It 
is an example of the reduction or collapse of the wave function on measurement, 
referred to in Chapter 2. All sorts of curious questions now arise. Before the box is 
opened the cat is apparently neither alive or dead, but in a superposition; what does 
that mean? If the cat is found to be dead, did it die on opening the box, or before? 
All these paradoxical questions arise in the most acute form if the wave function is 
held to determine the properties of a particular cat. Part of the difficulty is resolved 
by recognising that the wave function (17.21) refers to a large number of identically 
prepared cat experiments. After a time f, a certain fraction of the cats will have died 
and a certain fraction will be alive, as determined by V(r), but no prediction of the 


17.4 The problem of measurement MM 769 


time of death of an individual cat can be made. This picturesque thought experiment 
is a paradigm of the problems that arise in interpreting the meaning of an entangled 
State such as (17.21) if a wave function is associated with a single object rather than 
an ensemble. This particular example should not, of course, be taken too far; there 
are no pure alive or dead cat states. A cat is a complex thermodynamical system at 
finite temperature describable (in principle!) by a density matrix with no coherence, 
and hence no interference, between ‘alive’ and ‘dead’ states. 


An analysis of measurement 


Let us now try to analyse the quantum mechanics of measurement a little more closely. 
We shall suppose we have an apparatus which 1s capable of measuring the value of 
an observable A. The apparatus will be taken to be macroscopic and capable of 
recording the result of the measurement on a piece of paper or on a magnetic tape 
or other medium. The result recorded in a single measurement must be one of the 
eigenvalues a, of A, and for the purpose of discussion we will imagine that there is 
no experimental error. Let the eigenvector of A corresponding to the eigenvalue a,, 
be denoted by |@,,), and the set of eigenvectors |¢,,), = 1, 2,..., be complete. The 
apparatus will be described by a very complicated wave function, but when presented 
with a system described by the eigenvector |@,,) it must record the value a, for A, so 
that the apparatus must possess distinct eigenstates |®,,), one for each n. 

Before the measurement, the initial eigenvector describing the apparatus can be 
denoted by |@o), and if the system being measured is in the state |¢,,), the initial state 
vector of the (system + apparatus) 1s 


|W (t)) = lpn) ® |Po) = lon: Po). (17.22) 


This state vector will satisfy some time-dependent Schrédinger equation, and will 
evolve so that after the measurement it will become 


[W(t’)) = |bn; Pn). (17.23) 


The apparatus will now be in the state with eigenvector |®,,), and the value a,, will 
have been recorded, while the measured system will be described by the state vector 
\~,). More generally, if the initial state of the system is described by the state vector 
|y(t)) having the expansion 


IW(t)) = )° baldn) (17.24) 


then the final state of the combined (system + apparatus) will be described by | (t’)) 
where 


\WOt')) = Do bald: Pn). (17.25) 


According to our interpretation, the meaning of |W(r’)) is that in a large number 
of measurements on the ensemble of identically prepared systems, the fraction in 
which the value a, is found is given by |b,,|*, all state vectors being normalised to 
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unity. We notice again that if we attempt to associate |W (t’)) with a single system the 
equation (17.25) would be difficult to interpret. 


The reduction of the wave function 


Instead of concentrating on the combined (system + apparatus), let us now see what 
happens if we work in terms of the state vector of the system only. We take the 
special case in which the measurements are repeatable. Before the measurement 
the system is described by |y) with the expansion (17.24). After making a large 
number of measurements on members of the system, we know that a fraction |b, |? 
of these will have given the result a,. That fraction of the system will be described 
after the measurements by the corresponding eigenvector |¢,,). Looking at the whole 
ensemble, we see that after the measurements, we have a mixed state, a fraction |b, |? 
of the system being in the pure state |@,), |b2|* in |@2), and so on. This situation can 
be described by a density matrix p,,, which is diagonal in the basis |@,) and is given 
by 


Pam = |b, IF Onan (17.26) 


The change from the pure state |) to the mixed state described by (17.26) is an 
example of the reduction of the wave function on measurement. This has caused 
confusion because there is no way in which a linear Schr6édinger equation can convert 
a pure state into a mixed state. However, we see that this reduction is not present in 
the treatment of the complete physical system (measured system + apparatus) and 
arises because we choose to direct our attention to the measured system only — it does 
not correspond to any physical process in nature. 

We now ask the question as to whether the two descriptions of the state of affairs 
after the measurement, by the complete wave function (17.25) or by the density 
matrix (17.26) are mutually consistent. To do this, consider some different observable 
C. For consistency we must obtain the same expectation value of C from either 
description. Starting from the mixed state we have 


(C) = Tr(pC) = )- [bal (bnlC lon). (17.27) 


On the other hand, from the pure state (17.25), we have 
(C) = (W)IC|V(r')) 
= = > by by (bm; On1C lon; ®,,). (17.28) 


The matrix element (¢,,; P,,|C|@,; ®,) describes a transition in which the apparatus 
changes the record from a, to a,,.. However, the making of a record is essentially 
an irreversible process; the record is indelible. No process exists which will undo a 
measurement and delete a record, substituting another. Hence the matrix element of 
C must be diagonal inn. The operator C does not alter |®,,) and (17.28) becomes 
equal to (17.27). There is no inconsistency between the two descriptions, and the use 
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of the reduction of the wave function is a matter of choice. It 1s very useful in that a 
detailed description of the apparatus is not then needed. 


Other views 


In the previous paragraph, we have followed in part the views of L. E. Ballentine (1970) 
and F. J. Belinfante (1975), but other views have been expressed, often based on the 
application of the wave function to individual systems, rather than ensembles, and 
which sometimes lead to bizarre and unusual conclusions. The basic problem is that 
if a single system of (object + measuring apparatus) is described by the coherent 
entangled wave function (17.25), rather than an ensemble of such systems, then the 
measuring apparatus is not in a definite eigenstate with the consequence that no 
definite result of the measurement can be obtained. We have to explain why the 
pointer on a measuring apparatus takes a definite position and why no interference 
effects are observed. 

One explanation stems from the idea of decoherence. A coherent system does not 
remain coherent for ever since the coherence is destroyed by interaction with other 
objects. Ithas been suggested that the interaction between the macroscopic measuring 
apparatus and the environment destroys the coherence between the different terms 
in (17.25) so rapidly that it can be treated as being instantaneous. This results in the 
pure state (17.25) reducing effectively to a statistical mixture of the states |¢,; ®,,) 
rather than a superposition of those states. The apparatus will end in one or another 
of the states |®,,), which one is not known until the record is inspected. 

Another approach is to go beyond conventional quantum mechanics by introducing 
an extra term into the Schrédinger equation so that the collapse of the wave function 
during a measurement occurs as a result of the dynamics. In these attempts the collapse 
of the wave function is treated as a physical process, in contrast to the position taken 
by the majority of physicists in which the collapse is a convenient shorthand allowing 
the dynamics of the measuring apparatus and of the measured system to be studied 
separately. 

Many more explanations of the process of measurement have been offered. One 
of the most well known is the ‘many-worlds’ hypothesis of H. Everett. This ac- 
cepts all the usual formulation of quantum mechanics including the superposition 
of different states of the measuring apparatus indicated by (17.25). The fact that 
a measurement results in a definite outcome is attributed to a relationship between 
the wave function (17.25) and the consciousness of the experimenter. Each term 
in (17.25) corresponds to a different state of awareness of the experimenter and the 
actual outcome results from his perception. This can be expressed by saying that when 
a measurement is made the world splits into many copies which cannot communicate 
with one another, and the outcome of the measurement belongs to one such world. 

Several books describing these and other approaches to the measurement problem 
have been published recently and the interested reader can with advantage consult 
Peres (1993), or the non-technical account of Squires (1994). 
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17.5 


Time evolution of a system. Discrete or continuous? 


A feature of quantum mechanics related to the problem of measurement concerns the 
time evolution of a system. Consider for example an atom prepared in an excited 
energy eigenstate. After a certain time, the atom may make a spontaneous transition 
to a state of lower energy, emitting a photon. Since the final state of the atom has to 
be an energy eigenstate, the transition must occur instantaneously. It follows that the 
time evolution of a single system must consist of a series of instantaneous changes, 
known as quantum jumps. Inthe early days of quantum theory, this feature, which was 
clearly predicted by the matrix mechanics developed by Heisenberg, Born and Jordan, 
appeared to be in conflict with Schrédinger’s wave mechanics. This is because the 
Schr6dinger equation predicts a continuous, smooth evolution of the wave function 
with time. This apparent conflict was resolved when Born postulated his probabilistic 
interpretation of the wave function, in which the continuously evolving wave function 
determines the probability that a discrete change in state occurs at a given time. This 
resolution of the difficulty never entirely satisfied Schrédinger, who is reported to 
have remarked to Bohr: ‘If I had known it would come to this damned jumps then I 
am sorry I ever got involved in quantum theory’. 

At the time of the Bohr—Schrédinger debate in 1926, and until very recently, no 
direct observation of quantum jumps could be made because all experiments were 
concerned with ensemble averages over many quantum systems. New developments 
in experimental techniques have radically changed the situation and experiments can 
now be performed on single atoms. The first observations of quantum jumps were 
made in 1986 by scattering light from a single Ba* ion confined in an electromagnetic 
trap. A simplified version of the original idea put forward by H. G. Dehmelt in 1975 
can be explained with reference to Fig. 17.5. An atom in the ground state 1 can 
be excited to a strongly coupled state 2 by absorbing a photon from a laser of the 
appropriate frequency. The fluorescent radiation due to the decay of the atom from 
state 2 back to state 1 can be easily observed as this is a strong transition. The atom 
under consideration is selected to have a third level 3, which is weakly coupled to 
the excited state 2, and for which the decay back to the ground state 1 is strongly 
inhibited. The level 3, known as the shelving level, has a very long lifetime, with the 
result that if a transition occurs from level 2 to level 3 the fluorescence is suddenly 
cut off. The abrupt ending of the fluorescence radiation indicates when the transition 
to the shelving state has taken place. After a certain period, the atom in level 3 will 
slowly decay by some mechanism to level | and the fluorescence will resume. 

This method is only applicable if a single atom can be observed, for otherwise 
the abrupt switching off of the fluorescence would be wiped out by the radiation 
from other atoms. The fluorescence signal recorded from single Bat ions in an 
experiment carried out by Th. Sauter, R. Blatt, W. Neuhauser and P. E. Toschek in 
1986 is shown in Fig. 17.6. The sudden alternations between light and dark periods is 
Clearly exhibited. The dark periods are of varying duration, and can be studied using 
Statistical methods. The results clearly establish the existence of quantum jumps, and 
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Figure 17.5 Schematic diagram of a three-level system containing a shelving state. 
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Figure 17.6 The fluorescence rate from a Ba* ion showing dark periods caused by transitions to 
a shelving state. 


are also consistent with the smooth time evolution of probability amplitudes predicted 
by the Schrédinger equation. A detailed discussion of the theoretical implications of 
these experiments can be found in the review of Stenholm and Wilkens (1997). 


A.1 


Fourier integrals and the Dirac delta 
function 


In this appendix, we shall give a brief introduction to the Fourier integrals and the 
Dirac delta function, which are used in Chapter 2 and in subsequent chapters. 


Fourier series 


Consider a single-valued function f(x) defined in the interval -w < x < mz, and 
determined outside this interval by the condition f(x + 27) = f(x), so that f(x) 
has the period 27. The Fourier series corresponding to f(x) is defined to be 


f(x) = Ac ff dA, cos(nx) + B, sin(nx)]. (A.1) 


Provided f(x) and f’(x) are piecewise continuous in the interval (—z, +77), this 
series converges. The constants Ay, A},..., Am,-... are determined by multiplying 
both sides of equation (A.1) by cos mx and integrating over the interval —z to 7. We 
find 


ie 


An = - f (x) cos(mx)dx, mM HOil vias a (A.2) 


— 


Similarly, by multiplying (A.1) throughout by sinm.x and integrating, we find 


] U 
BS f (x) sin(mx)dx, (a a eer (A.3) 
UW J—n 
Since cos(nx) and sin(nx) can be written in terms of the complex exponentials 
exp(tinx), the Fourier expansion (A.1) can be written in the alternative form 


OO 
f(x) = (2x)? Y° C,exp(inx) (A.4) 
where the factor (27r)~'/* has been inserted to make the formulae that will come later 
more symmetrical in appearance. The coefficients C,, can be found directly using the 
relation 


(21)! | exp[i(n — m)x]dx = Sinn (A.5) 
where 6, 1s the Kronecker delta symbol defined as 
Onin 1s ifm=n 
= 0, ifm ~n. (A.6) 
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A.2 


Multiplying both sides of (A.4) by (27)~'/? exp(—imx), integrating over x and 
using (A.5), we find that 


Cm = (20)? | f(x) exp(—imx)dx (A.7) 


where m is a positive or negative integer, or zero. 

A function f (x) defined in some other interval (—L, +) and periodic with period 
2L,so that f(x + 2L) = f(x), can also be expanded in a Fourier series by making 
the change of variable x > 2x/L. We have from (A.4) 


f(x) = (20) '/? sz C,, exp(inrx/L) (A.8) 


n=—COoO 


where the coefficients C,, are given by 


1/2 L 
Cr, = L(5) / f (x) exp(—imrx/L)dx. (A.9) 
yb 


Fourier transforms 


Frequently, the functions with which we have to deal are not periodic, but are defined 
for all real values of x, —co < x < oo. Such functions can also be expressed in 
terms of complex exponentials by taking the limit L — oo in (A.8) and (A.9). As L 
increases in value the difference between successive terms in the series (A.8) becomes 
smaller and smaller, and the sum over n can be replaced by an integral: 


f(x) = Qn) '? / 


e,@) 
C, exp(ina x/L)dn. (A.10) 
OO 


Introducing a new variable k by the relation 

k =nn/L (A.11) 
and defining a new function g(k) by 

g(k) = LC,,/a (A.12) 


the integral (A.10) can be written as 


f= am? f 


OO 

g(k) exp(ikx)dk. (A.13) 
OO 
By taking the limit L — oo in (A.9) we find 


OO 

g(k) = any"? f f (x) exp(—ikx)dx. (A.14) 
—0o 

The integrals (A.13) and (A.14) are known as Fourier integrals. The function g(k) 

is said to be the Fourier transform of f(x) and, similarly, f(x), is the Fourier 

transform of g(k). A function f(x) can only be expressed as a Fourier transform 
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if the integrals (A.13) and (A.14) converge. This will be the case if f(x) and g(k) 
are square-integrable functions, which means that 


| \f(x)\?dx <oo and / lg(k)|?dk < 00. (A.15) 


The Dirac delta function 


By inserting g(k) given by (A.14) into (A.13) we find that 


f(x) = Qn)" / | F(xyexp(—iks’)" exp(ikx)dk (A.16) 
or 
joe / P(R)8 (x — x)dx’ (A.17) 


where in (A.16) the order of the integrals has been reversed and the function 6(x — x’) 
has been defined by 


OO 
d(x — x’) = (27)! : exp[ik(x — x’)]dk. (A.18) 
— OO 

This procedure is certainly open to question since the integral in (A.18) does not 
converge! However we shall see that nevertheless a meaning can be attached to the 
function 6(x — x’), which was introduced by P. A. M. Dirac and is known as the 
Dirac delta function. Since f(x) is an arbitrary function, we note from (A.17) that 
5(x — x’) must be zero if x # x’, and the integral over 5(x — x’) must have the value 
unity. Such a function does not exist, but We can consider d(x — x’) as the limit of a 
sequence of functions increasingly peaked about the point x = x’. The width of the 
peak must decrease and its height must increase along the sequence in such a way 
that the area under the peak is always unity. The result of this limiting procedure is 
called a distribution (see Lighthill 1958). 

To look further into this question, let us set x" = 0 in (A.18) and introduce a factor 
exp(—eé|k|) to make the integral converge, where € > 0. Writing 


5-(x) = (271)7! / exp(ikx — e|k|)dk (A.19) 


we can consider 5(x) to be the limit of 5,(x) as e — O*. From (A.19) we have 


l l 
(20) | — 
xX +e€ 1X = 
é/1 


be (X) 


We see that 5, (x) is exactly the kind of function that we require. As € becomes very 
small 6;(x) also is very small, except near the point x = O, where it has the large 
value 1/(ze). In the limit ¢ > O*, it is easy to verify that the integral over 5, (x) is 
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equal to unity provided the range of integration includes the point x = 0, and is zero 
otherwise: 


b 
lim | b-(x)dx > 1, a <Q, b > 0. (A.21) 


e>0* Ja 
The representation of the delta function in terms of the sequence of functions (A.20), 
as € — Ot, is not unique and any other sequence of peaked functions 6, (x), with 


unit area under the peak and with 6, (x) > 0 as e > O* for x # 0, can be used. For 
example the sequence of functions 


5-(x) = (we) '/* exp(—x?/e) (A.22) 


also tends to the Dirac delta function as e + 0*. Other representations of the delta 
function are 


[ors timo (A.23) 
e—> Ot TX 
§(x) = lim —;[1 — cos(x/e)] (A.24) 
e—0t WX 
0 —0 
ion (A.25a) 
e—0 E 
where in the last equation 0(x) denotes the step function 
1, x>0 
O(x)=% A.25b 
mw) . x <0. ( ) 


The Dirac delta function is a very useful concept since by its use we can avoid 
explicitly representing various limiting processes and we can interchange orders of 
integration as in (A.16) without explicitly introducing convergence factors. 

The main properties of the Dirac delta function are the following: 


[F080 — sae = fo) ifa <x) <b 
=0 ifx»<a or x>b 
(A.26) 
5(x) = 6(—x) (A.27) 
x5(x) =0 (A.28) 
S(ax) = _ 80), a #0 (A.29) 
f(x)d(x — a) = f(a)d(x — a) (A.30) 
| 5(a — x)5(x — b)dx = 5(a — b) (A.31) 
Sig(x)l=>— oe (A.32) 


~ Iga) 
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where in the last relation x; is a zero of g(x) and g’(x;) 4 0. Particular cases of (A.32) 
are 


d[(x —a)(x —b)] = EE ais as — b)], axb (A.33) 
and 
d(x? —a*) = ye —a)+d(x+a)]. (A.34) 


2|a| 


The derivative of the delta function 
d 
d(x) = 4, Oo) (A.35) 


can also be given a meaning, since 


b 
Lf (x)8(x) 2 — | 5(x) f!(x)dx 


a 


b 
| f (x) 8" (x) dx 


= — f'(0) (A.36) 


where we have assumed that the point x = Q lies in the interval (a, b). We also have 


[ f (x)8'(x — xo)dx = —f'(x0), a<x<b (A.37) 
5'(x) = —8'(—x) (A.38) 
x6'(x) = —8(x) (A.39) 

x78'(x) = 0 (A.40) 

[ a — x)6(x — b)dx = 5'(a —b) (A.41) 
d(x) = i(2m)7! | + pena. (A.42) 


Further properties of Fourier Transforms 


Returning to equation (A.13), we have that 


/ | f (x) |? dx 


= any! f ax| f g* (ky exp(—ikxydk | gtk’) expik' sak 


OO 


— / et} | gtk’) — kya 


= / \g(k)|7dk. (A.43) 
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This result is known as Parseval’s theorem. 
The convolution of two functions f; and f> is defined as the integral 


F(x) =f fily) fo(x — y)dy. (A.44) 


A straightforward calculation then shows that if G(k) is the Fourier transform of F (x) 
and g)(k) and g>(k) are the Fourier transforms of f(x) and f2(x), respectively, then 
G(k) = (21)'" 1 (k)g2(k). (A.45) 


This property is known as the convolution theorem. 
It is easy to generalise Fourier transforms to functions in three dimensions, 
f (x, y, z). In place of (A.13) and (A.14), we have 


fix. yz) = (2)? / dk, / dk, / dk. g(kx, ky, kz) 


x exp(ik,x + ikyy + 1k-2) (A.46) 
and 
(kx, ky, ke) = anya? f ax f ay [ dz f(x, y, 2) 
x exp(—ik,x — ik, y — ik;z). (A.47) 
These relations are more conveniently written in a vector notation as 
f(r) = (Qn) 3”? / g(k) exp(ik.r)dk (A.48) 
and 
g(k) = (2m)? / f(r) exp(—ik.r)dr. (A.49) 


The generalisation of the relation (A.18) is then 

d(r—r’) = d(x — x’)d(y — y')d(z — 2’) 

= (2n)~> | explik. — r’)]dk (A.50) 

and we also note the property 

| f(r’)é(r —r’)dr’ = f(r). (A.51) 
In three dimensions Parseval’s theorem (A.43) is generalised to 

[ irepar = [ letra (A.52) 
and the convolution theorem states that if 


F(t) = / fi(R) fo(r — R)AR (A.53) 
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then 
G(k) = (27)*/* g) (k) g0(k) (A.54) 


where G(k), g; (kK) and g2(k) are the Fourier transforms of F(r), f;(r) and f(r), 
respectively. 


WKB connection formulae 


In Chapter 8, WKB approximations are obtained for the solution of the 
one-dimensional Schrédinger equations in regions well separated from a classical 
turning point. We shall now show how a solution can be found in the vicinity of 
a classical turning point which will allow the WKB approximations to the left 
and right of the turning point to be connected. There are several methods which 
can be followed, but we shall only describe one of them, known as a uniform 
approximation. 

The case of a left-hand barrier will be discussed with a turning point at x = x. 
The WKB solution is given in the region x > x, by (8.192) and in the region x < x, 
by (8.193). The local classical momentum p(x), defined by (8.175), is zero at the 
turning point. For x > x;, p*(x) is positive and for x < x,, p?(x) is negative so that 
for x sufficiently close to x}, we can approximate p?(x) by 


dp? (x) 

p*(x) = A(x — x1), A= | (B.1) 
where the constant A Is positive, A > 0. 

Using (B.1), the Schrédinger equation 

d’ aoe. 

+h™“p fen =0 (B.2) 
can be approximated in the immediate vicinity of the turning point by the equation 

Fe + Ah “(x — a1) | = 0. (B.3) 


Defining a new variable q by the relation 
q(x) = (APA)? (x — x4) (B.4) 
and setting 


(g(x) = WO) (B.5) 


equation (B.3) becomes 


d2 
Ee + jv = 0. a, 
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The general solution of this equation is well known and can be expressed as a linear 
combination of Airy functions! Ai(—q) and Bi(—q): 


W(q) = AAi(—q) + » Bi(—q) (B.7) 


where A and w are arbitrary constants. 
The function Ai(—q) is bounded and has the asymptotic forms 


2 
Ai(—q) ~ m7 '/27g7"4 cos ge = th , q>o 
3 4 
L apy jsiy 2.3/2 
ae lq| exp —3l¢l gq —> —0O0 (B.8) 


while the linearly independent function Bi(—q) is unbounded as g — —oo and has 
the asymptotic forms 


Z 
Bi(—q) ~ Sig sin( 50°” = 7) q>o 


2 
~ Vg exp( Zial"”), gq > —0O. (B.9) 


Having obtained in (B.7) a solution of the Schrodinger equation which is accu- 
rate near the turning point x = x, corresponding to g = O, we shall now show 
that the original Schrédinger equation (B.2) can be approximately transformed to 
equation (B.6) over the whole interval —oo < x < ov, so that (B.7) becomes an 
approximate solution for all values of x. We first write down the WKB solutions 
of (B.6) which are 


W(q) = Na(h?|q\) 14 exp) 5 | neg)! aq | (B.10) 
where N, and N_ are arbitrary constants. Evaluating the integral we obtain 

Wg) = Na(h?|q\) "4 exp| +154"? (B.11) 
It should be noted that g is always real and that g > 0 for x > x, andg < 0 for 


x < x,. We now compare (B.10) and (B.11) with the WKB solutions of the original 
Schrodinger equation, which we can write as 


W(x) = Nall pPo@oi'4 exp) +5 / ptx'yax' | (B.12) 
This comparison suggests that w(x) can be approximated by a function 
- A 1/4 
U(x) = Ei =a W (q(x) (B.13) 
| p*(x)| 


| See M. Abramowitz and I. A. Stegun (1965). 
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where g(x) is defined by the implicit relation 


Slaeor? — || p(x’)dx’, p> >0 (B.14a) 


oe | ae 
= | |p(x')\dx’, p? <0. (B.14b) 


The phase factor in (B.14b) has been chosen so that g is real and negative for p* < 0. 
We see that near x = x), the relations (B.14) reduce to (B.4), and it follows that 
W(x) is an accurate solution of the Schrédinger equation in this region. To see how 
accurately w(x) approximates w(x) in general, we note that using (B.6) together 
with (B.13) and (B.14), we find that w(x) satisfies exactly the equation 


d? _ 
Fe +h? p*(x) + e(0) |F00) =0 (B.15) 
dx 
where 
dg |"? @ (|g |? 
It follows that w(x) is a good approximation to w(x) provided that 
2 
oe ei (B.17) 
p*(x) 


At the turning point e(x) = 0 and the mapping of the Schrédinger equation (B.2) 
onto (B.6) is exact. Far from the turning point the condition (B.17) is a weaker con- 
dition than (8.186) which expresses the accuracy of the WKB approximation (B.12). 
It follows that w(x), given by (B.13) with Y(q(x)) expressed as (B.7), is a function 
which coincides with the WKB solutions (B.12) of the Schrédinger equation far 
from the turning point and is an accurate solution of the Schrédinger equation in the 
immediate vicinity of the turning point. 

Inspecting (B.8) and (B.9), we see that to obtain the solution which is bounded 
to the left of the turning point we must set u = O in (B.7) so that w(x) is given 
approximately for all values of x by 


h?\q(x)| 

|p? (x)| 
Using the asymptotic form of the Airy function Ai given by (B.8), together with (B. 14), 
immediately establishes the connection formula (8.194). In the same way, to obtain 
the solution asymptotic to [p(x)]~!” sin[(1/A) i p(x')dx’ —1/4] for x > x; which 
increases exponentially to the left of x = x, we set A = O in (B.7) and using (B.9), 
we immediately obtain the connection formula (8.195). 


1/4 
W(x) = | Ai(—q(x)). (B.18) 
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Table of fundamental constants 


Quantity 


Planck’s constant 


Velocity of light in 
vacuum 


Elementary charge (absolute 
value of electron charge) 


Permeability of free space 


Permittivity of free space 


Gravitational constant 


Fine structure constant 


Avogadro’s number 
Faraday’s constant 
Boltzmann’s constant 
Gas constant 


Atomic mass unit 


Electron mass 


Proton mass 


Neutron mass 


Ratio of proton to 
electron mass 


Electron charge to 
mass ratio 


Compton wavelength 
of electron 


Classical radius 
of electron 


Symbol 
h 
h 
A= — 
20 
Cc 
e 
Lo 
l 
£9 = ——> 
oc? 
G 
ie 4n eghc 
Na 
—— Nae 
k 
R = Nak 
l 
—M 
a.m.u 12 12¢ 
m OF Me 
Mp 
Mn 
M,/m 
le|/m 
h 
Ac= — 
mc 
e2 
ro = 
" An eqmc? 


Value 

6.626 18 x 10-34 Js 
1.05459 x 10734 Js 
2.99792 x 108 ms7! 


1.60219 x 10°C 


4n x 107-7 Hm! 
= 1.25664 x 10°° Hm! 
8.85419 x 107!'2 Fm! 


6.672 x 107!! N m? kg? 
I 


137.036 
6.02205 x 1073 mol! 


9.648 46 x 104 C mol! 
1.38066 x 10-3 JK! 
8.31441 J mol-! K7! 
1.66057 x 10-2’ kg 


9.10953 x 1077! kg 

= 5.48580 x 10-4 amu. 
1.67265 x 1077’ kg 

= 1.007276 a.m.u. 
1.67492 x 10-2’ kg 

= 1.008 665 a.m.u. 
1836.15 


1.75880 x 10!' Ckg7! 


2.426 31 x 107'2 m 


2.81794 x 107! m 


= 7.29735 x 107? 
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moment 


Quantity Symbol Value 
4m egh? 
Bohr radius for ay = ae. 5.29177 x 107!! m 
atomic hydrogen ne 
(with infinite nuclear mass) 
2 
Non-relativistic Ip(00) = 5 — 5 2.17991 x 10-'8 J 
ionisation potential orcs = 13.6058 eV 
of atomic hydrogen 
for infinite nuclear mass 
4 
Rydberg’s constant for R(oo) = nae a = 1.097 37 x 10’ m7! 
infinite nuclear mass Begh'c oe 
Rydberg’s constant Ry 1.09678 x 107 m7! 
for atomic hydrogen 
h 
Bohr magneton LB = on 9.27408 x 10-*4 J T-! 
m 
h 
Nuclear magneton LN = ee 5.05082 x 10-77 J T-! 
Electron magnetic M. 9.284 83 x 10-*4 JT-! 
moment = 1.001 16 uaz 
Proton magnetic Mp 1.41062 x 10-*° JT"! 
moment = 2.79285 un 
Neutron magnetic Mny —0.966 30 x 10-76 J T-! 


— -1.91315 pn 


Table of conversion factors 


1 Acangstrém) = 0.1 nm = 107!° m = 1078 cm 

1 fm (femtometre or Fermi) = 10-° nm = 107!5 m 
A (in A) x p (incm~') = 108 (from Ad = 1) 

ay = 5.29177 x 107"! m = 0.529177 A 

ae = 2.800 28 x 1072! m? 

mae = 8.79735 x 10-7! m?* 

1Hz=1s"! 

1 electron mass (me) = 0.511003 MeV/c? 

1 proton mass (M,) = 938.280 MeV/c? 


Lamu. = = Mize = 1.66057 x 10°?” kg = 931.502 MeV/c? 


1 J = 10’ erg = 0.239 cal = 6.241 46 x 10'8 eV 
1 cal = 4.184 J = 2.611 x 10! eV 
l eV = 1.60219 x 107-'? J = 1.60219 x 10~' erg 
1 MeV = 1.602 19 x 107'? J = 1.60219 x 10~° erg 
1 eV corresponds to: 
a frequency of 2.41797 x 10'4 Hz (from E = hv) 
a wavelength of 1.23985 x 10-© m = 12 398.5 A (from E = hc/A) 
a wave number of 8.065 48 x 10° m~! = 8065.48 cm! (from E = hcv) 
a temperature of 1.16045 x 10* K (from E = kT) 


lcm7! 


corresponds to: 
an energy of 1.23985 x 10-4 eV 
a frequency of 2.99792 x 10!° Hz 
] atomic unit of energy = 27.2116 eV corresponds to: 
a frequency of 6.57968 x 10!° Hz 
a wavelength of 4.556 33 x 10-8 m = 455.633 A 
a wave number of 2.19475 x 107 m~! = 219475 cm7! 
a temperature of 3.15777 x 10° K 
1 a.m.u. corresponds to an energy of 931.502 MeV = 1.49244 x 107!'9J 
kT = 8.61735 x 10-° eVatT = 1K 
he = 1.23985 x 10-° eV x m= 12 398.5eVx A 
hc = 1.97329 x 1077 eV x m = 1973.29eVx A 


AE (in eV) x At (ins) = 6.58218 x 107! eV x s (from AEAt = h) 
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allowed transition 535 
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ammonia maser, 736-42 
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angular momentum 
addition of, 315-22 
in the Bohr model, 24 
eigenvalues of J’, J., 223-6 
general theory of, 292-9 
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vector model for, 288—9 
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spin angular momentum, 
total angular momentum 
anharmonic oscilltor, 383-5 
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antiparticle, 366, 684, 685, 747 
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Aspect, A., 53, 764-7 
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Bessel spherical functions, 342-4 
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Bloch waves, 182-4, 725 
Bloch’s theorem, 184 
Bohm, D., 760 
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Bohr model for one-electron atoms, 
23-31 
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Bohr radius, 27, 29 
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Born, M., 56, 207, 448, 772 
Born approximation 
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for scattering involving composite 
systems, 626-35 
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Bose-Einstein condensation, 670-4 
Bose-Einstein statistics, 474, 663-6 
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boson, 299, 474, 663 
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boundary conditions, 157 
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box normalisation, 115-16, 139-40, 208, 

210, 332 

Brackett series, 21 

Bragg, W.L., 16 

Breit-Wigner formula, 601 

Brillouin, L., 408 

Brillouin zone, 726 

de Broglie, L., 38, 39, 760 

de Broglie’s hypothesis, 38-45 
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canonical ensemble, 657—9 
Carnal, O., 43 
central-field approximation, 492-7 
corrections to, 497-8 
centre of mass coordinates, 237-8 
for scattering, 590-2 
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charmonium, 753, 755-7 
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Chu, S., 673 
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cold emission of electrons, 420-1 
collapse of the wave packet, 67, 769-72 
collisions, see scattering 
colour, see quarks 
commutators, 96, 210 
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269-70, 273-5 
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fundamental, 210 
and unitary transformations, 217 
commuting observables, 211-13 
complete set of, 213 
compatibility, 211-12 
complementarity, 55, 76 


completeness, 205 
Compton, A.H., 16 
Compton effect, 16-19 
Compton wavelength, 19 
Condon, E.U., 421 
conduction, 730—2 
conduction band, 187, 724 
confluent hypergeometric function, 357 
connection formulae for WKB 
approximation, 412-15, 783-5 
conservation laws, 245-55 
conservation of probability, 64, 85-90 
constant of the motion, 235, 249 
continuity equation, 89 
continuous spectrum, 112, 208-10 
convolution theorem, 780-1 
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correlation effects in atoms, 497 
correspondence principle, 30, 61,97, 179 
cosmic black body radiation, 10-11 
Coulomb barrier, 421-6 
Coulomb gauge, 517,519 
Coulomb scattering, 619-20, 623, 626 
Mott formula for, 623, 626 
covariant notation, 690-4 
cross-sections 
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total, 589 
Cronin, J.W., 752 
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Darwin term, 714 
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decoherence, 771 
degeneracy, 102, 204 
Dehmelt, H.G., 712, 773 
delta function see Dirac delta function 
delta function normalisation, 140-1, 330 
density matrix, 642-55 
equation of motion for, 654-5 
reduced, 645 
for scattering of spin 1/2 by spin 0 
particles, 649-53 
for spin 1/2 system, 645-9 
density of states, 210, 442, 479 
density operator, 643 


see density matrix 
deuterium, 29, 366 
deuteron, 29, 507-10 
diatomic molecules 
electronic structure of, 500-4 
rotational levels, 291—2, 504—5 
vibrational levels, 504—5 
dipole approximation, 520-2 
Dirac, P.A.M., 30, 51, 443, 684, 777 
Dirac delta function, 64, 777-9 
Dirac equation, 684—92 
adjoint equation, 658—9 
central potential solutions of, 702-10 
covariant formulation of, 680-4 
for a free particle, 685-6 
for a charged particle in an 
electromagnetic field, 688 
for one-electron atoms, 706—10 
non-relativistic limit of, 699, 711 
plane wave solutions of, 696—702 
and hole theory, 715-16 
and Lorentz transormations, 694—5 
and negative energy states, 698, 701, 
715-16 
and spin, 701 
Dirac matrices a, B, 685-98, 693 
see also gamma matrices 
Dirac notation, 197-9, 233 
distribution function, 666 
dynamical state, 193-4 
dynamical variable, 94, 126, 198 


effective mass, 729-30 
effective range, 600-1 
Ehrenfest, P., 98 
Ehrenfest’s theorem, 98-100, 257-8 
eigenfunctions, 101, 199 
closure relation of, 206 
completeness of, 119, 205 
for the continuous spectrum, 208-10 
eigenket, 227 
of energy, 103 
expansion in, 119, 203-6 
hydrogenic, 351-63 
of L., 275-6 
of L?, 277-89 
of momentum, 135, 330 
normalisation, 104, 115-16, 208-10 
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orthogonality, 115—18, 209 
for the linear harmonic oscillator, 
176-8 
for spin, 299-300 
for the square well, 163-70 
see also wave functions 
eigenvalue equations, 101, 199-200, 223 
eigenvalues, 101 
degenerate, 101, 204—5 
for J., J*, 292-6 
for L., L’, 277-9 
for S:, S?, 299 
for S,, 310-11 
see also energy eigenvalues 
eigenvectors, 223 
for spin 1, 300 
for spin 1/2, 304, 309-11 
Einstein, A., 1,9, 11, 14, 671, 760 
Einstein A and B coefficients, 527-9 
Einstein-Podolsky-Rosen paradox, 760-1 
electric dipole moment, 521-2 
matrix elements of, 531-2 
and selection rules, 533-5 
electromagnetic radiation, 516-18 
in the dipole approximation, 520-2 
energy density of, 517 
electron diffraction, 40-5 
electron dynamics in crystals, 724—32 
electron spin resonance, 578-84 
emission of radiation 
cross section for, 527 
in the dipole approximation, 527-9 
emission spectra, 20-2 
spontaneous, 515-16, 527-31 
stimulated, 516, 526—7 
Endo, J., 53 
energy bands, 185-8, 723-4 
energy eigenvalues, 102-3 
for a free particle, 134—5, 329-31 
for a free particle in a box, 139, 156-9, 
331-3 
for a hydrogenic atom, 354—7 
for an infinite square well, 158 
for an infinite well, 113-14 
for an isotropic oscillator, 333-5, 
369-70 
for a linear harmonic oscillator, 174-5 
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for a potential well, 104-14 
for a square well, 163-70, 349-51 
for a three-dimensional oscillator, 
333-5 
in WKB approximation, 415-17 
energy level spectrum 
of crystals, 723-4 
of helium, 485-92 
of one-electron atoms, 25-9, 354-7 
of a square well, 349-51 
see also energy eigenvalues 
energy operator, 59 
ensembles, 194, 655-61 
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ensemble average, 656 
grand canonical, 660-1 
micro-canonical, 656—7 
Ensher, J.R., 672 
entangled states, 472, 476, 769 
entangled wave functions see entangled 
states 
entropy, 657 
equipartition of energy, 663 
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expectation values, 90-3, 125-6, 200 
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time variation of, 98-100, 234—5 
Euler-Lagrange equation, 241 
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Fermi-Dirac statistics, 474, 666, 674-5 
Fermi, E., 443 
Fermi energy, 420, 482, 675 
Fermi gas, 478-82, 674-5 
and degenerate stars, 483-5 
and free-electron model, 482-3 
Fermi temperature, 675 
fermion, 300, 474-7 
Feynman, R.P., 240 
Feynman-Hellmann theorem, 726 
fine stucture see hydrogenic atoms, 
positronium 
Fitch, V.L., 752 
flavour see quarks 
Floquet’s theorem, 183 
Fock, V., 448 


Fourier integrals, 776 

Fourier series, 775-6 

Fourier transforms, 776-81 
Fowler-Nordheim formula, 421 
Franck, J., 31 

Franck and Hertz experiment, 31-3 
free particle, 58-69, 134-41 
Frisch, R., 43, 672 

fugacity, 661 


Galilean transformations, 255-6 
gamma matrices, 692-3 
gamma ray microscope, 70-1 
Gamow, G., 421 
Gamow factor, 424 
gauge invariance, 516 
Geiger, H.W., 19, 22 
Gell-Mann, M., 477 
Gerlach, W., 33 
Germer, L.H., 41 
Gibbs, J.W., 657 
golden rule, 443, 445, 629 
Gordon, J., 736 
Goudsmit, S., 37 
Grangier, P., 53, 767 
grand canonical ensemble, 660-1 
grand partition function, 660 
Green’s functions 
for free particle wave equation, 609-13 
for free particle radial equation, 614 
group velocity, 61, 68, 136 
Gurney, R.W., 421 
gyromagnetic ratio, 37, 563 


hadron, 304, 477, 646, 746 
Hallwachs, W., 12 
Hamiltonian operator, 85, 470 

for particle in electromagnetic field, 
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Hamilton-Jacobi equation, 258-9 
Hamilton’s characterestic function, 259 
Hamilton’s principal function, 259 
Hamilton, W.R., 259 
Hankel spherical functions, 344 
Hansch, T., 672 
harmonic generation, 746 
harmonic oscillator 

charged, in electric field, 454-5, 461-4 


isotropic, 334—5, 367-70 
linear, 170-82 
three dimensional, 334—5 
Hartree-Fock approximation, 496—7 
heat capacity of metals, 482-3 
Heisenberg, W., 30, 772 
Heisenberg equations of motion, 239-40 
Heisenberg picture, 238-9 
Heisenberg uncertainty principle see 
uncertainty principle 
helicity, 700—2 
helium see two-electron atoms 
Hermite equation, 172 
Hermite polynomials, 175-6 
Hermitian operator, 89 
Hertz, G., 31 
Hertz, H., 12 
hidden variables, 759-67 
holes, 731-2 
hole theory, 715-6 
Houston, W.V., 710 
hydrogenic atom, 351-67 
fine structure of, 390-6, 710 
gravitational energy of, 385 
in a magnetic field, 574-6 
photoionisation of, 545-50 
relativistic theory of, 706-10 
spectrum of, 535-6 
wave functions for, 360-5 
Hylleraas-Undheim theorem, 406-8 
hypercharge, 747 
hyperon, 746 


inertial frame, 255 
independent particle model, 492 
identical particles, 472-7 
scattering of two, 620-6 
and symmetry of wave functions, 
473-4 
see also boson, fermion 
infinitesimal unitary transformations, 219 
integral equation of potential scattering, 
608-14 
interaction picture, 239 
inversion spectrum of the NH; molecule, 
73640 


Jacobi coordinates, 471-2 
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Kirchhoff’s law, 2 

Klein-Gordon equation, 679-84 
for a charged particle in an 

electromagnetic field, 680-1 

for a free particle, 680 
interpretation of, 682-4 
non-relativistic limit of, 682 
and antiparticles, 684 

K-meson (kaon), 477 
and CP violation, 752—3 
general properties of, 746-50 
production and decay, 750-2 
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Kramers, H.A., 408 

Kronig-Penney potential, 182 


laboratory coordinates, 590-2 

Laguerre polynomial, 358 
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Lamb, W.E., 396, 710 

Lamb shift, 396, 710 
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Larmor formula, 516, 529-30 
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laser, 735-6, 742-6 

laser-assisted collisions, 746 
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with atoms, 574-84 
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with spin 1/2 particles, 564—7 
strong, 572-4 
weak, 564—6 
magnetic resonance, 576-84 
nuclear, 584 
paramagnetic, 578-84 
Rabi apparatus for, 581-2 
magnetic quantum number, 37, 276 
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Bohr magneton, 34 
nuclear magneton, 563 
Maiman, T.H, 743 
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and selection rules, 537 
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maser, 736-42 
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matrix representation, 220-5 
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for spin operators, 300 


see also operator 
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Maxwell-Boltzmann statistics, 663-6 
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meson, 477, 747 
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scanning tunnelling, 153-4 
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minimum uncertainty wave packet, 
215-16 
mixed states, 641 
Mlynek, J., 43 
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hydrogen molecular ion, 500-6 
LCAO method, 503 
rovibrational spectrum, 499-500, 
504-6 
momentum operator, 59 
momentum representation, 124-6, 
218-19 
momentum space, 63, 124-6, 196-7 
Mossbauer effect, 76 
Mott scattering formula, 623-6 
multiphoton processes, 746 
muon, 366 
muonic atom, 366—7 
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Neuhauser, W., 773 
Neumann spherical functions, 342-4 
neutron diffraction, 43 
neutron stars, 484 
Newton, I., 19 
nuclear force, 506—7 
nucleon, 506 
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discovery of, 22 
Fermi gas model of, 510-11 


observable, 205, 211, 213 
one-electron atom see hydrogenic atom 
operator 
adjoint, 201 
anti-linear, 253 
anti-unitary, 253 
and dynamical variables, 198-201 
electric dipole, 521 
energy, 59 
evolution, 232-4, 240 
functions of, 202 
Hermitian, 89, 199-200 
inverse, 202-3 
linear, 93 
momentum, 59 
orbital angular momentum, 266—70 
parity, 249-5] 
projection, 203 
in quantum mechanics, 59, 198-203 
raising and lowering, 227, 285-7, 
294-5 
reflection, 249-51 
rotation, 270-5 
self-adjoint, 201 
time-reversal, 253 
translation, 246-8 
unitary, 202-3 
optical molasses, 673 
optical theorem, 598 
orbital angular momentum 
eigenfunctions for, 275-89 
operators for, 265-70 
and polar coordinates, 268-9 
quantum number, 279 
see rotations 
orthogonality, 115-18, 197, 204 
and degenerate eigenvalues, 116-18, 
204 
orthonormality, 204 
orthonormal sets, 118 
oscillation theorem, 119 
oscillator strengths, 538 


pair production, 716 
paramagnetism, 576 
parity, 159-61, 249-51, 284, 338, 365, 
534 
intrinsic, 749 
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partial wave method, 595-9 
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partition function, 659 
Paschen-Back effect, 575-6 
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path integrals, 240-5 
Pauli, W., 303, 477, 684 
Pauli equation, 711-12 
higher order corrections to, 712-5 
and the magnetic moment of the 
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Pauli exclusion principle, 477 
Pauli spin matrices, 308-9 
periodic boundary conditions, 139, 331 
periodic system, 494-6 
perturbation theory 
and van der Waals interaction, 719-22 
for a constant perturbation, 435-43 
degenerate, 386—96 
golden rule for, 442-3 
for a periodic perturbation, 443-7 
quasi-degenerate, 396—9 
in scattering, 615-17, 626-35 
time-dependent, 431-47 
time-independent, 375-99 
for a two-level system, 438-41, 446-7 
Penzias, A.A., 10 
perturbed oscillator, 381-5 
Pfund series, 21 
phase shifts, 596 
phase velocity, 61, 136 
photodisintegration 
of the deuteron, 550-5 
electric dipole, 550—2 
magnetic dipole, 552-5 
photoelectric effect, 12-15 
photoionisation, 545—50 
cross section for, 548—50 
photon, 9, 12, 14 
helicity of, 544—5 
spin of, 544-5 
pictures 
Heisenberg, 239-40 
interaction, 240 
Schrédinger, 238 
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Podolsky, B., 760 
Poincaré transformations, 692 
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of spin 1/2 systems, 646-9 
vector, 517 
positron, 366, 716 
positronium, 366—7, 753-5 
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198-200, 205, 231 
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Berry gauge, 457 
central, 335-40 
Coulomb, 351-65, 619-20, 623-4, 626 
hard sphere, 602-5 
infinite square well, 156-61 
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Kronig-Penney, 182 
linear harmonic oscillator, 170-82, 
226-31 
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potential barrier, 150—6 
potential step, 141-50 
potential well, 104—14 
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three-dimensional square well, 
347-51, 599-602 
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in a magnetic field, 566 
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Pringsheim, E, 4 
probability amplitudes, 124, 206-7 
probability current density, 89-90 
relativistic, 689 
probability density 
position, 56, 66, 86, 195 
in momentum space, 68, 124-5, 196-7 
relativistic, 689 
propagator, 121, 244-5 
psi meson, 756 
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of angular momentum, 24 

of energy, 9, 23-5, 31-3, 104-14 
quantum dots, 732-5 
quantum jumps, 772-4 
quantum optics, 745-6 
quarkonium, 757 
quark, 304, 477 

bottom, 756-8 

charmed, 755, 758 

colour, 477 

down, 477, 758 

flavour, 477 

strange, 477, 758 

top, 756-8 

up, 477, 758 
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Rabi flopping frequency, 447, 580 
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radial Schrédinger equation 
general properties of, 338-40 
radial wave functions 
free particle, 340-4 
general properties of, 337-40 
for hydrogenic atoms, 357-62 
for the three-dimensional isotropic 
oscillator, 370 
radiation 
absorption of, 524-6 
emission of, 526-31 
radiative capture, 555 
Rayleigh, Lord, 408 
Rayleigh-Ritz method see variational 
method 
Rayleigh-Schr6édinger perturbation 
theory, 375-81 
reduced mass, 28, 237 
reflection coefficient, 144, 147-9, 154, 
168 
in WKB approximation, 419 
representation, 218 
change of, 223-5 
matrix, 220-1 
momentum representation, 218-19 
position representation, 218 
resistivity, 724 
resonance 
in scattering, 601-3 


in two-level systems, 444, 446-7 
Retherford, R.C., 396, 710 
rigid rotator, 290-2 
Ritz, W., 21 
Ritz combination principle, 22 
Roger, G., 53, 767 
R6ntgen, W.K., 16 
Rosen, N., 760 
rotating wave approximation, 446 
rotations, 270-5, 312-14 
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Rutherford, E., 22 
Rutherford model of the atom, 22 
Rydberg, J.R., 20 
Rydberg constant, 20, 25 


Salam, A., 750 
Sauter, Th., 773 
scanning tunnelling microscope, 153-4 
scattering 
double, 652-3 
of positrons by atomic hydrogen, 
626-35 
of spin 1/2 particles by spin 0 particles, 
649-52 
scattering amplitude, 594 
scattering by composite systems, 626-35 
elastic scattering, 630-32 
inelastic scattering, 632-5 
scattering length, 599 
scattering of nucleons by nucleons, 605-8 
scattering of identical particles, 620—6 
scattering of particles 
in the Born approximation, 615-20 
in the centre of mass system, 590-2 
by a Coulomb potential, 619-20 
cross Section, 589, 597-8 
experiments for, 588—90 
by a hard sphere, 602-5 
partial wave expansion for, 595-7 
by a potential, 592-626 
by a square well, 599-602 
by a Yukawa potential, 618 
Schawlow, A.L.. 672, 742 
Schmidt orthogonalisation, 1 16-17 
Schrodinger, E, 30, 39, 51, 679, 772 
Schrédinger equation, 83-6 
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general solution for time-independent 
potential, 120-4 
for an atom in an electromagnetic field, 
520 
for a charged particle in an 
electromagnetic field, 519 
for N-particles, 469-72 
for one-dimensional systems, 133-4 
in momentum space, 124—5 
relativistic, 679 
separation of variables for, 328-9, 
335-7 
time-dependent, 82-5, 231 
time-independent, 100-1 
for two-body system, 236-8 
for two-electron atoms, 485-6 
see also radial Schrédinger equation 
Schrédinger picture, 238-40 
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